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Preface

This book results from my walks across the landscape of Physics, and was produced
in nearly complete isolation, during the difficult pandemic years of 2020–2021. In
previous years I had however visited many countries, and profited from long stays in
different institutions, where I worked on a variety of problems, chosen by a mixture
of chance and necessity. From this wandering around Physics and around the
World, something stayed in my mind and eventually reached the pages of the present
book.

I am thankful to a large number of people, from colleagues to students, but I will
only refer explicitly to those who worked with me in the last 10 years. My longest
and most repeated stays abroad in this period where in Brazil. I learned about the
culture and life-style behind the distorted touristic image of Rio de Janeiro thanks to
my friend António Serbeto, who also introduced me to the area of free-electron
lasers and co-authored several papers on this and other topics. But I was first and
mainly received in São Paulo, due to the friendly attention of Ricardo Galvão, a
powerful theoretical mind with an experimental twist. Recently, he became famous
in the World Press, when he courageously exposed the fake news delivered by the
president of his country, concerning the Amazon deforestation. Fernando Haas, one of
the best theoreticians of the new generation, made me visit Curitiba and later Rio-
Grande do Sul, where not only did I work with him in interesting new physics, but
discovered the best grills in the world. I was also invited to an incredible barbecue in
São Carlos by Luis Marcassa, who introduced me to the problems of Rydberg atoms.
In Brasilia, I worked with Victor Dodonov, an influential name in quantum optics.
I became familiar with Bose–Einstein condensates thanks to my collaboration with
Arnaldo Gammal, during long and not completely satisfying stays at USP.

In Europe, I profited from long stays in Greece, France, Spain and the UK, apart
from a few shorter stays in Sweden. In Athens, I was generously received by
Kyriakos Hizanidis, and I lived a few incredible months near the iconic Syntagma
Square, while working with him on nonlinear problems. I will not forget the great
wine and olive-oil, he brought from his piece of land in Patras. In the Island of Crete
I met Ioannis Kourakis, a warm personality who made me visit the treacherous
canyons near Xhania, where the insurrections against the Ottoman Empire started
in the 19th century. I had first met Ioannis in Bochum, Germany, where he was a
post-doc of my deceased old friend Padma Sukla, and in several other occasions. But
I only managed to collaborate with him recently, during my visit to Abu Dhabi,
where we worked on superfluid light, one of the topics in this book. I would like to
thank Renato Fedele, who generously invited me to Naples for a couple of times. I
could enjoy the warm hospitality and the culture of that wonderful city, while
learning new aspects of accelerator beam physics. Finally, I was invited on several
occasions to Umea, in the north of Sweden, for short periods of time, where I could
profit from the hospitality, and from the solid and broad knowledge of Lennart
Stenflo, Gert Brodin and Mattias Marklund.
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I started my adventures in laser-cooling and atomic traps thanks to my repeated
visits to Robin Kayser in Nice, who helped me to initiate the experimental activities
in that area at IST Lisboa. In the meantime I visited the nearby city of Marseille,
where I worked for a couple of months in other problems, not relevant to the present
book, but had the opportunity to meet colleagues I had met several years earlier in
Paris, such as Dominique Escande, Fabrice Doveil and Sadri Benkadda. I also spent
a couple of months in Madrid, a city where I always feel at home, where I worked
with Javier Honrubia on the physics of intense lasers. The same topic was part of my
activities during a long stay in England, at the Rutherford Appleton Laboratory,
where I discussed with Robert Bingham and Peter Norreys possible experiments on
QED vacuum, using the novel Peta-Watt laser installations that were being launched
at that time. My visits to Charles Wang in Aberdeen, to Gordon Robb in Glasgow
and to Danielle Faccio in Edinburgh were also quite inspiring.

I am also thankful to a bunch of younger researchers, some of them who were my
post-docs, such as Jonathan Davies and Shahid Ali, with whom I started my
adventures in the land of light vortices and twisted light, sometimes also called
structured light. I became more active in this area, thanks to a new collaboration
with my young colleague Jorge Vieira. I also would like to thank Hugo Terças, one
of my closest collaborators in recent years, with emphasis on photon condensation
and ultra-cold matter. He also motivated me to return to the problem of axion–
photon coupling and to the fascinating search for dark matter. I am particularly
grateful to José António Rodrigues and to João Rodrigues, who despite the same
family name are not relatives. They were both instrumental to the completion and
successful operation of our MOT experiment (Magneto-Optical Trap). This was
particularly difficult due to the absence of local tradition and knowledge in this area.
I also want to thank Ruggero Giampaoli for wonderful experiments on photon
bubbles, an important concept in astrophysics not previously observed in the
laboratory. This led our MOT experiment to another level, and is relevant to
collective photon processes, but for several reasons I could not include it in the
present book.

Finally, I would like to thank my editors at the Institute of Physics, and in
particular John Navas who was one of my editors of a previous book, published 20
years ago by IoP. He challenged me in the first place, and made me feel
comfortable with my successive delays and failed deadlines to deliver the final
manuscript. I hope he will not feel too disappointed.

Lisboa, January 2022
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Chapter 1

Introduction

1.1 Motivation
Light is at the heart of our understanding of Nature. Light brings continuously
unsolicited information about the planets, the stars, and the cosmos. In parallel, we
can use it to drill on the microcosmos, and to learn about the structure of atoms and
molecules. Given its overwhelming presence in our lives, light is traditionally
associated with wisdom and knowledge. Apollo, known for his wisdom and beauty,
is sometimes called the Greek god of Light. In the sanctuary of Delphi, the Temple
of Apollo plays a prominent role (see figure 1.1).

The wave-particle dualism dominated the historical debate on the nature of light,
and was a precursor of the modern physics concepts of Quantum Mechanics. A
quantum theory of light emerged after 1900, when Ernest Planck noticed that the
atoms exchange a discrete amount of energy with radiation, and when in 1905
Albert Einstein assumed that these quanta of energy are indeed light particles, later
called photons.

These famous contributions reintroduced the debate between the corpuscular and
the undulatory nature of light, although placing it in a more modern scenario. Such
a debate, transferred to the nature of electrons by Louis de Broglie in 1924, led in the
years 20 of the last century to the theory of quantum mechanics, that revolutionised
our way of describing the physical world. This tremendous scientific revolution has
been described in several papers and books (see, for instance, [1–3]). The Quantum
Theory of Light, which is an important piece of the modern Quantum Field Theory,
can nevertheless be considered an independent discipline, with its own problems and
methods.

This book gives a broad perspective of the quantum nature of light, as we see it
today. It extends from the traditional area of Quantum Optics, into a more modern
discussion on quantum fluids of light, and at the end, includes relativistic quantum
electrodynamics. This work can eventually be relevant to students and researchers
working in a large range of areas, from single photon processes to ultra-intense laser
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physics. This includes people interested in atom manipulation with photons, ultra-
fast lasers, Bose–Einstein condensation of photons, superfluid light, laboratory
astrophysics, quantum computation, and the exploration of quantum vacuum with
Peta-Watt lasers. We also discuss the axion–photon coupling, which is relevant to
the modern search of dark matter.

The book is divided in three parts. The first part, called Basic Photon States, is
more traditional, and is related with basic electromagnetic field quantisation, the
characterisation of quantum photon states, and elementary photon–atom interac-
tions. It also includes cavity quantum electrodynamic processes, and a global view
on space-time boundaries, such as the Casimir pressure, time-refraction and time-
crystals. Excluding the temporal effects, all these topics are usually covered by books
on quantum optics.

The second part of this book is devoted toQuantum Fluids of Light and focuses on
collective photon states. It includes, not only a traditional discussion on the basic
properties of the laser, but also superradiance, and the more recent areas of Bose–
Einstein condensation of photons, light vortices and superfluid light. The relations
between laser instability and photon condensation are discussed. The laser is a
dominant concept in modern physics, and its use is central to the understanding of
the Quantum States of Light. It is discussed by many excellent books that have been
published over the last half-century. Here, however, we include it in a novel

Figure 1.1. The author near the Temple of Apollo, Sanctuary of Delphi, Greece (Photo: T Pinheiro, August
2019).
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perspective on collective quantum processes. Not only is the laser symmetrical with
respect to superradiance, because the first is a result of stimulated emission and the
second a consequence of spontaneous emission, but also because similarities and
symmetries can be found between the laser instability and the photon condensation
process. Furthermore, superfluid light can now be achieved without the need of
condensation.

Finally, the third partQuantum vacuum is focused on a more complete description
of the electromagnetic vacuum, and includes energetic processes that could
eventually lead to the emission of electron–positron pairs. It is relevant to the
modern exploration of vacuum using the new ultra-intense laser systems. This part
also includes the search for eventually existing dark matter particles, which points to
possible new physics.

Being diverse in their purpose, and using specific theoretical methods, these three
different parts depend very strongly on the existence of lasers and cover the main
manifestations of the quantum nature of light. In a sense, we can say that the
invention of the laser opened the way to explore the different areas of quantum light,
understand the nature of collective quantum phenomena, and establish the ultimate
meaning of quantum vacuum.

The book is intended to make the bridge between these three somewhat distinct
aspects of the quantum states of light: basic processes, collective effects and vacuum
physics. This is achieved through the use of the same notation and basic concepts,
such as Lagrangian densities, Hamiltonian operators and Wigner function repre-
sentation. It will be mainly focused on quantum theory, but semi-classical models
(where the atom states are quantised and the electromagnetic field is described as a
classical field) will also be used for comparison whenever reasonable and possible.

1.2 Photons, waves and fields
Photons play a major role in this book, and can be seen as elementary excitations of
the quantum field. For a historical account of the concept of photon see [4–6]. The
concept of a quantum of electromagnetic energy emerged in 1905, when Einstein
proposed his model of the photoelectric effect. It is known that Einstein took
inspiration from the work of Max Planck on the black-body radiation. But, in
contrast with Planck, who assumed that absorption and emission of radiation by
atoms in quanta of energy is a property of the atoms, Einstein made a step forward
and considered that these energy quanta were a property of radiation itself.

From an historical point of view, the photon was only accepted as a real particle,
with energy and momentum, in the 1920s. A decisive contribution came from the
discovery of the Compton effect in 1923, and the subsequent adoption of the name
photon, proposed by Lewis in 1926. Photons are still seen today as somewhat elusive
and mysterious particles, and many of their properties still need to be unveiled.

But photons are not alone in this game. In particular, they cannot accurately
describe the electromagnetic field without the help of waves and fields. Or, more
exactly, of electromagnetic waves and the electromagnetic field. It is well-known that
this field is described by Maxwellʼs equations. These equations, first established in
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complete form by James Clark Maxwell in the 1860s, are an extraordinary example
of resilience, because they survived the two major theoretical revolutions of the 20th
century: Relativity and Quantum Mechanics. They survived relativity because these
equations are Lorentz invariant. In that respect, they anticipate the theory of special
relativity. They also survived quantum mechanics because they describe the wave
properties of light, in the same way as Schrödinger or Diracʼs equations describe the
wave properties of matter particles. They even survived quantum field theory,
because the electromagnetic field operators still satisfy Maxwellʼs equations. In their
operator form, Maxwellʼs equations are indeed the Heisenberg equations for these
field operators.

Photons are the modern version of the corpuscles of light, a concept that emerged
from Antiquity and culminated in the work of Newton. The explanation of the
rainbow was a great success of the old corpuscular theory of light. This is closely
connected with the brilliant yet erroneous explanation given by Newton to the prism
experiment. He assumed that the red corpuscles were more energetic than the blue
ones, because they suffered a smaller deviation from the prism. In contrast, we know
today that the red photons are less energetic than the blue photons.

The wave concept of light was proposed in the 17th century by Huygens, and
consolidated in the early 19th century, due to the work of Young, Fresnel and others
(see [7] for a detailed account). From the historical battle between Newton and
Huygens ideas, between the corpuscular and the wave description of light, and the
need to reconcile them in modern physics, we arrived at the concept of wave-particle
dualism. This dualism can however be understood in the frame of a purely classical
description of light, based on Maxwellʼs equation [8].

But, instead of the wave-particle dualism, the never solved contradiction of
classical physics, also dominant in the early quantum mechanics, what we have
today is a triadic relation between particles (photons), waves and fields. In this
magical triad, the field can be seen as the synthesis that solves and reconciles the
dialectic opposition between waves and particles. The photon-wave-field triad, never
explicitly announced but ever present, is at the core of quantum field theory. Our
present view of the quantum states of light is based on a blend, in equal proportions,
of these three concepts.

1.3 A necessary note
The subject of this book is very broad and, even a single chapter requires a huge
amount of knowledge. Our presentation is intended to give a unified view of very
different areas, concepts and perspectives. However, some differences remain in
detail and depth between different parts and different chapters. This is due to several
reasons, one and most obvious being the familiarity of the author with the discussed
subjects. For the most part, the book is written in a pedagogical way. Some
exceptions, easily identified, are more research oriented and more difficult.

Given the impossible task of reading or citing all of the relevant publications, our
choice was based on three main criteria: historical papers, selected review papers and
relevant books on each topic. We also have included several of our own papers,
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where we have developed some specific topics, not usually covered in the literature.
For this reason, the number of self-citations, particularly noticed in a couple of
chapters, is completely out of proportion with the actual relevance of our own work.

References
[1] Kleppner D and Jackiw R 2000 One hundred years of quantum physics Science 289 893–8
[2] Kragh H 1999 Quantum Generations: A History of Physics in the Twentieth Century

(Princeton, NJ: Princeton University Press)
[3] Badino M and Navarro J (ed) 2017 Research and Pedagogy: A History of Quantum Physics

through Its Textbooks Open Access (Berlin: Max Planck Institute for the History of Science)
[4] Pais A 1982 Subtle is the Lord: The Science and the Life of Albert Einstein (Oxford: Oxford

University Press)
[5] Kragh H 2014 Photon: new light on an old name (arXiv:1401.0293v3); in The names of

physics: plasma, fission, photon Phys. J. H 39 263–81
[6] Kidd R, Ardini J and Anton A 1989 Evolution of the modern photon Am. J. Phys. 57 27–35
[7] Whittaker E 1089 A History of the Theories of Aether and Electricity (New York: Dover)
[8] Mendonça J T 2008 Maxwell and the classical wave particle dualism Phil. Trans. R. Soc. A

366 1771–80
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Part I

Basic photon states



This first part gives a short account of some of the main concepts and results of
Quantum Optics. It covers most of the topics considered in traditional books on
quantum optics, such as field quantisation and the photon state vector, field
coherence and the existence of nonclassical states, entanglement, and photon–
atom interactions. It also includes vacuum effects, such as the Casimir force, and a
discussion on the temporal processes associated with time-refraction and time-
crystals.
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Chapter 2

Field quantisation

In this introductory chapter we review the basic concepts of Quantum Mechanics
and introduce the subject of electromagnetic field quantisation, which is central to
the present work. Quantum mechanics was developed by a brilliant generation of
physicists in the early 20th century. It has been described by several excellent
textbooks, from historical treaties to more recent ones. Relevant examples are [1–5].
Here, we only need to review its main concepts such as the state vectors, wave-
functions, operators and density matrix, in order to fix the notation. We also review
its basic equations such as the Schrödinger and the Heisenberg equations. We
introduce the quantum mechanical pictures, make a comparison between the
Schrödinger and the Heisenberg picture, and review the basic position and
momentum representations. The simple harmonic oscillator will be used to illustrate
the quantum concepts and to make a preliminary step towards field quantisation.

It is known that the birth of quantum mechanics was involved in a difficult debate
on the concept of physical reality, initiated by Niels Bohr and Albert Einstein in the
early 30s of the last century. This debate lasted for several decades, and led to the
introduction of alternative formulations of the theory that were revealed to be
equivalent to each other. From such a debate, sometimes confusing and disappoint-
ing, emerged several important concepts that were incorporated in the theory, and
included complementarity, the Bohm potential, the master equation, non-locality,
hidden-variables, and entanglement. They have shown to be useful for theoretical
purposes in different contexts and will be discussed, some in this first chapter and
others in subsequent chapters. Representation of quantum states in the classical
phase-space using Wigner–Weyl transformations and the subsequent use of a wave-
kinetic equation of the Liouville type instead of the more standard Schrödinger
equation, is also relevant and will be used throughout the book.

Quantisation of the electromagnetic field was first performed by Dirac [6] and is
also explained in several treatises, such as [7–10]. Here we show that the electro-
magnetic field in vacuum can be described as a superposition of an infinite number
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of harmonic oscillators and introduce the photon annihilation and creation
operators. Finally, we approach the delicate problem of the photon state. Starting
from Maxwell’s equations, we show that an equation formally analogous to the
Schrödinger equation can be derived. For that purpose, we use the vector first
proposed by Silverstein, as discussed by [11] and others. A connection with the Dirac
equation is also established, but a more complete view of such a connection with
only become apparent in the third part of this book.

For simplicity, we only discuss quantisation in vacuum, but extrapolation to the
case of a non-dispersive optical medium is straightforward. However, the question
of quantisation in a dispersive medium is more complicated and was approached by
several researchers [12–17]. Of particular interest is the case of a plasma, which is a
peculiar dispersive medium where, in contrast with typical optical media such as
crystals or fibres, electric charges can freely move in the medium. This case allows us
to introduce the concept of photon mass, first noted by Anderson [18], and to include
a third polarisation state of the photon, which is longitudinal polarisation and can
exist in media with free charged particles, such as semi-conductors, metals and
gaseous discharges. This longitudinal photon state is called a plasmon.

2.1 Quantum mechanical background
We assume a basic knowledge of quantum mechanics and only recall here some of
its main equations and concepts. This will be used to fix the notation. Additional
details are given in appendix A. The state of a quantum system, and its temporal
evolution, can be represented in many different ways that are summarised here.
These descriptions are all equivalent and the variety of possible quantum represen-
tations is very useful for an appropriate description of the quantum states of light.
Here, we introduce the Schrödinger equation, the Heisenberg picture, the von
Newman equation and the Wigner function. For a simple view of the different
formulations of quantum mechanics, see [19].

2.1.1 Schrödinger picture

The state of a quantum system can be characterised by a vector function ψ , and the
temporal evolution of this state is described by an equation of the form

ψ ψℏ ∂
∂

=i
t

H , (2.1)

where ℏ is the Planck’s constant divided by π2 , and H is the Hamiltonian operator.
This operator is hermitian, = †H H , and its explicit form will be dictated by the
configuration of the system.

For a non-relativistic particle with mass m, moving with momentum p along the
coordinate q it can be written as

= +H
p
m

V q t
2

( , ), (2.2)
2
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where the first term represents the kinetic energy andV q t( , ) is the potential. In this
case, the wave equation is usually called the Schrödinger equation. The general form
of the wave equation stays valid for relativistic particles with semi-integer spin, as in
the case of an electron or a positron, but with a different Hamiltonian. It also
remains valid for the case of photons, which are particles with no rest mass and with
spin-1, as will be shown later in this chapter. The Schrödinger equation (2.1) is the
central piece of quantum mechanics, and was first formulated in 1926 [20, 21].
Quantisation requires that we postulate the following commutator relations involv-
ing the position and momentum variables, as

≡ − = ℏ = =q p qp pq i q q p p[ , ] , [ , ] 0, [ , ] 0. (2.3)

From here we can see that the limit ℏ → 0 is the classical limit, where position and
momentum commute with each other.

The quantity ψ ψ is real and positive, and can be normalised, such that
ψ ψ = 1. Any observable A, such as the position, the momentum, or the
Hamiltonian, is represented by a hermitian operator, such that = †A A . For a given
state of the system, its expectation value is real, and defined by

ψ ψ=A A . (2.4)

Given two different state vectors ψ and ϕ , and a hermitian operator A, we can
write

ψ ϕ ϕ ψ=† *A A . (2.5)

2.1.2 Representations

In quantum mechanics we can use different representations. They correspond to
different choices of reference frames to represent the state vectors. These reference
frames should be made of an ensemble ui of state vectors satisfying the
orthonormality condition δ=u ui j ij. This allows us to write

∑ψ ψ= =c u c u, , (2.6)
i

i i i i

where the complex numbers ci are the coefficients defining the state vector on that
frame of reference. This representation should be complete, in the sense that an
operator identity I can be defined as

∑ =u u I. (2.7)
i

i i

This can be generalised to a continuous reference frame αu , where α is not a
discrete but a real variable, satisfying the new orthonormality condition

δ α α= − ′α α′u u ( ). In this case we have
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∫ψ α α α ψ= =α αc u d c u( ) , ( ) , (2.8)

and the identity operator I is defined as

∫ α =α αu u d I. (2.9)

The internal product between two state vectors ψ and ϕ can then be defined as

∑ ∑ψ ϕ ψ ϕ ψ ϕ= = = *I u u c b , (2.10)
i i

i i i i

where ci and bi are the coefficients of ψ and ϕ respectively. A particular example
of such a discrete representation is given in the next section, dealing with the simple
harmonic oscillator, where the vectors ui are energy state vectors. For a continuous
reference frame, we have

∫ ∫ψ ϕ ψ ϕ ψ ϕ α α= = =α α α α*I u u d c b d . (2.11)

Important examples of a continuous reference frame are the position and momen-
tum representations, where the real variable α is replaced by the real position q, or by
the momentum p. In this case, the basic vectors αu can be written as uq and up ,
respectively, and the coefficients cα are nothing but the wavefunction ψ q t( , ) and its
Fourier transform ψ p t( , ). We get

ψ ψ=q q( ) , (2.12)

and

∫ψ ψ ψ
π

= =
ℏ

− ℏp p q e
dp

( ) ( )
2

. (2.13)iqp/

Generalisation to three dimensions is straightforward. In the position representa-
tion, the operator p is represented by − ℏ∂ ∂i q/ , and the Schrödinger equation (2.1)–
(2.2) takes its usual form

ψ ψℏ ∂
∂

= − ℏ ∂
∂

+i
t

q
m q

V q t q( )
2

( , ) ( ). (2.14)
2 2

2

⎡
⎣⎢

⎤
⎦⎥

The wavefunction ψ q( ) is particularly useful to describe the state of non-relativistic
massive particles, and its Fourier transform ψ p( ) is well adapted to describe the state
of massless particles such as the photon, as shown later. Due to their non-
commutativity, defined in equations (2.3), the position and momentum variables
satisfy an uncertainty relation such that

Δ Δ ⩾ ℏ
q p

2
. (2.15)
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The uncertainty of an operator A can be defined by the deviations with respect to its
expectation value A , as

Δ = −A A A[ ] . (2.16)2 2 1/2

It can be shown that two pair of non-commuting observables A and B satisfy the
inequality

Δ Δ ⩾A B A B
1
2

[ , ] . (2.17)

The position–momentum uncertainty is a particular case of this inequality.

2.1.3 Heisenberg picture

In the above description, usually called the Schrödinger picture, the operators are
time independent, and the state vector ψ t( ) is time dependent. In an alternative,
the Heisenberg picture can be used where the operators evolve with time and the
state vector stays constant. This new picture historically preceded that of
Schrödinger by a few months, and was first explained in a series of papers by
Heisenberg, Born and Jordan [22–24]. Let us denote these new quantities as qH, pH
and ψH . State vectors of the two pictures can be related by

ψ ψ=t U t t t( ) ( , ) ( ) , (2.18)S H0 0

whereU t t( , )0 is the evolution operator (see appendix A). The Schrödinger state vector
evolves in time, while the Heisenberg state vector is fixed. They only coincide at =t t0.
In this new picture, the temporal evolution of an operator A is determined by

=
ℏ

d
dt

A
i

A H
1

[ , ]. (2.19)

The operator A is constant if it commutes with the HamiltonianH. In the case of the
position and momentum operators q and p, the Heisenberg equations take the form

= ∂
∂

= −∂
∂

dq
dt

H
p

dp
dt

H
q

, . (2.20)

This is the quantum equivalent of the canonical equations of Classical Mechanics.
Another useful description of a quantum system is provided by the density

operator ρ, which is defined as

ρ ψ ψ= . (2.21)

This definition shows that the density operator is hermitian, ρ ρ=† . If the state
vector is represented in a discrete basis ui (see appendix A), the identity operator
will be represented on that basis by

∑ρ = *c c u u . (2.22)
ij

i j i j
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We can therefore say that ρ is represented on that basis by a matrix, usually called
the density matrix, with elements

ρ ρ= = *u u c c . (2.23)ij i j i j

For a normalised state vector, the trace of the density matrix (the sum of its diagonal
elements) is equal to 1

∑ ∑ρ ρ= = =Tr c.( ) 1. (2.24)
i i

ii i
2

If we take the time derivative of equation (2.21), and use the Schrödinger equation
(2.1), we obtain

ρ ρ∂
∂

= −
ℏt i

H
1

[ , ]. (2.25)

This is sometimes called the von Neumann equation. The density operator is
particularly useful to study systems that are mixed states, and cannot be described
by a single state vector ψ . The three different approaches provided by the
Schrödinger, the Heisenberg and the von Newman equations are the most relevant
descriptions of a quantum system.

2.1.4 Wigner function

Another useful description is provided by the Wigner function. This was introduced
in 1932 [25], with the aim of representing a quantum system in classical phase-space.
This can be useful to compare quantum and classical regimes and to identify the
genuine quantum effects.

The approach inaugurated by Wigner was completed by Moyal in 1946 [27], who
established an evolution equation, sometimes called the Wigner–Moyal equation, or
the wave-kinetic equation. Again, this is equivalent to the Schrödinger equation, and
describes the temporal evolution of a quantum system in classical phase-space. This
new representation was initially ignored in textbooks on quantum theory. But it
became popular in Statistical Mechanics since the 80s of the last century, and has
been slowly incorporated in the mainstream of quantum mechanics. It is particularly
useful in quantum optics, and to describe the collective quantum states of light in the
mean-field approximation. The Wigner approach has been discussed in several
review papers along the years, such as [28–31], and more recently [32, 33]. It is also
described in many book chapters.

We start with the definition of the Wigner function, the discussion of its meaning,
and its relation with the Weyl transformation [26]. For a quantum system, described
by the wavevector ψ , we can define the corresponding Wigner function as

∫ ψ ψ= + − · ℏW t i dr p r s r s p s s( , , ) /2 /2 exp( / ) . (2.26)
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This allows us to represent the system in classical phase-space r p( , ), which is
6-dimensional, instead of the simple representation in r as allowed by the wave-
functionψ ψ=r r( ) . The additionalmomentumvariable is introduced by the above
definition, using a space Fourier transform. Such a transition, from the r-representation
of a quantum system using wavefunctions, to a representation in classical phase-space
using the Wigner function, is illustrated in figure 2.1, for the simple case of a one-
dimensional system evolving along x.

Furthermore, normalisation of the Wigner function is established by integrating
over the classical phase-space, using

∫ ∫ψ ψ
π

=
ℏ

=d
d W t

p
r r p

(2 )
( , , ) 1. (2.27)3

This shows that, if we integrate the Wigner function over the momentum variable p, we
shouldget thequantumprobability forfinding the systematagivenposition r, at time t, as

∫ψ ψ≡ =*P t t t W t dr r r r p r( , ) ( , ) ( , ) ( , , ) . (2.28)2

This quantity, by definition, is positive definite. In contrast, the Wigner function is
real but not necessarily positive, and for that reason it cannot be called a probability.
The Wigner function is usually called quasi-probability. Such a difference with
respect to the classical concept of probability in phase-space is very important,
because it helps to identify the deviations of a quantum system from a classical
behaviour. This is an important qualitative aspect of the Wigner representation.

It should also be noticed that the Wigner function can be reduced to a particular
case of the Weyl transformation. It was introduced in 1931, with the purpose of
defining the quantum operator Â associated with a given classical dynamical
function a r p( , ). This transformation can be defined as

Figure 2.1. (a) Wavefunction ψ ψ= −x x( ) exp( /2)0
2 , and (b) the corresponding Wigner functionW x p( , ).
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∫= + ˆ − · ℏa A i dr p r s r s p s s( , ) /2 /2 exp( / ) . (2.29)

Comparing this with equation (2.26) we can see that the Wigner function is nothing
but a Weyl transformation, where the operator Â is replaced by the density operator
ρ ψ ψ= . The mean value of an operator, Â can be calculated using the Wigner
function, as

∫ ∫ π
ˆ =

ℏ
A d

d
a W tr

p
r p r p

(2 )
( , ) ( , , ). (2.30)3

These expression shows that the mean value of an arbitrary quantum operator can
be defined by a purely classical expression, where the Wigner function W plays the
role of a classical probability distribution. Except that, in this case, W is not a
classical probability, but a quasi-probability that can take negative values.

2.2 Harmonic oscillator
The harmonic oscillator is one of the basic models of quantum mechanics. Not
only can it be used to describe many different problems in atomic, molecular and
condensed matter physics, but it also plays a central role in the description of
electromagnetic field quantisation. Furthermore, due to its simplicity, it can be
used to illustrate the basic quantum formalism introduced above. Due to its
relevance to field quantisation, we describe the harmonic oscillator with some
detail.

2.2.1 Energy levels

We consider a particle with unit mass m = 1, moving along the coordinate q under
the influence of a quadratic and time-independent potential ∝V q q( ) 2. The
Hamiltonian operator is

ω= +H p q
1
2

( ), (2.31)2 2 2

where the constant ω determines the strength of the restoring force. We know that
this is a hermitian operator, =†H H , and that q and p satisfy the commutation
relation = ℏq p i[ , ] . We can easily solve the Schrödinger equation (2.1) and get

ψ ψ= = −
ℏ

t U t U t
i

Ht( ) ( , 0) (0) , ( , 0) exp . (2.32)⎜ ⎟⎛
⎝

⎞
⎠

In an alternative, we can use the Heisenberg picture and start from the equations of
motion (2.20), which are

ω= ∂
∂

= = −∂
∂

= −d
dt

q
H
p

p
d
dt

p
H
q

q, . (2.33)2
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The solution is

ω
ω

ω ω ω ω= + = −q t q t
p

t p t p t q t( ) cos( ) sin( ), ( ) cos( ) sin( ), (2.34)0
0

0 0

where q p( , )0 0 give the initial conditions for t = 0. They are, in fact, the position and
momentum operators used in the Schrödinger picture. It is now useful to introduce a
pair of new operators a and †a , defined as

ω
ω

ω
ω=

ℏ
+ =

ℏ
−†a q ip a q ip

1

2
( ),

1

2
( ). (2.35)

Equivalently, we can write

ω
ω= ℏ + = − ℏ −† †q a a p i a a

2
( ),

2
( ). (2.36)

Using these definitions, we can then calculate

ω
ω

ω
ω=

ℏ
+ =

ℏ
−† †a a H i q p aa H i q p

1
2

(2 [ , ]),
1

2
(2 [ , ]). (2.37)

Adding these two expressions, we obtain

ω= ℏ +† †H a a aa
1
2

( ). (2.38)

And, by subtraction, we get the commutator

= − =† † †a a aa a a[ , ] ( ) 1. (2.39)

From this we derive a new expression for the Hamiltonian

ω= ℏ +†H a a
1
2

. (2.40)
⎛
⎝⎜

⎞
⎠⎟

At this point, it is useful to introduce a new operator

= †N a a, (2.41)

which is hermitian, =†N N , like the Hamiltonian. It can easily be found that it
satisfies the commutation relations

= = −† †a N a a N a[ , ] , [ , ] . (2.42)

Or, equivalently

= − = +† †Na a N Na a N( 1), ( 1). (2.43)

If we use the Heisenberg picture, we can write the equations of motion for the
operators a and †a as

ω ω=
ℏ

= =
ℏ

= −
†

† †da
dt i

a H i a
da
dt i

a H i a
1

[ , ] ,
1

[ , ] , (2.44)
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with the solutions

ω ω= = −† †a t a i t a t a i t( ) (0)exp( ), ( ) (0)exp( ). (2.45)

Let us now consider the energy eigenstates E, satisfying the equation
ψ ψ=H E . The eigenstate n of a given energy eigenvalue En is then

determined by

ω≡ ℏ + =†H n a a n E n
1
2

. (2.46)n
⎛
⎝⎜

⎞
⎠⎟

If we apply the operator a from the left to this equation, and use the commutator
=†a a[ , ] 1, we get

ω= − ℏHa n E a n( ) . (2.47)n

This means that the state vector a n( ) is the eigenstate of a new energy level
ω= − ℏ−E En n1 , apart from some normalisation factor cn. We can then write

= −a n c n 1 . (2.48)n

This allows us to state that

− = −−H n E n1 1 . (2.49)n 1

Repeating this procedure n times, we eventually arrive at the energy state 0 ,
corresponding to the lowest energy value of the oscillator, E0. This leads to

ω= − ℏHa E a0 ( ) 0 . (2.50)0

Noting that an energy lower than E0 cannot exist, we have to assume that

=a 0 0. (2.51)

This new state 0 is then called the vacuum state. Going back to equation (2.46) we
conclude that

ω= ℏ =H E0
1
2

0 0 . (2.52)0

This allows us to conclude that the energy states of the harmonic oscillator are

ω= ℏ +E n
1
2

, (2.53)n
⎛
⎝⎜

⎞
⎠⎟

where n is an integer. From equation (2.46) we also conclude that

≡ =†N n a a n n n . (2.54)

The normalisation constant cn introduced in equation (2.48) can now be determined
using

= − −† *n a a n n c c n1 1 . (2.55)n n
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The normalisation of both n and −n 1 implies that ∣ ∣ =c nn
2 . We then have

= − = + +†a n n n a n n n1 , 1 1 . (2.56)

This discussion shows that, by applying the operator †a successively n times to the
vacuum state 0 we can generate the state n . Including the normalisation
constant, we get

=
!

†n
n

a
1

( ) 0 . (2.57)n

We finally notice that these energy eigenvectors satisfy the orthogonality and
completeness conditions

∑δ′ = =
∞

′n n n n I, , (2.58)
0

nn

where I is the identity operator. This means that an arbitrary state vector ψ of the
harmonic oscillator can be represented as a superposition of energy eigenstates n
(figure 2.2).

2.2.2 Wavefunctions

Let us now consider the position representation. In this case the energy states will be
represented by wavefunctions ψ =q q n( )n . Let us consider the ground state n = 0.
The corresponding wavefunction ψ q( )0 can easily be determined by replacing the
definition of a, as given by equation (2.35) in equation (2.51). Noting that p is
replaced by − ℏ∂ ∂i q( / ) in this representation, we get

ω ψ+ ℏ ∂
∂

=q
q

q( ) 0. (2.59)0

⎛
⎝⎜

⎞
⎠⎟

Figure 2.2. Harmonic oscillator: the parabolic potentialV q( ), as well as the probability distribution ψ∣ ∣q( )n
2 for

the three lowest energy levels =E n, 0, 1, 2n .
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The solution of this equation is normalised as

∫ ψ =
−∞

∞
q dq( ) 1, (2.60)0

2

which leads to

ψ ω
π

ω≡ =
ℏ

−
ℏ

q q
q

( ) 0 exp
2

. (2.61)0

1/4 2
⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝⎜

⎞
⎠⎟

This determines the ground state wavefunction. For the nearest energy level, we can
use equation (2.56) and write

ψ ≡ = †q q q a( ) 1 0 , (2.62)1

or

ψ
ω

ω ψ=
ℏ

− ℏ ∂
∂

q q
q

q( )
1

2
( ). (2.63)1 0

⎛
⎝⎜

⎞
⎠⎟

The result is

ψ ω ω
π

ω=
ℏ ℏ

−
ℏ

q q
q

( )
2

exp
2

. (2.64)0

2 1/4 2⎡
⎣⎢
⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

⎛
⎝⎜

⎞
⎠⎟

Similarly, for all the other modes, we get

ψ
ω

ω ψ=
!

=
! ℏ

− ℏ ∂
∂

†q
n

q a
n

q
q

q( )
1

( ) 0
1 1

2
( ). (2.65)n

n
n

0

⎛
⎝⎜

⎞
⎠⎟

This then leads to

ψ α
π

α α=
!

−q
n

H q
q

( )
2

( )exp
2

, (2.66)n n n

1/2 2 2⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

where α ω= ℏ/ , and αH q( )n are the Hermite polynomials of order n. Using this
expression, we can calculate the Wigner functions for the quantum states of the
harmonic oscillator. Using equation (2.26), it can be shown that the corresponding
Wigner functions are

α
α

α
α= = −

ℏ
+ −

ℏ
−W q p L

p
q

p
q( , ) 2( 1) 2 exp , (2.67)n

n
n

2

2 2
2 2

2

2 2
2 2

⎡
⎣⎢

⎤
⎦⎥

⎛
⎝⎜

⎞
⎠⎟

where L x( )n are the Laguerre polynomials, as defined by Rodrigues’s formula [34]

=
!

−L x
e
n

d
dx

x e( ) ( ). (2.68)n

x n

n
n x

To illustrate this result, let us consider two quantum states, the ground state n = 0,
and the first excited state n = 1, with wavefunctions

The Quantum Nature of Light

2-12



ψ α
π

α ψ α
π

α= − = −q
q

q
q q

( ) exp
2

, ( )
2

exp
2

. (2.69)0 1/4

2 2

1

3/2

1/4

2 2⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

Using equation (2.21), the corresponding Wigner functions can be written explicitly
as

α
α= −

ℏ
−W q p

p
q( , ) 2 exp , (2.70)0

2

2 2
2 2

⎛
⎝⎜

⎞
⎠⎟

and

α
α

α
α= − +

ℏ
+ −

ℏ
−W q p

p
q

p
q( , ) 2 1 2 2 exp . (2.71)1

2

2 2
2 2

2

2 2
2 2

⎡
⎣⎢

⎤
⎦⎥

⎛
⎝⎜

⎞
⎠⎟

These functions are plotted in figure 2.3. We can see that the Wigner function for the
excited state takes negative values, which is a clear quantum signature. It should
however be noted that, although the Wigner function for the ground state is positive,
it nevertheless corresponds to a state with a non-zero mean energy value, because

ω= ℏH /20 , in contrast with the zero energy value for a classical harmonic
oscillator at rest. This means that, if a negative quasi-probability W is clearly a
quantum signature, a positive quasi-probability is not necessarily a signature of the
classical regime.

2.3 Electromagnetic field quantisation
2.3.1 Maxwell’s equations

Let us start with Maxwell’s equations, in their classical version. We can write them
as

Figure 2.3. Wigner function W x p( , ), for ground state n = 0, and for the first excited state n = 1 of the
harmonic oscillator. In these plots, we have used α = 1.
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∇ × = − ∂
∂t

E
B

, (2.72)

μ∇ × = ∂
∂

+
c t

B
E

J
1

, (2.73)
2 0

ρ
ϵ

∇ · =E , (2.74)
0

∇ · =B 0, (2.75)

where E and B are the electric and induction fields produced by charges and
currents, ρ and J, distributed in vacuum. These charges and currents, on their turn,
have to satisfy the continuity equation, which represents the total conservation of
charge, as

ρ∂
∂

+ ∇ · =
t

J 0. (2.76)

This can indeed be derived from equations (2.73) and (2.74). We have used the
vacuum permittivity ϵ0, and vacuum permeability μ0, which specify the electric and
magnetic properties of vacuum, assumed here as empty space, devoid of charges and
currents. The speed of light in vacuum is a constant defined by the relation

ϵ μ=c 1/ 0 0 . The fields can also be determined by the scalar and vector potentials,
V and A, using the definitions

= −∇ − ∂
∂

= ∇ ×V
t

E
A

B A, . (2.77)

It is known that Maxwell’s equations are gauge invariant, which means that the
same field can be described by a diversity of potentials. It is sometimes convenient to
choose the Coulomb gauge, defined by the condition

∇ · =A 0. (2.78)

Using Maxwell’s equations, we then derive the potential equations

ϵ
ρ∇ = −V

1
, (2.79)2

0

μ∇ − ∂
∂

= − + ∇ ∂
∂c t c
V
t

A J
1 1

. (2.80)2
2

2

2 0 2

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

We can see that, in this gauge, the potential V simply determines the electrostatic
field associated with the charge distribution ρ. At this point, it is useful to define the
transverse and the longitudinal currents

= +J J J , (2.81)T L
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satisfying the conditions

∇ · = ∇ × =J J0, 0. (2.82)T L

This decomposition is generally valid, because it is known from vector analysis
(Helmholtz theorem) that a vector field can be defined as a sum of two fields, one
divergence free, and the other irrotational. From the continuity equation (2.76), we
can easily get

ρ∇ · = − ∂
∂t

J . (2.83)L

Taking the time derivative of the Poisson’s equation (2.79), we can then conclude
that

ϵ= ∇∂
∂
V
t

J . (2.84)L 0

Replacing this in equation (2.80), we obtain

μ∇ − ∂
∂

= −
c t

A J
1

. (2.85)T
2

2

2

2 0

⎛
⎝⎜

⎞
⎠⎟

This shows that, in the Coulomb gauge, the vector potential is only excited by the
transverse current JT . Let us consider solutions of the potential equations in the
absence of sources

ρ = =J0, 0. (2.86)T

In this case, we have V = 0, and the vector potential A is determined by a simple
wave equation

∇ − ∂
∂

=
c t

A
1

0. (2.87)2
2

2

2

⎛
⎝⎜

⎞
⎠⎟

We consider the fields existing inside an empty cubic cavity, with perfectly
conducting walls of size L. In this case, we can expand the vector potential in a
Fourier series of the form

∑= +·t t e c cA r A( , ) ( ) . ., (2.88)
k

i
k

k r

where the components of k, are compatible with the assumed boundary conditions,
namely

π ν= =k
L

j x y z
2

, ( , , ), (2.89)j j

with ν = ± ±1, 2,j and so on. By expanding this hypothetical cavity to infinity, and
taking the limit → ∞L , we can transform the sum of a discrete number of modes
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into an integral over a continuum of modes, defined in free space with boundaries at
infinity. The sum in equation (2.88) is then replaced by an integral, as

∫∑
π

→ L
dk2

2
. (2.90)

k

3
⎜ ⎟⎛
⎝

⎞
⎠

Here, the additional factor of 2 accounts for the two independent polarisation states.
It is interesting to note that the number of modes inside the infinitesimal interval d k
is given by

ν ν ν ν
π

≡ =d d d d
L

dk dk dk2
2

. (2.91)x y z x y z

3
⎜ ⎟⎛
⎝

⎞
⎠

In the unit volume =L 13 , the number of modes will then be equal to

ν
π

=d
dk

2
(2 )

. (2.92)3

Returning to the Coulomb gauge condition (2.78), we can see that it implies that
these modes are associated with transverse fields, satisfying

· = · =*t tk A k A( ) ( ) 0. (2.93)k k

Replacing the mode expansion (2.88) in the wave equation (2.87), we get

ω∂
∂

+ =
t

tA ( ) 0, (2.94)k k

2

2
2

⎛
⎝⎜

⎞
⎠⎟

where the mode frequency is ω = kck . The solution is

ω= −t i tA A( ) exp( ). (2.95)kk k

The mode expansion (2.88) then takes the form

∑ ω= · − +t i i t c cA r A k r( , ) exp( ) . . (2.96)
k

kk

The corresponding electric and magnetic fields are

∑ ω ω= · − +t i i i t c cE r A k r( , ) exp( ) . ., (2.97)
k

k kk

and

∑ ω= × · − +t i i i t c cB r k A k r( , ) ( ) exp( ) . . (2.98)
k

kk

We can also introduce the unit polarisation vector, ek, as defined by

= · =
A

e
A

k e, 0. (2.99)k
k

k
k
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Let us now consider the energy of the electromagnetic field inside the cavity, as
given by

∫ ϵ
μ

= +H E B d r
1
2

1
. (2.100)

V
tot 0

2

0

2
⎛
⎝⎜

⎞
⎠⎟

Using the above mode expansion, and defining the electromagnetic energy per mode
Hk, we can easily obtain

∑ ϵ ω= = · *H H H V A A, 2 ( ), (2.101)
k

kk k k ktot 0
2

where =V L3 is the cavity volume (figure 2.4).

2.3.2 Field operators

In order to quantise the field and establish the field operators, it is useful to introduce
a pair of canonical variables, Qk and Pk, such that

ω ϵ
ω

ω ϵ
ω= + = −* *( ) ( )

V
Q iP

V
Q iPA e A e

1

2
,

1

2
, (2.102)

k
k

k
kk k k k k k k k

0 0

where ek is the unit polarisation vector, and the quantities Qk and Pk are assumed
real. Replacing this in the energy per mode Hk, we get

ω= +( )H P Q
1
2

. (2.103)kk k k
2 2 2

This is formally identical to the energy of a classical harmonic oscillator. We can
then say that the electromagnetic field inside an empty cavity is formally identical to

Figure 2.4. Representation of two modes of the electromagnetic field inside of a cavity with length L, in the x
direction. The modes behave similarly in the other two directions, y and z.
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an infinite sum of harmonic oscillators. The electromagnetic field can then be
quantised in the same way as we did for the harmonic oscillator, replacing the
position and momentum-like quantitiesQk and Pk by the two operators, Q̂k and P̂k,
satisfying the commutation relations

δˆ ˆ = ˆ ˆ = ˆ ˆ = ℏ − ′′ ′ ′Q Q P P Q P i k k, 0, [ , ] 0, , ( ). (2.104)k k k k k k
⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

For a discrete sum of modes, we should use δ δ− ′ = ′k k( ) kk . From here we can
define annihilation and creation operators per mode, âk and ˆ †ak, such that

ω
ω

ω
ωˆ =

ℏ
ˆ + ˆ ˆ =

ℏ
ˆ − ˆ†( ) ( )a Q iP a Q iP

1

2
,

1

2
. (2.105)

k
k

k
kk k k k k k

They are the operator equivalent to the above mode amplitude relations (2.102).
These new operators satisfy the commutation relations

δˆ ˆ = ˆ ˆ = ˆ ˆ = − ′′
†

′
†

′
†a a a a a a k k[ , ] 0, [ , ] 0, [ , ] ( ). (2.106)k k k k k k

Using equation (2.101), we can now establish the total Hamilton operator Ĥ , as

∑ ωˆ = ℏ ˆ + ˆ ≡ ˆ ˆ†H N N a a
1
2

, , (2.107)
k

k k k k k
⎛
⎝⎜

⎞
⎠⎟

where N̂k is the number operator per mode. Each of these modes are independent
and can be associated with number states nk , similar to those introduced for the
harmonic oscillator. Furthermore, the annihilation and creation operators satisfy

= − = + +†a n n n a n n n1 , 1 1 . (2.108)k k k k k k k k

The state of the total electromagnetic field is then a product of states of all the
modes, as

… … = … …n n n n n n, , , , (2.109)k k k k k kj j1 2 1 2

or, in a more compact form

∏=n n{ } . (2.110)
k

kk

This is an eigenstate of the total energy operator (2.107), such that

ˆ =H n E n{ } { } . (2.111)k k

Here, the energy eigenvalue is

∑ ω= ℏ +E n
1
2

, (2.112)
k

k k
⎛
⎝⎜

⎞
⎠⎟

where nk is the number of photons per mode. This defines what is usually called a
Fock state, or number state, of the electromagnetic radiation.
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Finally, the field operators are obtained from equations (2.102) and (2.105), as

ϵ ω ϵ ω
ˆ = ℏ ˆ ˆ = ℏ ˆ† †A

V
a A

V
a

2
,

2
. (2.113)

k k
k k k k

0 0

The total vector potential operator becomes

∑
ϵ ω

ˆ = ℏ ˆ +ω· −t
V

a e h cA r e( , )
2

. ., (2.114)
k k

i t
k k

k r

0

( )k

where ek is the unit polarisation vector. The corresponding electric and magnetic
field operators ˆ tE r( , ) and ˆ tB r( , ) will be given by

∑ ω
ϵ

ˆ = ℏ ˆ +ω· −t i
V

a e h cE r e( , )
2

. ., (2.115)
k

k i t
k k

k r

0

( )k

and

∑
ϵ ω

ˆ = ℏ × +ω· −t i
V

a e h cB r k e( , )
2

( ) . . (2.116)
k k

i t
k k

k r

0

( )k

It is also useful to consider the two independent polarisation states for each field
mode. We then need to replace the sum over k, by a sum over k and σ, where σ
takes two values representing the two orthogonal polarisation states. The mode
operators ak and †ak are then replaced by σak, and σ

†ak, , and the commutation
relations (2.106), by

δ δ= = = − ′σ σ σ σ σ σ σ σ′ ′
†

′ ′
†

′ ′
†

′a a a a a a k k, 0, , 0, , ( ) . (2.117)k k k k k k, , , , , , ,
⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

In chapter 3, the main properties of the quantum electromagnetic field, the different
field representations and the differences between classical and quantum radiation
states will be explored.

2.4 Canonical quantisation
Quantisation of the electromagnetic field in vacuum was performed using the
analogy of each field mode with the harmonic oscillator. The field can then be
seen as the superposition of an infinite number of quantum harmonic oscillators. A
more formal but simple approach to field quantisation is considered here, similar to
that used in [35]. It is known that all the basic equations in physics can be derived
from a variational principle. We first describe the variation procedure leading to
Maxwell’s equations and then describe the canonical quantisation of the electro-
magnetic field.

2.4.1 Variational principle

We start by recalling the basic principles of classical mechanics. We assume a given
physical system that can be described by a configuration variable ≡ …q q q( , , )N1 ,
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which can be the position of each of the N elements of the system, and its time
derivative ̇q. We can define the Lagrangian of the system as a function ̇L q t q t( ( ), ( )),
and the action integral

∫= ̇S dtL q t q t( ( ), ( )). (2.118)
t

t

1

2

The Principle of Least Action states that the action is a minimum along the trajectory
q t( ) between the two instants t1 and t2, and can be represented by

δ =S 0, (2.119)

where δS results from taking a variation δq on the trajectory of the system. This
implies that

δ
δ

≡ ∂
∂

− ∂
∂ ̇

=S
q t

L
q

d
dt

L
q( )

0. (2.120)

This is known as the Lagrange equation. We can then define the canonical
momentum p, as the derivative of the Lagrangian with respect to ̇q, as

= ∂
∂ ̇

p
L
q

. (2.121)

We can invert this equation and use it to express the velocity ̇q in terms of the pairs
of variables q and p, as ̇ ≡ ̇q q q p( , ). We are now ready to define the Hamiltonian of
the system, by using the so-called Legendre transformation, as

= ̇ − ̇H q p pq L q q q p( , ) ( , ( , )). (2.122)

In general, the functions L and H depend explicitly on time t. This transformation
allows us to write

̇ = −L q q dt pdq H q p dt( , ) ( , ) . (2.123)

Inserting this in the above definition of the action, we get

∫= −S pdq H q p dt( , ) . (2.124)
t

t

1

2

The variational principle (2.119) is then satisfied if

̇ = ∂
∂

̇ = −∂
∂

q
H
p

p
H
q

, . (2.125)

These are the Hamilton equations or the canonical equations of motion. Canonical
quantisation is obtained by transforming the canonical variables q p( , ) into
operators ˆ ˆq p( , ), and by imposing (equal time) commutation relations of the form

ˆ ˆ = ˆ ˆ = ˆ ˆ = ℏq q p p q p i[ , ] 0, [ , ] 0, [ , ] . (2.126)

The Quantum Nature of Light

2-20



2.4.2 Lagrangian density

Let us now describe the electromagnetic field using the above Lagrangian
approach. For that purpose, we assume the Lagrangian density, or density per
unit volume L ̇ ̇V V A A( , , , ), such that the total Lagrangian of the electromagnetic
field is defined by

L∫= ̇μ μL A A d r( , ) , (2.127)
V

where we have introduced the 4-vector =μA V c A( / , ) and the index μ takes the
values μ = 0, 1, 2, 3. The equations of motion of the field satisfy the Lagrange
equations, similar to equation (2.120), which take the form

L L∑∂
∂

− ∂ ∂
∂ ∂

=
ν

μ ν
ν

μA A( )
0, (2.128)

with ∂ ≡ ∂ ∂ν
νx/ . We now choose the function L in such a way that Maxwell’s

equations are satisfied. For that purpose, we use

L ϵ
μ

ϵ
μ

= − = ∂
∂

+ ∇ − ∇ ×E B
t c

V
A

A
1
2

1
2

1
2

1 1
2

( ) . (2.129)0
2

0

2
0

2

0

2
⎛
⎝⎜

⎞
⎠⎟

Replacing this in equation (2.128), we indeed get ∇ · =E 0, for μ = 0, and

∇ × = ∂
∂c t

B
E1

, (2.130)
2

for μ = 1, 2, 2. Let us now establish the canonical momentum. In analogy with
equation (2.121), it is determined by

LΠ = ∂
∂ ̇

μ
μA

. (2.131)

Or, more explicitly

L L ϵΠ = ∂
∂ ̇ = Π = ∂

∂ ̇ = −c
V

E
A

0, , (2.132)i
i

i0
0

for =i 1, 2, 3. In vectorial notation, we write ϵΠ = − E0 . The corresponding
Hamiltonian density H can now be established, according to equation (2.122), as

H L∑ ϵ
μ

ϵ= ̇ Π − = + + · ∇
μ

μ μ E B
c

VA E
1
2

1
2

. (2.133)0
2

0

2 0

As for the total Hamiltonian we get, after integrating the last term by parts

H∫ ∫ϵΠ= − ∇ ·H d
c

V dA r E r( , ) ( ) . (2.134)
V

tot
0
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The canonical equations for the electromagnetic field can also be obtained in
analogy with equation (2.125), leading to

HΠ̇ = ∂
∂A

(2.135)i
i

for =i 1, 2, 3. It can easily be recognised that

H
μ

∂
∂

= ∇ ×
A

B
1

( ) . (2.136)i
i

0

Using the vectorial notation for the canonical momentum, ϵΠ = − E0 , we can easily
recover equation (2.130). Based on the above Lagrangian description of the
electromagnetic field, we can quantise the field assuming that the field operators
satisfy (equal time) commutation relations, similar to equations (2.126), of the form

δ δˆ ˆ = Π̂ Π̂ = ˆ Π̂ ′ = ℏ − ′μ ν μ ν μ ν
μνA A A t t ir r r r, 0, , 0, ( , ), ( , ) ( ). (2.137)⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

This quantisation procedure can be described in a more consistent covariant
formulation, to be considered later.

2.5 Photon wavefunction
2.5.1 Riemann–Silverstein vector

Let us return to Maxwell’s equations (2.72)–(2.74) assuming for simplicity an empty
space, in the absence of charges and currents, ρ = =J( 0, 0). It is useful to introduce
the auxiliary fields

ϵ
μ

′ = ′ = i
E E B B, . (2.138)0

0

We can write them as

∇ × ′ = ∂ ′
∂

∇ · ′ =c i
t

E
B

E( ) , 0, (2.139)

∇ × ′ = ∂ ′
∂

∇ · ′ =c i
t

B
E

B( ) , 0. (2.140)

We can now use the following electromagnetic vector, first introduced by Silverstein
in 1901, and sometimes called the Riemann–Silberstein vector, defined as

ϵ= ′ + ′ ≡ + icF E B E B
1

2
( )

2
( ). (2.141)0

This allows us to formulate Maxwell’s equations in vacuum in a more compact
form, as

∂
∂

= ∇ × ∇ · =i
t

c
F

F F( ), 0. (2.142)
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It is now important to notice that, for an arbitrary vector field a, defined in the three-
dimensional space, the following identity is verified

· ∇ = ∇ ×is a a( ), (2.143)

where s is a 3 × 3 matrix vector, with components

= − =
−

=
−

s i
i

s
i

i
s

i
i

0 0 0
0 0
0 0

,
0 0
0 0 0

0 0
,

0 0
0 0

0 0 0
. (2.144)x y z

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

These are the three-dimensional analogues of the Pauli matrices, and can be used to
describe the polarisation state of a spin-1 particle as a photon. We are then allowed
to write the first of equations (2.142) in the form

∂
∂

= − ∇ ·
t
F

s F. (2.145)

It is also useful to consider the electromagnetic field energy in terms of this new
vector field. Using the above definition of Htot, we can easily get

∫= · *H t t dF r F r r( , ) ( , ) . (2.146)
V

tot

Let us now consider field quantisation, where the electric and magnetic fields E and
B are replaced by the corresponding quantum operators. In this case, equation
(2.145) allows us to define a new field operator F, governed by the equation

ℏ∂
∂

= ℏ ∇ ·i
t

c
i

F
s F. (2.147)

Noting that = − ℏ∇ip is the momentum operator in the r-representation, we
introduce the Hamiltonian operator

ˆ = · ≡ ℏ · ∇H c c
i

s p s( ) ( ), (2.148)

which allows us to write equation (2.147) in the form of a standard Schrödinger
equation, as

ℏ∂
∂

= ˆi
t

H
F

F, (2.149)

where F plays the role of the photon state vector operator. It is also useful to write a
more explicit expression for this operator, in terms of the annihilation and creation
operators âk and ˆ †ak. Equation (2.141) allows us to write

∑ ϵω= ℏ ˆ +ω· −i
V a e h cF

2
. ., (2.150)

k
k

i t
k k

k r( )r
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with the new (non-normalised) polarisation vector

ϵ
ω

= + ×i
c

e k e( ), (2.151)
k

k k k

where ek is the unit polarisation vector determining the direction of the electric field.

2.5.2 Spinor field

Instead of the photon operator F, it is also possible to define the photon state vector
in terms of a spinor operator of the form

φ
χΨ = , (2.152)

⎡
⎣⎢

⎤
⎦⎥

where φ and χ are 1 × 3 vector columns defined by

φ ϵ χ
μ

= ′ ≡ = ′ ≡ i
E E B B, . (2.153)0

0

Using equations (2.139)–(2.140) and the identity (2.143), we can then write

φ χ χ φ∂
∂

= − · ∇ ∂
∂

= − · ∇i
t

ic i
t

ics s, . (2.154)

We can also make use of the momentum operator = ℏ∇ip to write these two
equations in a matricial form, as

φ
χ

φ
χℏ ∂

∂
=

·
·

i
t

c
c

s p
s p
0

0
. (2.155)

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥
⎡
⎣⎢

⎤
⎦⎥

This equation is formally identical to the Dirac equation, to be discussed in chapter
11, but with the bi-spinors replaced by the three-spinors φ and χ, as defined by
equation (2.153), and the 2 × 2 Pauli matrix vector σ replaced by the 3 × 3 matrix
vector s, with components defined by equation (2.144). This dimensional difference
results from the fact that the Dirac equation describes particles with spin-1/2, like
electrons and positrons, defined in the two-dimensional space of spins, while here we
are dealing with photons, with spin-1, and a three-dimensional spin (or polarisation)
space. Finally, noting that = −†s s, we can derive from equations (2.154) a
continuity equation of the form

∂
∂

Ψ Ψ + ∇ · =†

t
j 0, (2.156)

where j is the current of probability defined by

v vˆ ˆ= Ψ Ψ = −† cj s
s

, 0
0

. (2.157)
⎡
⎣⎢

⎤
⎦⎥

This continuity equation simply shows that (in the absence of any interaction with
matter) the photon probability Ψ Ψ† is conserved.
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2.6 Quantisation in a medium
Field quantisation in a material medium is not a trivial theoretical problem, and has
been discussed by many authors along the years. See, the following relevant papers
[13–17]. Two simple examples are given here, and more general approaches will be
considered later in this book. The simplest example is that of a non-dispersive
medium. For waves with wavelength much larger than the inter-particle distance, we
can describe the medium as a continuous medium, characterised by appropriate
permittivity ϵ and permeability μ. The above description therefore stays valid, if we
replace the vacuum constants ϵ0 and μ0, by new constants ϵ and μ, and the velocity of
light in vacuum c by the velocity of light in the medium, v ϵμ= 1/ . This means that
the field operators (2.114) to (2.116) will become

∑ˆ = ˆ +ω· −C a e h cA e . ., (2.158)
k

i t
k k k k

k r( )k

∑ ωˆ = ˆ +ω· −t i C a e h cE r e( , ) . ., (2.159)
k

i t
k k k k

k r( )k

and

∑ˆ = × +ω· −t i C a e h cB r k e( , ) ( ) . ., (2.160)
k

i t
k k k

k r( )k

where the quantity Ck is defined by

ϵω
= ℏ

C
V2

. (2.161)
k

k

This is, of course, valid in the absence of wave dispersion. As a simple but relevant
example of a dispersive medium, we consider field quantisation in isotropic plasmas.
The medium is electrically neutral, but contains free electrons and positive ions, with
total charge neutrality. As previously discussed, the electromagnetic potentials are
described in the Coulomb gauge by

μ ρ
ϵ

∇ − ∂
∂

= − ∇ = −
c t

VA J
1

, , (2.162)2
2

2

2 0
2

0

⎛
⎝⎜

⎞
⎠⎟

where J is the transverse current. For high frequency fields, the ions can be assumed
immobile, and provide a neutralising electric background. The charge and current
densities, ρ and J are determined by the electron motion. We can define them as

vρ = − = −e n n enJ( ), , (2.163)0

where e is the absolute value of the electron charge, and n0 the equilibrium plasma
density. For Z ionised ions, the ion density is simply =n n Z/i 0 . In order to calculate
the electron mean density n, and the electron mean velocity v, we use the continuity
and momentum equations of the electron fluid
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v
v

v v v
∂
∂

+ ∇ · = ∂
∂

+ · ∇ = − + × − ∇n
t

n
t

e
m

P
nm

E B( ) 0, ( ) , (2.164)
e

e

e

where me is the electron mass and Pe is the classical pressure of the electron gas.
Alternatively, a more exact description of the electron gas, based on a kinetic
equation, could be used. We linearise these equations with respect to the perturbed
density ˜ = −n n n( )0 , in order to study the elementary perturbations in the medium.
We also assume an electron equation of state such that v∇ = ∇P m ne the

2 , where
v = T m3 /e ethe is the electron thermal velocity, and Te the temperature of the
electron gas. This allows us to transform equations (2.162) into two formally
identical equations for the two potentials V and A, of the form [36]

v v

ω ω
∇ − ∂

∂
= ∇ − ∂

∂
=

c t c t
VA

1
,

1
, (2.165)p p2

2

2

2

2

2
2

the
2

2

2

2

the
2

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

where ω ϵ= e n m/p e
2

0 0 is the electron plasma frequency. This can easily be written
in covariant form, as

ω
∇ − ∂

∂
=

μ

μ

μc t
A

c
1

, (2.166)
p2

2

2

2

2

2

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

where we have used the four-potential =μA V c A( / , ). We have also used v=μc the

for μ = 0, and =μc c for μ = 1, 2, 3. This can be used as a starting point for the
quantisation procedure. For that purpose, we make the space Fourier decomposi-
tion and, for each mode k, we define three independent polarisation states σ, where
two of them represent the transverse photons, as in vacuum. These transverse
photon states are described by the vector potential σA k with σ = 1, 2, and are
characterised by unit polarisation vectors = ∣ ∣σ σ σe A A/k k k , such that · =σe k( ) 0k .
They states are orthogonal to each other, meaning that δ· =σ σ σσ′ ′e e( )k k .

In addition to these two transverse states, we have a third state σ = 3, which is a
longitudinal photon state, characterised by · =σ ke k( )k . This is the so-called
plasmon state, which did not exist in vacuum and is due to the existence of free
electrons in the medium. The existence of these three states clearly reveals the nature
of the spin-1 photon. Using equation (2.166) we can easily show that they all satisfy
the oscillator equation

ω+ =σ σ
d
dt

A 0, (2.167)k k

2

2
2

⎛
⎝⎜

⎞
⎠⎟

where we have for the longitudinal mode, =σ=A V c/k k3, . The mode frequencies
satisfy the relation

ω ω= +σ σk c , (2.168)pk
2 2 2

with =σ=c c1,2 , and v=σ=c 3 the. See figure 2.5 for an illustration. This is indeed a
dispersion relation of massive bosons, with mass defined by
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ω
=

ℏ
σ

σ
m

c
. (2.169)

p
2

Given the difference between the speed of light c and the electron thermal velocity
v ≪ cthe , the mass of transverse photons is much larger than that of plasmons. A
difference that is eventually reduced in a relativistic plasma, where however the
electron fluid equations (2.164) are no longer valid. Quantisation of the harmonic
oscillators described by equation (2.167) can then be performed in the usual way.
However, the energy operator needs a new definition because, in a dispersive
medium, the average energy of waves with frequency ω is determined by [37]

∫ ωϵ ω
ω μ ω

ωμ ω
ω

=
∂

∣ ∣ +
∂

∣ ∣H dE B r
1
2

( ) 1
( )

( )
, (2.170)2 2

⎡
⎣⎢
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

where ϵ ω( ) and μ ω( ) are the dielectric and magnetic functions of the medium. They
therefore depend on the photon modes σk( ). In a plasma, we usually neglect its
diamagnetic properties, and use μ ω μ=( ) 0. Expanding this expression into modes,
we obtain

∑=
σ=

σ σH C A , (2.171)
1,2,3

k k k
2

where

ωϵ ω
ω μ

δ=
∂

+ −σ
σ

σC
k( )
2

(1 ), (2.172)k
k

2

0
3,

⎛
⎝⎜

⎞
⎠⎟

Figure 2.5. Dispersion relation for the massive photons in a plasma: normalised frequency ω ω/ p as a function
of the normalised moment ωkc/ p, for v =c/ 0.3the . For transverse photons, the phase velocity ω k/ tends
asymptotically to c, and for plasmons to vthe.
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and the dielectric function is

v
ϵ ω ϵ

ω
ω ω

δ= − −σ σ
k

( ) 1 . (2.173)
p

k 0

2

2

2
the
2

2 3,

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

Obviously, the last term in these two expressions only exists for σ = 3. Upon
quantisation of the oscillator modes (2.167), we can then retrieve the Hamiltonian
operator in the form

∑ ω= ℏ +
σ=

σ σ σ
†H a a

1
2

. (2.174)
1,2,3

k k k k
⎛
⎝⎜

⎞
⎠⎟

This is formally identical to the case of vacuum, except that there is an additional
polarisation state associated with plasmons. These three states will correspond to the
two transverse photons with spin = ±s 1, and the longitudinal photon or plasmon
with s = 0. Extension of this method to a quantum plasma, where the electron gas is
also quantised is straightforward [38].
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The Quantum Nature of Light
From photon states to quantum fluids of light

J T Mendonça

Chapter 3

Coherence

Here we discuss the coherence properties of the electromagnetic field, and in
particular, where those properties deviate from their classical ones. This includes
coherent states, as well as squeezed states. Furthermore, we discuss field and
intensity correlations, which can be used to characterise an arbitrary quantum field
state. The Bell inequalities are also discussed. All these topics are usually covered in
many existing books on quantum optics, such as [1–5] and are presented here in a
compact form.

We start with the properties of coherent states. The definition of these states was
first given by Glauber in 1963 [6] (see also the review [7]), and plays a central role in
the quantum theory of radiation. However, the existence of non-spreading wave-
packet solutions of the harmonic oscillator, which contains the seed for the concept of
coherent states, had already been noticed by Schrödinger in 1926 [8], at the dawn of
quantum theory. The reasons for the relevance of coherent states are multiple. First,
they can be seen as the quantum states closest to classical states. In particular, they can
be excited by a classical radiation source. Second, they represent the minimum
uncertainty states. And finally, they can be described as a displaced vacuum. Coherent
states are, in a sense, the complete opposite of squeezed states, because the later
cannot be reduced to a classical field.

Squeezed states are the simplest example of a non-classical quantum field, and were
first considered by Kennard in 1927 [9]. They were formalised later by Husimi [10],
and others [11, 12]. Several good reviews on squeezed states and non-classical states of
light have been written along the years [13–17].

On the other hand, generalisations of Wigner’s and Weyl’s ideas on the classical
representation of quantum states were proposed, allowing to study the evolution of
generic field states in classical phase-space. This is also explained in the present
chapter. We discuss the P-representation, the Q-representation, the W-representation
(which is a reformulation of the Wigner function) and a generalised G-representation,
which includes the previous three.
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This chapter also contains a discussion of quantum correlations, which are
essential tools to analyse optical experiments and to prove the existence of quantum
states of light. In particular, we define field correlations and illustrate this concept
with the famous Young experiment. We also define intensity correlations, illustrated
with the almost equally famous Hanbury-Brown and Twiss experiment. We conclude
with a brief discussion of photon entanglement and Bell’s theorem, which are the
basic ingredients of the modern concept of teleportation, and of the more recent
quantum computation developments.

3.1 Coherent states
3.1.1 Definition

We consider a single field state, with wavevector k and annihilation and creation
operators, âk and ˆ †ak. A coherent state can be defined as the eigenstate of the
annihilation operator âk. Dropping the subscript k for simplicity, we can write the
corresponding eigenvalue equation as

α α αˆ =a , (3.1)

where α is a complex eigenvalue, and α the state vector associated with this
eigenvalue. Noting that a is not Hermitian, we cannot say that these eigenvalues are
real, or that these eigenvectors form a complete orthogonal set. However we will see
that, although non-orthogonal, they form an overcomplete set, which can be used to
represent a generic field state.

First, we represent the coherent state α in terms of the Fock or number state
representation n{ } discussed in the previous chapter, using

∑α α α α= =
=

∞

C n C n( ) , ( ) , (3.2)
n 0

n n

where αC ( )n are the expansion coefficients. Applying the operator â to this
expression, we get

∑α αˆ = −a C n n( ) 1 . (3.3)
n

n

Replacing this in equation (3.1), we obtain a relation between consecutive coef-
ficients, as

α α α= −C
n

C( ) ( ). (3.4)n n 1

For =n 1, 2 and 3, this gives

α α α α α= = = = =
!

C C C C C C C C,
2 2

,
3 3

. (3.5)1 0 2 1

2

0 3 2

3

0
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For an arbitrary n, we then get

α α α=
!

C
n

C( ) ( ). (3.6)n

n

0

On the other hand, normalisation of the coherent state vector α , implies that

∑α α α= =C ( ) 1. (3.7)
n

n
2

From here, we then get

α α= − ∣ ∣
C ( ) exp

2
. (3.8)0

2⎛
⎝⎜

⎞
⎠⎟

Replacing this in equations (3.2), we obtain

∑α α α= − ∣ ∣
!=

∞

n
nexp

2
. (3.9)

n 0

n2⎛
⎝⎜

⎞
⎠⎟

This expression defines a coherent state in terms of number states. We can see from
here that the probability for finding n photons in a coherent state α is given by

α α α α≡ = −∣ ∣
!

( )P n
n

( ) exp . (3.10)n

n
2 2

2

Such a discrete probability distribution was introduced for the first time by the
French mathematician Siméon Poisson in the 19th century [18], and is called for that
reason a Poisson distribution. It satisfies the following recurrence relation

α α α= −P
n

P( ) ( ). (3.11)n n

2

1

The maximum probability is attained for α≃n 2. This corresponds to the
expectation value of the photon number operator, as given by

α α αˆ ≡ ˆ ˆ =†N a a . (3.12)2

Notice however that, for α∣ ∣ ⩽ 12 , the maximum of the probability distribution
occurs at n = 0. From the definition of αP ( )n , we can also conclude that the mean
photon number of a coherent state is

∑ αˆ =N P n( ) . (3.13)
n

n

The Poisson distribution is illustrated in figure 3.1, for two different values of α.

3.1.2 Overcompleteness

We have seen that the coherent state vector defined by equation (3.9) is normalised,
α α = 1, but different coherent states are not orthogonal. Let us consider two
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different states α and β , where α and β are complex numbers. Taking the scalar
product

∑α β α β α β α β α β= − ∣ ∣ − ∣ ∣
!

= − ∣ ∣ − ∣ ∣ +
=

∞ *
*

n
exp

2 2
( )

exp
2 2

, (3.14)
n 0

n n2 2 2 2⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

we obtain

α β α β= − −exp( ). (3.15)2 2

This shows that different coherent states are non-orthogonal and that they only
approach orthogonality when the complex numbers α and β are very different from
each other, such that α β− ≫ 1. However, the coherent states form a complete set
of states, which can be used to represent a general field state. This means that they
can be used to define the identity operator I, using

∫π
α α α =d I

1
, (3.16)

where αd represents a double integration over the complex plane. In order to verify
this expression, we start from the definition (3.9), which allows us to write

∫ ∫∑α α α α α α=
! !

α−∣ ∣ *d
n m

n m
e d( ) . (3.17)

n m,

n m2

Using polar coordinates θr( , ), such that α θ= r iexp( ), and α θ=d rdrd , we get

∫ ∫ ∫α α α θ θ= −α
π

−∣ ∣ *
∞

− + +e d dre r d i n m( ) exp[ ( ) ]. (3.18)n m r n m

0

1

0

2
2 2

Figure 3.1. Poisson distribution, defined by equation (3.10), for two different values of the parameter: α = 1 (in
red) and α = 3 (in blue).
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Integration in θ simply gives

∫ θ θ πδ− =
π

d i n mexp[ ( ) ] 2 , (3.19)nm
0

2

which allows us to write equation (3.17) as

∫ ∫∑
π

α α α η η=
!

η
∞

−d
n n

n
d e

1
, (3.20)

n

n

0

where η = r2. The integral over η is equal to !n (see [19]), and we are reduced to

∫ ∑
π

α α α = =
=

∞

d n n I
1

, (3.21)
n 0

where, in the last step, we have used the completeness relation for the number states,
equation (2.58). This demonstrates the above completeness relation for the coherent
states, equation (3.16). But, because each state vector of this set can be represented in
their own basis, as shown by equation (3.14), we call the set of coherent states, not
just complete, but overcomplete.

3.1.3 Uncertainties

Let us now consider the uncertainty relations associated with a coherent state. First,
we notice that the mean value of the square of the number operator,
ˆ = ˆ ˆ ˆ ˆ = ˆ + ˆ ˆ† † †N a aa a N a a( )( )

2 2 2 , is given by

α α α αˆ = ˆ = ∣ ∣ + ∣ ∣N N . (3.22)2 2 2 4

The photon mean number deviation Δn with respect to the average will be

α α α αΔ ≡ ˆ − ˆ = ∣ ∣ + ∣ ∣ − ∣ ∣ = ∣ ∣n N N . (3.23)2 2 2 4 4

The relative uncertainty of the mean number for a coherent state will then be

α α
α
α α

Δ ≡ Δ
ˆ = ∣ ∣

∣ ∣
=

∣ ∣
n

n
n

N

1
. (3.24)2

This shows that the photon number uncertainty is proportional to the inverse square
root of the mean photon number. At this point, it is useful to introduce the
quadrature operators q̂ and p̂, defined in the previous chapter, and calculate their
mean values. We have

ω
α α

ω
α αˆ = ℏ ˆ + ˆ = ℏ +† *q a a

2
( )

2
( ), (3.25)

and

ω α α ω α αˆ = − ℏ ˆ − ˆ = − ℏ −† *p i a a i
2

( )
2

( ). (3.26)

The Quantum Nature of Light

3-5



Similarly, we get

ω
α α

ω
α α αˆ = ℏ ˆ + ˆ + ˆ ˆ + ˆ ˆ = ℏ + + ∣ ∣ +† † † *q a a aa a a

2
( )

2
( 2 1), (3.27)2 2 2 2 2 2

and

ω α α αˆ = − ℏ + − ∣ ∣ −*p
2

( 2 1). (3.28)2 2 2 2

This allows us to calculate the respective variances, as

ω
ωΔ ≡ ˆ − ˆ = ℏ Δ ≡ ˆ − ˆ = ℏ

q q q p p p( )
2

, ( )
2

. (3.29)2 2 2 2 2 2

We can finally state the uncertainty relation for the coherent state as

Δ · Δ = ℏ
q p

2
. (3.30)

This shows that the coherent state satisfies the minimum value compatible with the
uncertainty principle. It is a state of minimum uncertainty. It is also useful to discuss
the uncertainties associated with the field operators. Using the electric field operator
Ê , we write

ω
ϵ

α α α αˆ = ℏ ˆ − ˆω ω· − † − · −{ }E i
V

a e a e
2

. (3.31)i t i tk r k r

0

( ) ( )

In polar coordinates, such that α θ= r iexp( ), we can easily get

ω
ϵ

α ω θˆ = − ℏ ∣ ∣ · − +E
V

tk r
2

sin( ). (3.32)
0

Similarly, we also could find that

α α ω
ϵ

α ω θˆ = ˆ = ℏ + ∣ ∣ · − +{ }E E
V

tk r
2

1 4 sin ( ) . (3.33)
2 2

0

2 2

The uncertainty of the electric field amplitude is then determined by

ω
ϵ

Δ = ˆ − ˆ = ℏ
E E E

V2
. (3.34)2 2

0

1 2⎛
⎝⎜

⎞
⎠⎟

We can see that the field uncertainty is independent of the intensity, which for a
coherent state is represented by α∣ ∣2. This shows that the relative field uncertainty will
behave, for large α∣ ∣ ≫ 1, as

α
Δ

ˆ ∝
∣ ∣

E

E

1
, (3.35)
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thus tending to a classical field in the high intensity limit, where quantum
uncertainties are nearly absent. Notice that this result strongly resembles equation
(3.24), but we should not forget that the mean number of photons is proportional to

Ê
2 . This means that the phase is also playing a role in the calculation of the field

uncertainties.

3.1.4 Displaced vacuum

We now show that a coherent state can be described as a displaced vacuum. For that
purpose, we use equation (2.57) to represent the number states in terms of the
vacuum state 0 , and equation (3.9) to represent a coherent state in terms of number
states. We get

∑α α= ˆ
!

=α α α−∣ ∣
†

−∣ ∣ ˆ†e
a
n

e e0 0 . (3.36)
n

n n
a2 22 2

This can also be written as

α α= D̂( ) 0 , (3.37)

where αD̂( ) is the displacement operator defined by

αˆ = α α−∣ ∣ ˆ†D e e( ) . (3.38)a22

Alternatively, this operator can be written in a more symmetric form, as

α α αˆ = ˆ − ˆ† *D a a( ) exp( ). (3.39)

In order to see the equivalence between these two definitions of αD̂( ), we first notice
that

α α α− ˆ = − ˆ + ˆ + ⋯ =* * *a a aexp( ) 0 1
1
2

( ) 0 0 , (3.40)2
⎛
⎝⎜

⎞
⎠⎟

because ˆ =a 0 0. Inserting this in equation (3.37), we arrive easily at

αˆ = α α α−∣ ∣ ˆ − ˆ† *D e e e( ) . (3.41)a a22

We can then use the Baker–Hausdorff formula (see appendix A), relating the
exponentials of two operators A and B, as

=+ −e e e e . (3.42)A B A B A B[ , ] 2

This is valid for two operators that commute with their commutator. Choosing
α= ˆA a, and α= ˆ* †B a , we can identify the two expressions (3.39) and (3.41).

Similarly, we could have defined the displacement operator as

αˆ = α α α∣ ∣ − ˆ ˆ* †D e e e( ) . (3.43)a a22
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Furthermore, using the same formula, we could also show that

α β α β αβˆ + = ˆ ˆ − *{ }D D D i( ) ( ) ( )exp ( ) . (3.44)I

Other properties of the displacement operator include unitarity

α α αˆ = ˆ − = ˆ† −D D D( ) ( ) ( ), (3.45)1

and the displacement properties

α α α α αˆ ˆ ˆ = ˆ + ˆ ˆ ˆ = ˆ + ˆ† † † † *D aD a D a D a a( ) ( ) , ( ) ( ) . (3.46)

They can be demonstrated using another operator relation

α α= − +
!

+ ⋯α α−e Be B A B A A B[ , ]
2

[ , [ , ]] (3.47)A A
2

For = ˆ†A a and = ˆB a, this reduces to αˆ = ˆ +α α− ˆ ˆ†e a e aa a .

3.2 Field representations
Here we discuss various representations of the quantum field states in classical
phase-space. In the previous chapter we introduced the Wigner function, which
could provide such representation. But this is not the only choice, and other
functions with similar properties can be defined. This is the case of the P-function,
first used by Glauber [20] and Sudarshan [21], and the Q-function, proposed
independently by Husimi [10] and Kano [22]. Furthermore, it is possible to redefine
the Wigner function in more formal terms, using field operators. For symmetry, we
call it the W-function. Finally, a more general representation is possible, the
G-representation, which includes all these three functions as particular cases. In
our review on these representations we mainly follow [2, 3].

3.2.1 P-representation

We have seen previously that the coherent states, although non-orthogonal, form an
overcomplete set and satisfy a closure relation, given by equation (3.16), which
provides an overcomplete set of state vectors. This suggests the use of a coherent
state representation for the density operator, of the form

∫ρ α α α αˆ = P d( ) . (3.48)

Here, the quantity αP( ) represents a probability distribution. Obviously, it has to
satisfy the normalisation condition

∫ α α =P d( ) 1. (3.49)

Such a condition is linked with the normalisation condition for the density operator,
as determined by ρ̂ =Tr.( ) 1. Equation (3.48) provides the P-representation of the
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operator ρ̂. It is particularly useful if we want to calculate the mean value of
operators containing products of the form ˆ ˆ†a am n, as defined by

ρˆ ˆ = ˆ ˆ ˆ† †a a Tr a a.( ). (3.50)m n m n

From equation (3.48), we then get

∫ α α α αˆ ˆ = ˆ ˆ† †a a P Tr a a d( ) .( ) . (3.51)m n m n

Using the eigenvalue equation, α α αˆ =a , and its Hermetic conjugate:
α α αˆ =† *a , we obtain

∫ α α α αˆ ˆ =† *a a P d( ) . (3.52)m n m n

This formula shows that αP( ) can be seen as the probability density for the products
α α*m n. However, this should be taken with caution, because the same is not valid for

ˆ ˆ†a an m as shown below. We should also notice, in this respect, that any operator
involving products of â and ˆ†a can be converted into a sum of terms of the type ˆ ˆ†a am n,
by using the commutator ˆ ˆ =†a a[ , ] 1. For example, we have ˆ ˆ = ˆ + ˆ† †a a a a a22 2 . On the
other hand, αP( ) can eventually take negative values, which is uncompatible with the
concept of probability. For this reason it is sometimes called a quasi-probability.

Let us now derive an explicit expression for αP( ). For this purpose, we define two
coherent states β and β′ , corresponding to two distinct eigenvalues of â. Using
equation (3.48), we can write

∫β ρ β α β α α β α′ ˆ = ′P d( ) . (3.53)

Using equation (3.14), this can be rewritten as

∫β ρ β α α′ ˆ = β β α βα αβ∣ ∣ + ∣ ′∣ −∣ ∣ + ′* *
e P e e d( ) . (3.54)( ) 22 2 2

At this point, it is useful to take β β′ = − . Writing α and β in their explicit complex
form, as α = +x iy, and β = +q ip, and

βα αβ βα αβ+ ′ = − = −* * * * i xp yq2 ( ). (3.55)

Using α =d dxdy, we get

∫β ρ β− =β∣ ∣ −e f x y e dxdy( , ) (3.56)i xp yq2 ( )2

with

α= ≡α−∣ ∣ − +f x y P e P x y e( , ) ( ) ( , ) . (3.57)x y( )2 2 2

We can see that the r.h.s. of equation (3.56) is the two-dimensional Fourier transform
of f x y( , ), apart from a factor of 4. Taking the inverse transformation, and get

∫ β ρ β
π

= − β∣ ∣f x y e
dqdp

( , ) 4
(2 )

. (3.58)2

2
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Replacing this in equation (3.57), we obtain an explicit expression for the quasi-
probability αP( ), written in terms of the coherent states, as

∫α
π

β ρ β β= −
α

βα αβ
∣ ∣

− +* *P
e

e d( ) , (3.59)
2

2

where βα β α− = −* * i xp yq2 ( ). If the radiation field is described by a coherent state
α0 , we have ρ α αˆ = 0 0 , and this expression simply reduces to

α δ α α= −P( ) ( ). (3.60)0

This is a two-dimensional delta function, given the complex nature of the eigenvalue
α, such that δ α α δ δ− ≡ − −x x y y( ) ( ) ( )0 0 0 . Another interesting example of a
radiation field is that of a pure number state, n , which has no classical limit. In
this case, we have ρ̂ = n n , leading to

β ρ β β β β β− ˆ = − = −
!

β−∣ ∣
*

n n e
n

( )
. (3.61)

n
2

Replacing this in equation (3.59), we obtain

∫α
π

β β β=
!

−
α

βα αβ
∣ ∣

* − +* *P
e

n
e d( ) ( ) . (3.62)n

2

2

This can also be written as

α
π α α

δ α=
!

∂
∂ ∂

α∣ ∣

*
P

e
n

( ) ( ). (3.63)
n

n n2

22

At this point, we should not forget that this expression only has a meaning after
integration. For instance, using some multiplication function α α*F ( , ) we get, after
integration

∫ α α
α α

δ α α α α
α α

∂
∂ ∂

= ∂
∂ ∂ α α

*
*

*

*
= =*

F d
F

( , ) ( )
( , )

. (3.64)
n

n n

n

n n

2 2

0

⎡
⎣⎢

⎤
⎦⎥

3.2.2 Q-representation

An alternative representation of the photon field can be constructed, if we define a
new quasi-distribution of the form

α
π

α ρ α= ˆQ( )
1

. (3.65)

Again, using the normalisation condition ρ̂ =Tr.( ) 1, and the completeness relation
for coherent states, we obtain

∫∑ρ ρ
π

α α ρ αˆ ≡ ˆ =Tr Tr I n n d.( ) .( )
1

. (3.66)
n
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Now, using the completeness relation for the number states, ∑ =n n In , we get

∫ρ
π

α ρ α α=Tr d.( )
1

. (3.67)

Comparing this with equation (3.65), we conclude that

∫ α α =Q d( ) 1. (3.68)

Let us now calculate the mean value of an operator of the type ˆ ˆ†a am n. We get

∑ρ ν ρ νˆ ˆ = ˆ ˆ ˆ = < ∣ ˆ ˆ ˆ ∣ >
ν

† † †a a Tr a a a a.( ) . (3.69)
m n m n m n

This can be written as

∫

∫

∑
π

ν ρ α α ν α

π
α α α ρ α α

ˆ ˆ = ˆ ˆ ˆ

= ˆ

ν

† †

*

a a a a d

d

1

1
.

(3.70)

m n m n

m n

Using the definition of αQ( ) in equation (3.65), we finally get

∫ α α α αˆ ˆ =† *a a Q d( ) . (3.71)m n m n

This shows that the new quasi-probability, αQ( ), allows to calculate mean values of
operators of the type †a a( )m n , and plays a symmetric role when compared with αP( ).
But, in contrast with αP( ) it cannot be negative, α ⩾Q( ) 0, and its maximum value is

π1/ . Let us illustrate this with two examples. For a coherent state α0 , the
corresponding Q-probability is given by

α
π

α α
π

α α= = −∣ − ∣Q( )
1 1

exp( ). (3.72)0
2

0
2

On the other hand, for a number state n , it becomes

α
π

α α
π

= = ∣ ∣
!

α−∣ ∣Q n
n

e( )
1

. (3.73)
n

2
2

2

3.2.3 W-representation

Another useful quasi-probability is the Wigner function, αW ( ), historically the first
one introduced in quantum physics. It can be defined as

∫α
π

χ β β= βα β α− +* *W e d( )
1

( ) , (3.74)
2

where χ β( ) is the characteristic function defined by

χ β ρ= ˆ β βˆ − ˆ† *Tr e( ) .( ). (3.75)a a
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In contrast with the previous two quasi-probabilities, αP( ) and αQ( ), the Wigner
function can be used to evaluate mean values of the symmetrically ordered products
of â and ˆ†a , as shown by the relation

∫ α α αˆ ˆ + ˆ ˆ = ∣ ∣† †aa a a W d2 ( ) . (3.76)2

It can also be shown that αW ( ) is a Gaussian convolution of αP( ), given by

∫α
π

β β= α β− ∣ − ∣W P e d( )
2

( ) . (3.77)2 2

The Wigner function can be written in a more familiar form in terms of the position
and momentum operators, q̂ and p̂. Using α = +q ip and β = +x iy, we can
rewrite equation (3.74) as

∫ ∫α
π

ρ β= · ˆ+ − +W dx dye Tr e d( )
1

2
( ) . (3.78)i px qy i px qy

2
( ) ( )

Using the trace in the coordinate representation, and noting that
− = −ixp q q xexp( /2) /2 , this then leads to

∫α
π

ρ=
ℏ

− ˆ + − ℏW q x q x e dx( )
1

2
2 2 , (3.79)ixp

which is formally identical to the definition used in chapter 2.

3.2.4 G-representation

Let us now consider a generalised representation αG( ) of the density operator ρ̂,
which reduces to the previous P, Q and W-representations in particular situations.
For this purpose, let us consider an operator αΔ̂ ˆ ˆ†a a( ; , ), such that

∫ρ α α αˆ = Δ̂ ˆ ˆ†G a a d( ) ( ; , ) , (3.80)

and assume that this operator Δ̂ is defined as

∫α
π

βΔ̂ ˆ ˆ = β β α β α† Ω − − ˆ − ˆ* † *a a e e e d( ; , )
1

. (3.81)a a
2

( ) ( ) ( )

As a first particular case, let us assume that the function βΩ( ) appearing in this
definition is equal to

β βΩ = − ∣ ∣
( )

2
. (3.82)

2

Using the Baker–Hausdorff identity (3.42) with β= ˆ†A a and β= − ˆ*B a, we have
β= ∣ ∣A B[ , ] 2. This allows us to write equation (3.81) as

∫α
π

βΔ̂ ˆ ˆ = β β βα β α† ˆ − ˆ − +† * * *a a e e d( ; , )
1

. (3.83)a a
2
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Using the completeness relation for coherent states, this can be transformed into

∫ ∫α
π

α β α αΔ̂ ˆ ˆ = ′ ′ ′β α β α† − ˆ − − ˆ* * †a a d d e e( ; , )
1

. (3.84)a a
3

( ) ( )

We can now use the two-dimensional Dirac delta function

∫δ α α δ α α δ α α
π

β− ′ ≡ − ′ − ′ = β α α β α α* * − ′ − − ′* *e e d( ) ( ) ( )
1

. (3.85)2
2

( ) ( )

Noting that ∫ βd represents a double integral, we then get

∫α
π

δ α α α α α
π

α αΔ̂ ˆ ˆ = − ′ ′ ′ ′ =†a a d( ; , )
1

( )
1

. (3.86)2

Replacing this in the definition of the generalised quasi-distribution αG( ), equation
(3.80), we conclude that

∫ρ α α α αˆ = ∣ > < ∣G d( ) . (3.87)

This shows that the particular choice of αΔ̂ ˆ ˆ†a a( ; , ) defined by equation (3.82),
reduces the generalised function to α α=G P( ) ( ), therefore recovering the
P-representation. Let us now consider a different choice of αΔ̂ ˆ ˆ†a a( ; , ), and replace
equation (3.82) by

β βΩ = + ∣ ∣
( )

2
. (3.88)

2

In this case, we can use again the Baker–Hausdorff identity and transform equation
(3.81), into

∫α
π

βΔ̂ ˆ ˆ = β α β α† − − ˆ − ˆ* † *a a e e d( ; , )
1

. (3.89)a a
2

( ) ( )

Let us now calculate the mean value of this operator, as

∫α α α
π

β δ α α′ Δ̂ ˆ ˆ ′ = = − ′β α α β α α† − − ′ − ′* * *a a e e d( ; , )
1

( ). (3.90)
2

( ) ( ) 2

Replacing this in equation (3.80), we conclude that

∫α ρ α π α α α α α π αˆ = ′ ′ Δ̂ ˆ ˆ ′ ′ =†G a a d G( ) ( ; , ) ( ). (3.91)

Comparing this with equation (3.65), we conclude that this new choice of βΩ( )
reduces to the Q-representation, and that we now have α α=G Q( ) ( ). Finally, let us
consider the condition

βΩ =( ) 0. (3.92)

In this case, the generalised distribution αG( ) reduces to the Wigner function,
α α=G W( ) ( ), because equations (3.80) and (3.81) lead to

∫α
π

β ρ β β= −α βα β α∣ ∣ − −* *G e e d( )
2

. (3.93)
2

2 2( )2
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3.3 Squeezed states
Let us start with the definition of squeezing. It is known that, given two observables
A and B, satisfying a commutation relation =A B iC[ , ] , their mean values cannot
be known simultaneously, because they satisfy the uncertainty relation

Δ Δ ⩾A B C
1
2

. (3.94)

We can say that a quantum system is in a squeezed state if one of these two
observables (A, for instance) satisfies the condition

Δ <A C( )
1
2

. (3.95)2

This means that, in a squeezed state, one of the observables has a reduced
uncertainty, while the other variable (B) will necessarily have an increased
uncertainly. As an example of this concept, we consider an electromagnetic field
mode, with frequency ω. The electric field operator is

ω
ϵ

ˆ = ℏ ˆ − ˆω ω− †i
V

ae a eE e
2

{ }. (3.96)i t i t

0

Let us introduce the dimensionless position-like and momentum-like operators
q and p, such that

ˆ = ˆ + ˆ ˆ = ˆ − ˆ† †q a a p
i

a a
1
2

( ),
1
2

( ). (3.97)

These operators are sometimes called the quadratures of the field mode. Noting that
ˆ ˆ =†a a[ , ] 1, we have

ˆ ˆ =q p
i

[ , ]
2

. (3.98)

The electric field operator can be written in terms of these operators, as

ω
ϵ

ω ωˆ = ℏ ˆ − ˆ
V

q t p tE e2
2

{ sin( ) cos( )}. (3.99)
0

According to the commutator (3.98), the uncertainty principle (3.94) becomes

Δ · Δ ⩾q p
1
4

. (3.100)

A squeezed state of the electromagnetic field will therefore verify one of these two
conditions

Δ < Δ <q or p( )
1
4

, ( )
1
4

. (3.101)2 2
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In order to illustrate this concept, let us apply it to a Fock (or photon number) state,
n . We have

ˆ ≡ ˆ = ˆ + ˆ =†q n q n n a n n a n
1
2

{ } 0, (3.102)

and

ˆ ≡ ˆ = ˆ + ˆ + ˆ ˆ + ˆ ˆ = +† † †q n q n n a a aa a a n n
1
2

( )
1
4

(2 1). (3.103)2 2 2 2

From here we calculate the variance of the position-like operator, as

Δ ≡ ˆ − ˆ = +q q q n( )
1
4

(2 1). (3.104)2 2 2

The same could be obtained for the other quadrature, Δp( )2. This shows that a Fock
state can never be squeezed, even for vacuum n = 0. Let us now consider the example
of a coherent state, α . Explicit calculation of the above quantities then lead to

α α α αΔ ≡ ˆ − ˆ =q q q( ) ( )
1
4

. (3.105)2 2 2

The same result holds for the other quadrature. This means that, again, a coherent
state will never be squeezed, although it reduces the field uncertainty to its minimum,
Δ Δ =q p 1/4. In figure 3.2 we illustrate the regions of existence (shaded regions) of a
possible squeezed state. Generation of a squeezed state involves nonlinear processes,
to be described later, and can formally described by a squeezing operator, defined as

ξ ξ ξˆ = ˆ − ˆ* †S a a( ) exp
1
2

1
2

, (3.106)2 2
⎛
⎝⎜

⎞
⎠⎟

Figure 3.2. Squeezed states: (a) region of existence in the uncertainty plane Δ Δq p( , ), and similar region when
the axes are reversed; (b) comparison between a coherent state (in red) and a squeezed state (in blue), in the
quadrature plane q p( , ).
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where ξ is a complex number. Using polar coordinates, we can write ξ θ= r iexp( ),
where the amplitude r is usually called the squeezing parameter. It can easily be
shown that the operator ξŜ( ) is unitarian, and satisfies

ξ ξˆ ˆ =−S S I( ) ( ) , (3.107)1

where I is the identity operator. We can also find that

ξ ξ ξˆ = ˆ = ˆ −− †S S S( ) ( ) ( ). (3.108)1

Let us apply this squeezing operator to the creation and annihilation operators, ˆ†a
and â. Using the Baker–Hausdorff relation, we obtain

ξ ξˆ ˆ ˆ = ˆ − ˆ θ† †S aS a r a e r( ) ( ) cosh( ) sinh( ), (3.109)i

and

ξ ξˆ ˆ = ˆ − ˆ θ† † † −S a S a r ae r( ) ( ) cosh( ) sinh( ). (3.110)i

Given a generic field state ψ , we can generate a squeezed state ψS using this
operator, as

ψ ξ ψ= Ŝ( ) . (3.111)S

In particular, we can generate a squeezed vacuum, through the operation

ξ ξ= Ŝ( ) 0 , (3.112)

where the squeezing operator is applied to the vacuum state 0 . Using equations
(3.109)–(3.110) we can then show that, for such a squeezed vacuum state, the
variance of q̂ and p̂ are determined by

θΔ = + −q r r r r( )
1
4

{cosh ( ) sinh ( ) 2 sinh( ) cosh( ) cos( )}, (3.113)2 2 2

and

θΔ = + +p r r r r( )
1
4

{cosh ( ) sinh ( ) 2 sinh( ) cosh( ) cos( )}. (3.114)2 2 2

For θ = 0, this reduces to

Δ = Δ =−q e p e( )
1
4

, ( )
1
4

. (3.115)r r2 2 2 2

This shows that squeezing exists in the q-quadrature. In contrast, for θ π= ,
squeezing in the p-quadrature will occur. Now, if we consider rotation of the real
and imaginary axis in the complex q ip( , ) plane, by an angle θ, we can define a new
annihilation operator ˆ′a , such that

ˆ′ ≡ ˆ′ + ˆ ′ = ˆ + ˆ = ˆθ θa q ip q ip e ae( ) ( ) . (3.116)i i
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The resulting new field quadratures can be defined as

ˆ = ˆ′ ˆ = ˆ ′−Q q e P p e, . (3.117)r r

For >r 0, this is able to describe a reduction of the field amplitude along the new
real axis, and an increase along the new imaginary axis. With this in mind, let us
construct a squeezed coherent state, by successively applying the displacement and
the squeezing operators, αD̂( ) and ξŜ( ), to the vacuum state 0 . We get

α ξ ξ α= ˆ ˆS D, ( ) ( ) 0 . (3.118)

It can then be shown that, for such state, we have

α ξ α ξ α αˆ ≡ ˆ = − θ*a a r e r, , cosh( ) sinh( ). (3.119)i

We can also calculate the uncertainty associated with the new field quadratures,
defined by equation (3.117), and obtain

Δ = Δ =−Q e p e( )
1
4

, ( )
1
4

. (3.120)r r2 2 2 2

This shows that

Δ · Δ =Q P
1
4

, (3.121)

which means that the squeezed coherent state α ξ, is an ideal squeezed state, with
the squeezing parameter equal to ξ= ∣ ∣r .

3.4 Correlations
3.4.1 Classical correlations

In order to understand the main qualitative features of the quantum theory of
radiation, we consider the field and the intensity correlations. We start with the
simplest case of field correlations, using as a typical example, the famous Young’s
double-slit experiment. This experiment was first performed by Thomas Young
around 1800 [23], and became one of central pieces of the wave theory of light, and
one of the most famous experiments in physics of all times. It is also often used as a
paradigmatic Gedankenexperiment to discuss the principles of quantum mechanics.
In particular, the delicate problems of particle (photon) path-information, and
quantum decoherence [24].

For a question of clarity, it is useful to start with the classical description. In this
experiment, radiation emitted from a single light source passes through two distinct
slits or pinholes, and the resulting intensity pattern is observed on a screen (see
figure 3.3(a)). The electric field measured at a given position r on the screen is the
sum of two fields, coming from the two slits, located at positions rj, for =j 1, 2.
Assuming that the slits are located at distances dj from the observation point. The
total field on the screen is

= +t u t u tE r E r E r( , ) ( , ) ( , ), (3.122)1 1 1 2 2 2

The Quantum Nature of Light

3-17



where the coefficients uj depend on the geometric configuration and are, typically,
inversely proportional to the distances dj. On the other hand, the instants tj are
retardation times, defined as

= − = −t t
d

c
d r r, , (3.123)j

j
j j

for =j 1, 2. The observed radiation intensity, averaged over one cycle, is then given
by

ϵ

ϵ

= = +

+ ·* *

I t c t I t I t

c u u t t

r E r r r

E r E r

( , )
2

( , ) ( , ) ( , )

( ) [ ( , ) ( , )],
(3.124)

0 2
1 2

0 1 2 1 1 2 2R

where Ij is the intensity received from the slit j at the position r on the screen, and is

ϵ= ∣ ∣ ∣ ∣I t c u tr E r( , )
2

( , ) . (3.125)j j j j
0 2 2

In a steady-state experiment, we integrate the intensity over a long period of time T,
much longer than the typical wave period. The time averaged intensity, is then
represented by

ϵ= + + ·* *I I t I t c u u t tr r r E r E r( ) ( , ) ( , ) ( ) [ ( , ) ( , ) ]. (3.126)1 2 0 1 2 1 1 2 2R

Here, we can identify the field correlation function, as

∫ τ· = · +* *t t
T

t t dtE r E r E r E r( , ) ( , )
1

( , ) ( , ) , (3.127)
T

1 1 2 2
0

1 1 2 1 1

where τ = −t t2 1 is the retardation time difference. In the case of monochromatic
radiation with frequency ω, we can use

ω= · −t tE r E k r( , ) cos( ). (3.128)0

Figure 3.3. Young’s double-slit experiment: (a) experimental geometry; (b) first-order coherence g(1), as
determined by equation (3.135), for two values of the correlation time (τc).
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This allows us to write

· = −* t t
E

k d dE r E r( , ) ( , )
2

cos [ ( )], (3.129)1 1 2 2
0

2

1 2

with δ = −r r r( )j j . From where we get, assuming equal intensities = =I I I1 2 0, the
expression

ωτ= + − = +I I k d d Ir( ) 2 {1 cos[ ( )]} 2 {1 cos }, (3.130)0 1 2 0

where τ = − = −t t d d c( )/1 2 1 2 is the retardation time. This result is well known in
classical physics and describes the intensity fringes on the screen due to field
interference. In a more general case, the fields have phases φ t( )j due to fluctuations,
and the correlation function take the form

ωτ· = ∣ ∣ φ φ τ* − −t t
E

e eE r E r( , ) ( , )
2

cos( ). (3.131)i t i t
1 1 2 2

0
2

( ) ( )1 1

The phase correlation function appearing in this new expression can be characterised
by a correlation time τc, such that

τ
τ

= − ∣ ∣φ φ τ− −e e exp . (3.132)i t i t

c

( ) ( )1 1
⎛
⎝⎜

⎞
⎠⎟

For completely incoherent phases, we will have τ → 0c , and the interference fringes
in Young’s experiment completely vanish

· =* t tE r E r( , ) ( , ) 0. (3.133)1 1 2 2

At this point, it is convenient to define a normalised first-order coherence, such that

= ·
∣ ∣ ∣ ∣

*
g t t

t t

E t E t
r r

E r E r
r r

( , ; , )
( , ) ( , )

[ ( , ) ( , ) ]
. (3.134)(1)

1 1 2 2
1 1 2 2

1 1
2

2 2
2 1 2

We can see from here that, for an arbitrary degree of coherence, we have

ωτ τ
τ

= − ∣ ∣
g t tr r( , ; , ) cos( )exp , (3.135)

c

(1)
1 1 2 2

⎛
⎝⎜

⎞
⎠⎟

where the case of τ = 0c corresponds to an incoherent light source. The other
extreme case is that of τ → ∞c , describing a completely coherent light source. A
finite value of τc will characterise partial coherence. Therefore, the fringe contrast
will give a measure of the temporal coherence of the light source.

3.4.2 Quantum correlations

Let us now turn to a quantum description of Young’s experiment, and of the
corresponding field correlations. For this purpose, we replace the classical field
(3.122) by the electric field operator

ˆ = ˆ + ˆ+ −t t tE r E r E r( , ) ( , ) ( , ), (3.136)( ) ( )
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where

∑ ∑ˆ = ˆ ˆ = ˆω ω+ · − − * † − · +t a e t a eE r e E r e( , ) , ( , ) . (3.137)
k k

i i t i i t
k k

k r
k k

k r( ) ( )
k k

We can write a quantum expression for the mean intensity, as

ϵ= ˆ · ˆ− +I c t tr E r E r( )
2

( , ) ( , ) . (3.138)0 ( ) ( )

This is formally identical to the classical expression, but now the time average of the
previous definition is replaced by a quantum average. The corresponding quantum
first-order degree of coherence, defined in terms of the field operators, will be

τ
τ

τ τ
=

ˆ · ˆ +

ˆ · ˆ ˆ + · ˆ +

− +

− + − +
g t

t t

t t t t
r

E r E r

E r E r E r E r
( , ; )

( , ) ( , )

( , ) ( , ) ( , ) ( , )
. (3.139)(1)

( ) ( )

( ) ( ) ( ) ( ) 1 2⎡
⎣⎢

⎤
⎦⎥

Simplifying the notation, and considering the simplest case of a single field mode,
this can be reduced to

τ τ= ˆ ˆ +
ˆ ˆ

†

†g
a t a t

a a
( )

( ) ( )
. (3.140)(1)

Let us apply these quantum expressions to the specific case of Young’s experiment.
The mean intensity measured at a given position r on the screen, will be given by

ϵ= + + ˆ · ˆ− +I I I c t tr E r E r( ) ( , ) ( , ) , (3.141)1 1 0
( )

1 1
( )

2 2
⎡
⎣⎢

⎤
⎦⎥R

with

ϵ= ˆ · ˆ− +I c t tE r E r
2

( , ) ( , ) , (3.142)j j j j j
0 ( ) ( )

for =j 1, 2. Let us assume that we detect a single field mode from each of the two
slits. We then have

ˆ = ˆ + ˆ ˆ = ˆ + ˆ† † †a a a a a a
1

2
( ),

1

2
( ), (3.143)1 2 1 2

where the normalisation factor 1/ 2 is used to satisfy ˆ ˆ =†a a[ , ] 1. We should notice
that ˆ ˆ = ˆ ˆ = ˆ ˆ =† †a a a a a a[ , ] [ , ] [ , ] 01 2 1 2 1 2 , because these operators correspond to two
different field modes. In particular, even if they have the same frequency ω, but two
different wavevectors, k1 and k2. The quantum state corresponding to n photons at
the detector can then be defined by the operator ˆ†a defined above, acting on the total
vacuum state

= ˆ
!

= ˆ
!

† †
n

a

n

a

n

( )
0 0

( )
0 . (3.144)

n n

1 2
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If the slit number 2 is absent (or obstructed), the mean number of photons detected
on screen associated with this field state is

ˆ ≡ ˆ ˆ =
!

ˆ ˆ ˆ ˆ† † †N n a a n
n

a a a a
1

0 ( ) ( ) 0 . (3.145)n n
1 1 1 1 1

Using the definition (3.143), we can then show that

ˆ =N
n
2

. (3.146)1

Similarly, if the slit number 1 is absent, we get

ˆ ≡ ˆ ˆ =†N n a a n
n
2

. (3.147)2 2 2

Finally, in the presence of both slits, the total field operators behave like

ˆ ∝ ˆ + ˆ ˆ ∝ ˆ + ˆ+ − † − † −E t a e a e E t a e a er r( , ) , ( , ) , (3.148)ikd ikd ikd ikd( )
1 2

( )
1 2

1 2 1 2

and the resulting mean intensity is

ϵ= ˆ + ˆ + − ˆ ˆ†{ }I c n N n n N n k d d n a a nr( )
2

2 cos[ ( )] , (3.149)0
1 2 1 2 1 2

where we obtain, for the interference term, the following value

ˆ ˆ =
!

ˆ + ˆ ˆ ˆ ˆ + ˆ =† † † †n a a n
n

a a a a a a
n1

2
0 ( ) ( ) 0

2
. (3.150)n n

1 2 1 2 1 2 1 2

This shows that the classical result of equation (3.130) for the interference fringes is
exactly recovered with the quantum description of Young’s experiment. But an
important difference is that, in the quantum case, the fringes still persist even for a
single photon state, when n = 1. This means that a single photon can interfere with
itself, as if this single photon had followed two different paths from the two slits at
the same time.

3.4.3 Intensity correlations

In order to introduce the intensity correlations, we now turn to another famous
experiment, performed by Hanbury-Brown and Twiss in 1957 [25, 26]. Here a
photon beam originating from a single source is divided by a semi-transparent plate
in two secondary beams, which are separately detected by two photo-detectors. This
contrasts with Young’s experiment, where a single detector was used. See figure 3.4
for an illustration. This experiment is important because it reveals important
quantum properties of light, such as photon anti-bunching and sub-Poissonian
photon distributions, as explained below. Observation of these effects was made in
the late 70s of the last century [27, 28], which was an important step in quantum
optics, helping to establish it as a separate discipline.

In this experiment, the intensities measured at the two detectors are I t( )j , for
=j 1, 2, and we can consider intensity correlations defined in classical terms as
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ϵ τ τ= + +* *I t I t c E t E t E t E t( ) ( )
2

( ) ( ) ( ) ( ) . (3.151)1 2
0

1 2 1 2

This leads us to the definition of the second-order degree of coherence, as

=
∣ ∣ ∣ ∣

* *
g t t

E t E t E t E t
E t E t

r r
r r r r

r r
( , ; , )

( , ) ( , ) ( , ) ( , )
( , ) ( , )

. (3.152)(2)
1 1 2 2

1 1 2 2 1 1 2 2

1 1
2

2 2
2

Let us assume that the intensity is measured at a single position r. For a steady
state of radiation, g(2) will only depend on the difference between the two instants
t1 and t2, and will not depend on their specific value. This expression can then be
reduced to

τ τ τ τ= + = + +* *

*
g

I t I t
I

E t E t E t E t
E t E t

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( )
. (3.153)(2)

2 2

It is also well known that, from the definition of intensity, the following inequality
holds

+ ⩾I t I t I t I t( ) ( ) 2 ( ) ( ). (3.154)2
1

2
2 1 2

This means that

⩾I t I t( ) ( ) , (3.155)2 2

which implies the following property for the second-order degree of coherence

⩾g (0) 1. (3.156)(2)

Let us now turn to the quantum theory. The quantum equivalent to the definition
(3.152) can be written as

=
ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

− − + +

− + − +
g t t

E t E t E t E t

E t E t E t E t
r r

r r r r

r r r r
( , ; , )

( , ) ( , ) ( , ) ( , )

( , ) ( , ) ( , ) ( , )
. (3.157)(2)

1 1 2 2

( )
1 1

( )
2 2

( )
1 1

( )
2 2

( )
1 1

( )
1 1

( )
2 2

( )
2 2

Figure 3.4. Hanbury-Brown and Twiss experiment. Experimental scheme: light emitted by a single source is
divided by a semi-transparent mirror and detected by two photo-detectors D1 and D2.
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In order to illustrate the meaning of this definition, let us consider the case of
intensity correlations involving a single field mode. Using an obvious simplified
notation, we have

τ τ τ= ˆ ˆ + ˆ ˆ +
ˆ ˆ

† †

†g
a t a t a t a t

a t a t
( )

( ) ( ) ( ) ( )
( ) ( )

. (3.158)(2)
2

Using the commutator ˆ ˆ =†a a[ , ] 1, we can rewrite this expression, as

= ˆ ˆ ˆ − ˆ
ˆ ˆ

= ˆ ˆ ˆ ˆ − ˆ ˆ
ˆ ˆ

† †

†

† † †

†g
a aa a

a a
a aa a a a

a a
(0)

( 1)
. (3.159)(2)

2 2

Using the photon number operator ˆ = ˆ ˆ†N a a, this can be replaced by a simpler
expression

=
ˆ ˆ −

ˆ
=

ˆ − ˆ

ˆ
g

N N

N

N N

N
(0)

( 1)
. (3.160)(2)

2

2

2

Let us apply this to a simple non-classical field state, corresponding to the Fock state
n . The result is

= −
g

n
n

(0)
1

. (3.161)(2)

We can see that, in this case, we have =g (0) 0(2) , for the special case of n = 1. On the
other hand, for a large number of photons, ≫n 1, the intensity correlation will tend
to one. This shows that, in contrast with the classical definition, the quantum
second-order degree of coherence can take values that are forbidden in the classical
regime, such as values between zero and one, ⩽ ⩽g0 (0) 1(2) . This is a clear
indication that the Fock state has no classical equivalent.

Let us focus on the Hanbury-Brown and Twiss experiment, where we have two
separate photon detectors. The relevant second-order coherence will be

τ
τ τ τ=

+ +
=

† †

† †g
a t a t a t a t

a t a t a t a t
N N

N N
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
(0) ( )

. (3.162)
1

(2) 1 2 1 2

1 2 2

1 2

1 2

If the radiation source is in a Fock state n , as defined by equation (3.144), and if
the two arms in the experimental arrangement are symmetric, we have

= =N N n/21 2 . We also have

= −N N n n
1
4

( 1). (3.163)1 2

This leads to the following second-order coherence

= − = −g
n n

n n
(0)

( 1)
1

1
. (3.164)(2)
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Again, this quantity can take values in the non-classical range, between zero and
one. The condition for <g (0) 1(2) , corresponds to photon anti-bunching, which is a
peculiar property of the quantum states of light. In contrast, the range >g (0) 1(2) ,
corresponds to photon bunching, which is a characteristic feature of classical states.

Anti-bunching is therefore a specific property of the quantum states of light. This
can be more clearly understood if we consider the existence of very small values of
g (0)(2) . In general, this implies that

τ ⩾g g( ) (0). (3.165)(2) (2)

It means that the probability for the arrival of two photons at the detectors separated
by some finite interval τ > 0, is larger than the probability for their simultaneous
arrival. As a result, the successive photons tend to be detected separately, as if they
repelled each other. They tend to avoid bunching. In contrast, as we have seen, in a
classical field state, we tend to have

τ ⩽g g( ) (0), (3.166)(2) (2)

which means that we have the opposite situation of bunching at the detectors.
Classical sources of radiation (such as a lamp) tend to show variations of intensity,
resulting from this bunching effect. In contrast, for resonance fluorescence, the
photons tend to anti-bunch, which leads to a reduction of intensity fluctuations.

It can be shown that for a thermal source of radiation, we have =g (0) 2(2) , which
is described as super-Poissonian light. A coherent state, α∣ >, such as produced by a
laser, leads to the value =g (0) 1(2) , and is described by a Poisson distribution, as we
have shown. Finally, for a Fock state, we have <g (0) 1(2) , which corresponds to a
sub-Poissonian photon distribution. Sub-Poissonic light was first observed around
1980, its importance for quantum optics is discussed in [29, 30].

3.5 Photon entanglement
One of the most important and intriguing features of a quantum system is non-
locality, which is intimately related with the existence of entanglement. This has been
a source of debate on the physical meaning of quantum mechanics for several
decades. This debate started with the celebrated paper by Einstein, Podolski and
Rosen, which states the so-called EPR paradox [31]. This led much later to Bell’s
inequalities [32] and to the experiments on these inequalities by Aspect and others
[33, 34]. The debate, in a sense, is still going on, even after these conclusive
experiments, due to the difficulty to reconcile causality and relativity with the
observations [35]. Here, we avoid such a debate and mainly focus on the definition of
entanglement, and on Bell’s inequalities.

In order to discuss this problem, and its relevance to the quantum theory of
radiation, we consider a two-component system, with two particles (for instance
photons) in two independent spin states ±1. If these particles were independent, the
total quantum state of the system would simply be =1, 2 1 2 . This would
mean that the polarisation of one of these photons could be measured without
perturbing the state of the other one. However, in Quantum Mechanics, the total
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state of a system is generally not so simple. For instance, if the system of two
particles has total spin equal to zero, S = 0, its state vector can be represented by the
anti-symmetric form

ψ∣ > ≡∣ > = ∣ + >∣ − > − ∣ − >∣ + >1, 2
1

2
( 1, 2, 1, 2, ), (3.167)

where the signs ± represent states with spin ±1 along some given direction. In such
case, the spin state of each of the individual particles is not independent from the
state of the other. This means that their quantum states are entangled. Such an
entanglement is associated with non-locality. Even if the two particles move far
away from each other, their quantum states will stay interconnected, and any
measurement or action made on one of them will instantaneously influence the other
one, independently of their distance. This, of course, contradicts the theory of
relativity, which explicitly forbids instantaneous action at a distance, and limits
velocity of propagation to the speed of light c.

In order to understand this problem of entangled non-locality inside a quantum
system, let us define S (1)a as the spin of particle 1 along the direction of some
arbitrary unit vector a. Formally, it can be defined as

σ= · = ℏ ¯̄ ·S S a a(1) (1) (1) , (3.168)a

where the components of σ̄̄ are the Pauli matrices

σ σ σ= = − =
−

i
i

0 1
1 0

, 0
0

, 1 0
0 1

. (3.169)x y z
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

We can see from here that S (1)a can only take the values ±ℏ. On the other hand we
can say that, by definition, its mean value is

< > = < ∣ ∣ > =S S(1) 1,2 (1) 1,2 0. (3.170)a a

Such a result is obvious, if we assume that the positive and negative values of the
spin are equally probable. If we now measure simultaneously the spin of particle 1
along the direction a and the spin of particle 2 along some other direction b, the
product of the two measured spins will be

σ σ= ℏ ¯̄ · ¯̄ ·S S a b(1) (2) ( (1) )( (2) ). (3.171)a b
2

The mean value of this new operator is given by

σ σ≡ < > = ℏ < ∣ ¯̄ · ¯̄ · ∣ >P S Sa b a b( , ) (1) (2)
2

1,2 ( (1) )( (2) ) 1,2 . (3.172)a b

2

Using equation (3.167), this leads to

θ= − ℏ · = − ℏ
P a b a b( , )

2
( )

2
cos , (3.173)

2 2
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where θ is the angle between the vectors a and b. In the particular case of the two
spin measurements being made along the same direction, ⃗ = ⃗a b , this probability
reduces to = −ℏP a b( , ) /22 , which corresponds to the existence of two opposite spin
values, one equal to +ℏ and the other to −ℏ/2, as expected.

Let us now consider a third direction of observation c. It is useful to compare the
values of the three probabilities P a b( , ), P a c( , ) and P b c( , ). In the particular case
where the three vectors are in the same plane, with angles θa b, , θa c, and θb c, , such that
θ θ θ= =a b b c, , and θ θ= 2a c, , we can establish the following relations

θ θ= = − ℏ = − ℏ
P P Pa b b c a c( , ) ( , )

2
cos , ( , )

2
cos 2 , (3.174)

2 2

from where we obtain

θ θ⃗ ⃗ − ⃗ ⃗ = ℏ −P a b P a c( , ) ( , )
4

cos . cos 2 (3.175)
2

This quantity can become larger than ℏ /22 , and can even verify the condition

− > ℏ +P P Pa b a c b c( , ) ( , )
2

( , ) . (3.176)
2⎡

⎣⎢
⎤
⎦⎥

Such a condition is equivalent to have

θ θ θ− > −cos cos 2 1 cos . (3.177)

Take the particular case of θ π= /3. We have θ =cos 1/2 and the above expression
becomes >1 1/2. This means that the inequality (3.176) can eventually be satisfied in
the frame of quantum mechanics.

Let us now consider the possible existence of hidden variables in the system, as a
consequence of some hypothetical incompleteness of the standard quantum descrip-
tion. In this case, the spin component S (1)a along the axis a is replaced by a function

λℏ A a( ) ( , ), where the variable λ represents the hidden parameter. Similarly,S (2)b will
be replaced by λℏ B b( ) ( , ). But, because the total spin of the system is assumed to be
zero, we will always have

λ λ= −A Ba b( , ) ( , ). (3.178)

On the other hand, we can assign a certain probability λp( ) for the hidden variable to
take some precise value λ. Such a probability necessarily verifies the normalisation
and non-negative conditions

∫ λ λ λ= ⩾p d p( ) 1, ( ) 0. (3.179)

Taking the average of the product of the two quantities that replaced S (1)a and S (2)b

over all the possible values of the hidden variable λ, we obtain the joint probability

∫ λ λ λ λ= ℏ
P p A B da b a b( , )

4
( ) ( , ) ( , ) . (3.180)hidd

2
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In the particular case of =a b, this would reduce to

= − ℏ
P a a( , )

2
, (3.181)hidd

2

as it should. Let us now assume, as previously, the same difference between joint
probabilities associated with different choices of the axis over which we measure the
spin of the two particles in the system. Using this new definition, we have

∫ λ λ λ λ λ− = ℏ −P P p A B B da b a c a b c( , ) ( , )
2

( ) ( , )[ ( , ) ( , )] . (3.182)hidd hidd

2

Using the property (3.178), we can also write

∫ λ λ λ λ λ λ− = ℏ +P P p A A A B da b a c a b b c( , ) ( , )
2

( ) ( , ) ( , )[1 ( , ) ( , )] . (3.183)hidd hidd

2

Noting that λ ⩾p( ) 0 and that the quantities A can only take the values of ±1, we
finally arrive at

− < ℏ +P P Pa b a c b c( , ) ( , )
2

( , ) . (3.184)hidd hidd

2

hidd

⎡
⎣⎢

⎤
⎦⎥

This is called the Bell’s inequality. Comparing this results with the purely quantum
mechanical result of equation (3.176), we conclude that Bell’s inequality is violated
by quantum mechanics. Or in other words, the standard quantum theory is not
compatible with the existence of hidden variables.

Violation of Bell’s inequality was experimentally demonstrated in 1982, using
photons where spin states are determined by the field polarisation [33, 36]. In these
experiments, a two-photon radiative transition between two levels of the calcium
atom, p S4 2 1

0 and s S4 2 1
0, was measured using two rotating polarisers. These atomic

quantum levels have zero total angular momentum, which implies that by con-
servation of the total angular momentum, the angular momentum of the system of
two photons is also zero. These and other similar experiments agree with the
quantum mechanical expression (3.176) for joint probability measurements, and
demonstrate that there are no hidden variables. As a consequence, entanglement at a
distance persists between two particles of the same system, even if their quantum
states are measured very far apart.
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Chapter 4

Photon–atom interactions

Having previously discussed the properties of the quantum field, we are now in
position to discuss the interactions of this field with matter. We assume a single atom
immersed in the electromagnetic field. The case of many atoms will be considered
later.

In this chapter, we focus on the basic models describing the interaction of an atom
with the radiation field. This includes the quantum Rabi model, also sometimes called
the Jaynes–Cummings model, spontaneous emission, formation of dark states, the
dressed atom concept, and a discussion of resonance fluorescence and Mollow
triplet. Most of these topics are covered by the books cited in the previous chapter,
to which we can add [1–3].

The simplest model of an atom in an external oscillating field is that of a two-level
atom. This can be seen as the quantum version of a forced harmonic oscillator. The
semi-classical description of an atom in a rotating magnetic field was first studied by
Rabi, in 1936, and led to the discovery of nuclear magnetic resonance [4]. The case
of a non-rotating but oscillating field was described by Bloch and Siegert in 1940 [5],
and a purely quantum model for a two-level atom interacting with a single cavity
mode was considered by Jaynes and Cummings in 1963 [6]. For a modern account
see the review [7]. This model can be easily described in the rotating wave
approximation, as described below. But, more exact solutions can also be found,
as discussed in more recent years [8, 9].

4.1 Hamiltonians
We first need to establish the Hamiltonian description of the atom–field interactions.
The Hamiltonian operator H contains three distinct terms

= + +H H H H , (4.1)a f int
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where Ha is the Hamiltonian of the atom alone, Hf is that of the radiation field, and
Hint describes the interaction of the atom with the field. The radiation Hf was
discussed previously, and can be represented in terms of the creation and annihi-
lation operators †ak and ak, for each field mode k, as

∑ ω= ℏ +†H a a
1
2

. (4.2)
k

f k k k
⎛
⎝⎜

⎞
⎠⎟

The other two terms are discussed next. We start with the first term, Ha. This is
essentially the electron Hamiltonian, because the interaction of the atom with the
field is assumed to be due to nearly resonant response of the electron states of the
atom to the external field. In the elementary formulation of quantum mechanics (see
chapter 2), the Hamiltonian H0 describing the electronic states of the atom satisfies
the (time-independent) Schrödinger equation, as

ψ ψ= = − ℏ ∇ +H E H
m

Vr r r( ) ( ),
2

( ), (4.3)0 0

2
2

where E are the electron energy eigenvalues, ψ r( ) the corresponding eigenfunctions,
and V r( ) the electrostatic potential binding the electrons to the atomic nucleus.
Given the linearity of this equation, we can write the electron wavefunction as a
superposition of eigenfunctions ψ r( )j , corresponding to different eigenstates Ej, as

∑ψ ψ= br r( ) ( ), (4.4)
j

j j

where bj are expansion coefficients. Starting from this basic description, we can
follow a second quantisation procedure, where the wavefunction ψ r( ) is replaced by
an operator ψ̂ r( ). In this new description, the quantities bj are replaced by operators,
while the eigenfunctions ψ r( )j remain ordinary complex functions. We can then
write, for these electron state operators and their corresponding Hermitian
conjugates,

∑ ∑ψ ψ ψ ψˆ = ˆ ˆ = ˆ† †
*b br r r r( ) ( ), ( ) ( ). (4.5)

j j

j j j j

The energy operator becomes

∫ ∑ψ ψ= ˆ ˆ = ˆ ˆ† †
H H d E b br r r( ) ( ) , (4.6)

j

a j j j0

where the orthogonality between the different eigenstates j was used. In order to

understand the meaning of the operators ˆ †
b j and b̂j, let us define the electron vacuum

state 0 , as

ˆ = ˆ =
†

b b j0 0, 0 , (4.7)j j
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with ψ = jr r( )j . We notice that, in contrast with the photons (which are bosons),
the electrons are fermions and, due to the exclusion principle, two electrons cannot
occupy the same state j simultaneously. This means that

ˆ ˆ = ˆ = ˆ =
† † † †( )b b b j b0 0 , 0. (4.8)j j j j

2

We then need to use anti-commutator relations between electron state operators, of
the form

δˆ ˆ = ˆ ˆ = ˆ ˆ =
† † †{ } { }{ }b b b b b b, , , , 0. (4.9)j k jk j k j k

Here, we have used the standard notation = +A B AB BA{ , } . This leads to

ψ ψ δ ψ ψˆ ˆ ′ = − ′ ˆ ˆ ′ =† r r r r r r{ ( ), ( )} ( ), { ( ), ( )} 0. (4.10)

The quantum state of an atom with Z electrons, occupying the states ψ ψ ψ…, , , Z1 2 ,
would then be described by

ψ = ˆ ˆ … ˆ† † †
b b b 0 . (4.11)j Z( ) 1 2

An alternative, and more common, description of the atom Hamiltonian (4.6) is

obtained if we replace the electron operators ˆ †
b j and b̂j by the transition operator σ,

with matrix elements defined by

σ = i j . (4.12)ij

They are associated with the atomic eigenstates ψ = ir r( )i and ψ =* jr r( )j .
Using the energy eigenvalue equation =H i E ia i , and the identity operator

= ∑I j jj , we can readily obtain

∑ ∑ σ= =H E i i E . (4.13)
i i

a i i ii

This formulation is particularly useful for the two-level atom model, where =i 1, 2,
and this expression reduces to

σ σ= +H E E . (4.14)a 1 11 2 22

Using the energy difference ωℏ = −E E( )a 2 1 , assumed positive, this can be rewritten
as

ω σ σ σ σ= ℏ − + + +H E E
1
2

( )
1
2

( )( ). (4.15)a a 22 11 1 2 11 22

Noting that, for a two-level atom, the quantity σ σ+ = I( )11 22 is the identity
operator, we can neglect the second term in this expression as meaningless. We
then get the final expression

ω σ= ℏH
1
2

, (4.16)a a z
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with the notation

σ σ σ= − = −2 2 1 1 . (4.17)z 22 11

For future purposes, we also define

σ σ σ σ≡ = ≡ =+ −2 1 , 1 2 . (4.18)21 12

At this point, we should stress the formal analogy between a two-level atom and a
spin-1/2 particle. Using this matrix representation and introducing

σ σ σ= ±± i , (4.19)x y

we can easily recover the Pauli matrices, characterising the spin-1/2 states

σ σ σ= = − =
−

i
i

0 1
1 0

, 0
0

, 1 0
0 1

. (4.20)x y z
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

From this, we get the commutation relations

σ σ σ σ σ σ= =+ − − −[ , ] , [ , ] 2 . (4.21)z z

Let us now consider the interaction Hamiltonian. It is known that, neglecting spin
and relativistic effects, the Hamiltonian of an electron in the electromagnetic field is
given by

= + −H
m

e eVp A
1

2
( ) , (4.22)2

where −e( ) is the electron charge, m the electron mass, and p its momentum. It is
also known that the potentials can change from VA( , ) to ′ ′VA( , ), without
changing the fields, by using a gauge transformation, such that

χ χ′ = − ∇ ′ = + ∂
∂

V V
t

A A , , (4.23)

where χ is an arbitrary function. In the Coulomb gauge, the radiation field is
represented by the vector potential A, associated with the transverse currents, and
V = 0. In this gauge, the interaction between the atom (or the electron inside the
atom) and the radiation field is described by the Hamiltonian

= · +H
e
m

e
m

Ap A
2

. (4.24)int

2
2

At low intensities, the quadratic term is negligible. Assuming that the wavelength of
the incident radiation is much larger than the size of the atom, we develop the vector
potential around the atom position r0, and get

≃ + · − + ⋯·t t e iA r A k r r( , ) ( ) [1 ( ) ]. (4.25)ik r
0

0

For =r 00 , we obtain

= ·H
e
m

tp A( ). (4.26)int
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Another equivalent expression for the interaction Hamiltonian is obtained if we
choose the gauge function χ = ·t tr A r( , ) ( ) . In this case, the gauge transformation
(4.23) leads to the new potentials

′ = ′ = ∂
∂

·V
t

A
A

r0, , (4.27)

from where we get

E= ·H
e
m

r, (4.28)int

where E is the electric field. Using the identity operator = ∑I j jj
twice, we can

write

P∑ σ= −er , (4.29)
i j,

ij ij

where σ = i jij is the atomic transition matrix, and P = − i e jrij the electric
dipolematrix. The electric field mode operator, at the atom position r0 can be written
as

E ω
ϵ

= ˆ − ˆ = ℏ†iC a a C
V

e ( ),
2

. (4.30)k k k k k k
k

0

Inserting this in equation (4.28), we can then write the interaction Hamiltonian for a
two-level atom, =i j( , ) 1, 2 in the form

∑ σ σ= ℏ + ++ −
†H g a a( )( ), (4.31)

k
k k kint

where the operator σ σ≡− 12 brings the atom from the upper to the lower level, and
σ σ≡+ 21 describes the reserve transition. As for the quantity gk, it determines the
coupling strength between the atom and the field, and is defined by

P ω
ϵ

=
ℏ

· ℏ
g

V
e

1
( )

2
. (4.32)k k

k
12

0

Furthermore, we can use the rotating wave approximation, neglecting the terms
that do not conserve the total energy, σ−ak and σ+

†ak , and we reduce equation
(4.31) to

∑ σ σ= ℏ ++ −
†H g a a( ). (4.33)

k
k k kint

We are now in a position to write the total Hamiltonian operator (4.1) in
explicit form, and describe the basic processes associated with the atom–field
interaction.
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4.2 Quantum Rabi model
4.2.1 Basic model

We first consider the interaction of the atom with a single mode of the radiation field.
The case of an infinity of modes will be described later. This is the quantum Rabi (or
Jaynes–Cummings) model. For this purpose we write the total Hamiltonian as

ω ω σˆ = ˆ + ˆ ˆ = ℏ ˆ ˆ + ℏ†H H H H a a,
1
2

, (4.34)a z0 int 0

where we have simplified the notation, dropping the subscript k, and neglected the
constant term associated with the zero-point energy. The interaction Hamiltonian
becomes

σ σˆ = ℏ ˆ + ˆ+ −
†H g a a( ). (4.35)int

We assume that the frequency of the field mode ω is nearly equal, but not necessarily
identical, to the atomic transition frequency ω0. The detuning δω ω ω= − ≠ 0a

plays an important role in our description. See figure 4.1 for an illustration. We
define the state vector of the total system (atom+field), as

∑ψ = +{ }C n C n1, 2, , (4.36)
n

n n1, 2,

where the state vectors j n, represent a system where the atom is in the energy state
Ej, with =j 1, 2, and the field contains n photons with frequency ω.

It is now convenient to introduce the interaction picture, where the new
Hamiltonian HI is obtained by using the unitary transformationU t( ), such that

ˆ = ˆ = −
ℏ

ˆ†H U t H U t U t
i

H t( ) ( ), ( ) exp . (4.37)I int 0⎜ ⎟⎛
⎝

⎞
⎠

Figure 4.1. Quantum Rabi model, characteristic frequencies: (i) atomic transition frequency,
ω = − ℏE E( )/ ;a 2 1 (ii) field mode frequency, ω, and (iii) atom–field interaction frequency, Ωn.
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In order to proceed, we notice that the first term of Ĥ0 only acts on the operators ˆ†a
and â of Ĥint, and the second term only acts on σ±. Using the relation

α α= + + + ⋯α α−e Be B A B A A B[ , ]
2

[ , [ , ]] (4.38)A A
2

and choosing α ω= i t, = ˆ ˆ†A a a and = ˆB a, we realise that

ωˆ = ˆ − + ⋯ = ˆω ω ωˆ ˆ − ˆ ˆ −† †e ae a
t

ae1
2

. (4.39)i ta a i ta a i t
2 2⎛

⎝⎜
⎞
⎠⎟

Similarly, we have

σ σ=ω σ ω σ ω
±

−
±e e e . (4.40)i t i t i t2 2a z a z a

From this, we obtain

σ σˆ = ℏ ˆ + ˆδω δω
+

†
−

−H g ae a e( ), (4.41)I
i t i t

where δω ω ω= −a is the detuning. Let us now solve the evolution equation for ψ
in the interaction picture

ψ ψℏ ∂
∂

=i
t

H . (4.42)I

Using equation (4.36), we arrive at two coupled equations for the coefficients

∂
∂

= − Ω ∂
∂

= − Ωδω δω
+ +

−

t
C

i
e C

t
C

i
e C

2
,

2
, (4.43)n n

i t
n n n

i t
n2, 1, 1 1, 1 2,

where

Ω = +g n2 1 , (4.44)n

is the quantum expression of the Rabi frequency. We should keep in mind that the
photon number n is proportional to the radiation intensity. Therefore, for ≫n 1, the
Rabi frequency is proportional to the field amplitude, in agreement with the classical
definition of the Rabi frequency.

In order to understand the interest and meaning of the above equations, we first
consider the simple case of exact resonance δω = 0: if the atom is initially in the
excited state 2 , and the field in a well-defined Fock state n , we should use

δ= =C t( 0)n n n2, , 0
and = =+C t( 0) 0n1, 1 . The solution of equations (4.43) will be

= Ω = − Ω
+C t t C t i t( ) cos

2
, ( ) sin

2
. (4.45)n

n
n

n
2, 1, 10 0

⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

It is now useful to introduce the inversion of population, defined as

= − = Ω+W t C t C t t( ) ( ) ( ) cos( ). (4.46)n n n2,
2

1, 1
2

This expression shows a periodic oscillation of the atomic populations (the so-called
Rabi oscillations) between the two states, well known from the semi-classical theory.
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What is a purely quantum effect is the persistence of such oscillations even in the
case of an initial vacuum, n = 0. Here, the oscillations result from photon
spontaneous emission from the initially excited atom, with the subsequent re-
absorption.

This analysis can be easily extended to the case of a finite detuning, δω ≠ 0, and
to a more general radiation field. We can now use the initial conditions

= =C t C( 0) (0)n n2, and = =+C t( 0) 0n1, 1 , and the solutions of equations (4.43)
become

δω= Ω′ −
Ω′

Ω′ δωC t C t i t e( ) (0) cos
2

sin
2

, (4.47)n n
n

n

n i t
2,

2⎜ ⎟ ⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠
⎤
⎦⎥

= − Ω
Ω′

Ω′ δω
+

−C t iC t e( ) (0) sin
2

, (4.48)n n
n

n

n i t
1, 1

2⎜ ⎟⎛
⎝

⎞
⎠

where we have defined a detuned Rabi frequency

δωΩ′ = + Ω . (4.49)n n
2 2

The inversion of population in the presence of this field is now given by

∑= − +{ }W t C t C t( ) ( ) ( ) . (4.50)
n

n n2,
2

1, 1
2

We then get

∑ δω=
Ω

+ Ω
Ω

Ω′′ ′W t C t( ) (0) cos( ) . (4.51)
n

n
n

n

n
n

2
2

2

2

2

⎧⎨⎩
⎫⎬⎭

It is useful to consider an initial coherent state α , such that, by definition, we have

α α= = − ∣ ∣
!

C t
n

( 0) exp
2

. (4.52)n

n2⎛
⎝⎜

⎞
⎠⎟

In contrast with the above Fock state, with these new initial conditions the Rabi
oscillations will collapse after some time τcol, due to the frequency mixing between
the different terms in equation (4.51), as illustrated in figure 4.2. Furthermore, some
time after collapse, we can observe a revival of the Rabi oscillations, which looks
like a quantum echo. Let us discuss the qualitative differences between the various
time-scales associated with this collapse-revival process.

First, we have the Rabi oscillations, with period τ ≃ Ω1/R R, where ΩR is a kind of
averaged Rabi frequency. Noting that, for a coherent state, the mean photon
number is simply α = n , we get

τ
δω

≃
Ω′

≡
+

∼
g n g n

1 1
( 4 )

1
2

. (4.53)R
n

2 2 1 2 1 2
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Noting that collapse is due to phase mixing, we can estimate the collapse time as

τ ≃
Ω′ − Ω′+Δ −Δ

1
, (4.54)

n n n n
col ⎡⎣ ⎤⎦

where Δn is the photon number uncertainty. For a coherent state, this uncertainty is
αΔ = =n n 1/2 1/2. Assuming that αΔ ≪n , we can then write

τ δω≃ +
Ωg

1
2

1 , (4.55)
R

col

2

2

1 2⎛
⎝⎜

⎞
⎠⎟

with Ω ≡ g n4R
2 2 . At resonance, δω = 0, and for a large photon number,

α δω≫ g/4 2, this timescale is nearly independent of α. We then have
τ τ≃ nRcol

1/2. Finally, let us assume revival, which occurs when the phases in
equation (4.49) only differ by multiples of π2 . This means that the revival time τrev is
of the order of

τ π≃
Ω′ − Ω′ −( )

m2
, (4.56)

n n
rev

1

where m is an integer representing the successive revival times. Again, taking the
limit of a large mean photon number, ≫n 1, we get

τ π δω≃ +
Ω

Ω
m

g
2 1 . (4.57)

R

R
rev

2

2

1 2

2

⎛
⎝⎜

⎞
⎠⎟

Figure 4.2. Inversion of populationW t( ), for a field mode initially in a coherent state: (a) collapse of Rabi
oscillations, for α = 1 (in red) and α = 3 (in blue); (b)–(c) revival of Rabi oscillations for the same two states
are observed, for longer times. Undamped oscillations, for a single Fock state at n = 1 are also represented
(dashed) for comparison.
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This shows that, for the first revival time, m = 1, and for exact resonance δω = 0, we
can write

τ τ τ∼ ∼n n . (4.58)Rrev col

Therefore, revival of the Rabi oscillations, for a two-level atom in the presence of a
coherent photon state, typically occurs after a time of the order of α times the Rabi
period.

4.2.2 Dressed atom

At this point it is useful to introduce the concept of dressed states, first proposed by
Cohen-Tannoudji and collaborators [10, 11]. We discuss this concept in the frame of
the above quantum Rabi model. We have seen that the evolution of the quantum
‘atom + radiation’ system is described by the Hamiltonian ˆ = ˆ + ˆ + ˆH H H H( )a f int,
which can be written in terms of the pseudo-spin operators, σz and σ±, as

ω σ ω σ σˆ = ℏ = ℏ ˆ ˆ ˆ = ℏ ˆ + ˆ†
+

†
−H H a a H g a a

1
2

, , ( ). (4.59)a z f0 int

This last expression is valid in the rotating wave approximation. We also have seen
that this simple model is able to describe radiative transitions between two different
states ψj , with =j 1, 2, as

→
← +n n2, 1, 1 . (4.60)

For convenience, these states of the system will be called here the bare states. Such
states are orthogonal to each other, + =n n2, 1, 1 0, and can be used to
represent the Hamiltonian Ĥ . In particular, we have

ˆ
+

= ℏ Ω′
Ω′ +

H
n

n
n

n
2,

1, 1
0

0
2,

1, 1
. (4.61)n

n
int

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

This gives a 2 × 2 matrix representation of the Hamiltonian Ĥ , such that, for a given
photon number n, we get

ω ω
ω ω

ˆ = ℏ + Ω′
Ω′ + −

H
n

n
2

( 1) 2
. (4.62)n

n

0

0

⎡
⎣⎢

⎤
⎦⎥

From here, we can derive the energy eigenstates, which are

ω= + ℏ ± ℏΩ′±E n
1
2

, (4.63)n
⎛
⎝⎜

⎞
⎠⎟

The corresponding state vectors can be written as

ψ = Φ + + Φ+ n n n( ) cos( 2) 1, 1 sin( 2) 2, , (4.64)n n
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and

ψ = − Φ + + Φ− n n n( ) sin( 2) 1, 1 cos( 2) 2, , (4.65)n n

where the angle Φn is defined by

δω
Φ = Ω

arctan . (4.66)n
n⎜ ⎟⎛

⎝
⎞
⎠

More explicitly, we write

δω δωΦ = Ω′ −
Ω′

Φ = Ω′ +
Ω′

sin( /2)
1

2
, cos( /2)

1

2
. (4.67)n

n

n
n

n

n

1/2 1 2⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

These new state vectors ψ± , with energies determined by equation (4.63), are called
the dressed states. At exact resonance, δω = 0, they would be reduced to

ψ = + ±± n n n( )
1

2
( 1, 1 2, ). (4.68)

The difference between bare and dressed states can be illustrated by an energy
diagram, as shown in figure 4.3. The representation in terms of dressed states is
physically appealing, and can be useful in some specific situations, such as in the
calculation of the spectrum of resonance fluorescence, where the occurrence of
satellite radiation lines is well understood as transitions between dressed states.
Furthermore, given that =n n2, 2 , and + = +n n1, 1 1 1 , the dressed
states ψ± n( ) can also be seen as entangled states between the atom and radiation,
where the atom and field states cannot be treated separately.

Figure 4.3. Quantum states of the atom+field system: comparison between bare states and dressed states.
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4.3 Three-level atom
4.3.1 Dark states

Resonant atomic transitions can be used tomanipulate the refractive index of an optical
medium. Of particular relevance is the formation of dark states, first noted by [12], and
the resulting phenomena of electromagnetic induced transparency, or EIT [13, 14].

In order to understand such manipulating processes we start by considering a
three-level atom, with two possible radiative transitions, as shown in figure 4.4(a).
The corresponding atom Hamiltonian is

∑ˆ = =H E j j j, ( 1, 2, 3). (4.69)
j

a j

The frequencies of the two atomic transitions are ω = − ℏE E( )/1 3 1 and
ω = − ℏE E( )/2 3 2 , where E3 is the upper energy level, and radiation between the
two lower states E2 and E1 is assumed forbidden. Let us consider the resonant
interaction of the atom with radiation. We only need to retain two relevant field
modes, with an arbitrary direction of propagation and frequencies equal to ω1 and
ω2. As shown previously, the interaction Hamiltonian can be written in the form

ˆ = − ℏ Ω + Ω +ω ω− −H e e h c
2

( 3 1 3 2 ) . ., (4.70)i t i t
int 1 2

1 2

where φΩ = ∣Ω ∣ −iexp( )i i i , for =i 1, 2, are the complex Rabi frequencies associated
with the coupling between the atom and the two field modes, and φi are constant
phases. We now have to solve Schrödinger’s equation

ψ ψℏ ∂
∂

= +i
t

H H( ) . (4.71)a int

For that purpose, we use the following type of solution

∑ψ =
=

− ℏC t e j( ) , (4.72)
j 1,2,3

j
iE tj

Figure 4.4. (a) Quantum states of the three-level atom, with two radiative transitions; (b) EIT susceptibility,
χ ω( ) as a function of the detuning. We use a normalised quantity χ χ/ 0, with Pχ ϵ= ΩN /a0 13

2
0 2 .
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where the quantities ∣ ∣C t( )j
2 represent the probability for the atom to occupy the

energy eigenstate j . Replacing this in equation (4.71) and using the above
expressions for the two Hamiltonian operators Ĥa and Ĥint, we obtain a system of
coupled equations for the coefficients C t( )j , of the form

= Ω = Ω = Ω + Ω* *dC
dt

i
C

dC
dt

i
C

dC
dt

i
C C

2
,

2
,

2
( ). (4.73)1

1 3
2

2 3
3

1 1 2 2

Let us consider the following initial conditions, corresponding to the case where only
the two lower energy levels are occupied, such that

ψ = +C C(0) (0) 1 (0) 2 , (4.74)1 2

and =C (0) 03 . This leads to

= − ∣Ω ∣ + ∣Ω ∣d C
dt

C
1
4

( ) , (4.75)
2

3
2 1

2
2

2
3

with similar equations for the other two coefficients

= − ∣Ω ∣ + Ω Ω = − Ω Ω + ∣Ω ∣* *d C
dt

C C
d C
dt

C C
1
4

( ),
1
4

( ). (4.76)
2

1
2 1

2
1 1 2 2

2
2

2 1 2 1 2
2

2

Solution of equation (4.75) is straightforward, and gives

=
Ω

Ω Ω + ΩC t
i

t C C( ) sin
2

{ (0) (0)}, (4.77)3 1 1 2 2⎜ ⎟⎛
⎝

⎞
⎠

where the new frequency Ω is defined as

Ω = ∣Ω ∣ + ∣Ω ∣ . (4.78)1
2

2
2

Solving the coupled equations for the other two coefficients (4.76), we similarly get

=
Ω

∣Ω ∣ Ω + ∣Ω ∣ − Ω Ω Ω*C t t C t C( )
1

cos
2

(0) 2 sin
4

(0) , (4.79)1 2 1
2

2
2

1 1 2
2

2⎜ ⎟ ⎜ ⎟
⎧⎨⎩

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎛
⎝

⎞
⎠

⎫⎬⎭
and

=
Ω

− Ω Ω Ω + ∣Ω ∣ Ω + ∣Ω ∣*C t t C t C( )
1

2 sin
4

(0) cos
2

(0) . (4.80)2 2 1 2
2

1 2
2

1
2

2⎜ ⎟ ⎜ ⎟
⎧⎨⎩

⎛
⎝

⎞
⎠

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

⎫⎬⎭
Notice that these three coefficients oscillate a the frequency Ω( /2), which is the
geometric mean of the two Rabi frequencies ∣Ω ∣1 and ∣Ω ∣2 , as shown by the definition
(4.78). These solutions predict the existence of situations where the upper level of the
atom 3 is never populated, because the coefficientC (0)3 can remain always equal to
zero. It occurs when

Ω = Ω = −C C, (0) (0). (4.81)1 2 1 2
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This can be achieved when the two lower levels, assumed close to each other and
initially equally populated, are in phase opposition. Written in another way

φ φ π= ∣ ∣ − = ±φ
= =

− =C C e , ( ) , (4.82)j j
i

1,2 1,2 2 1
j 1,2

with

∣ ∣ = ∣ ∣ =C C(0) (0)
1

2
. (4.83)1 2

In such special conditions, the solutions (4.77)–(4.80) are reduced to

∣ ∣ = ∣ ∣ = ∣ ∣ =C t C t C t( ) ( )
1
2

, ( ) 0. (4.84)1
2

2
2

3
2

As a result, the atom acts as if it was a two-level atom and the upper energy level was
not present. It nevertheless plays a relevant role in the radiation process. This means
that if a laser beam propagates in a medium with atoms prepared in this initial state,
the field will not perceive the existence of the atoms, even if the mode frequencies are
resonant with the resonant transitions and coupling between atoms and the field
modes is very strong. As a result, the atomic medium will behave as a perfectly
transparent medium.

The question however remains on how to prepare the atoms to make the medium
transparent. This is usually achieved by using one of the field modes as a pump field,
while the second mode experiences transparency, and is called the probe field. The
role of these two modes can be interchanged. This is the principle of EIT, to be
considered next.

4.3.2 Electromagnetic induced transparency

EIT is described by a slightly change of the previous model, where we assume a
strong pump resonant with one of the radiative transitions, let us say with frequency
ω = − ℏE E( )/2 3 2 , and a probe field is nearly resonant with the other transition
frequency ω ω δ= +1 , where δ ω∣ ∣ ≪ represents a small detuning. As shown below,
under certain conditions, the medium will become transparent to the probe. Due to
the existence a finite detuning, δ ≠ 0, the interaction Hamiltonian of equation (4.70)
will only slightly change, with ω1 replaced by ω.

Our main purpose is to determine the polarisation of the medium, and to define
the refractive index. The polarisation vector P is determined by the off-diagonal
matrix elements of the atoms in the medium. It is then useful to consider the
evolution equations for the density matrix elements ρ ρ,31 21 and ρ32. They can be
written as

ρ
ω ρ ρ ρ ρ= − − Ω − + Ωω ω− −d

dt
i

i
e

i
e

2
( )

2
, (4.85)i t i t31

1 31 1 33 11 2 21
2

ρ
ω ρ ρ ρ= − − Ω + Ωω ω− *

d

dt
i

i
e

i
e

2 2
, (4.86)i t i t21

2 21 1 23 2 31
2
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and

ρ
ω ρ ρ ρ ρ= − − Ω − + Ωω ω− −d

dt
i

i
e

i
e

2
( )

2
. (4.87)i t i t32

2 32 2 33 22 1 12
2

These equations can be simplified, using two new quantities

ρ ρ ρ ρ= ˜ = ˜ω ω ω− − +e e, . (4.88)i t i t
31 31 21 21

( )2

These new quantities can then be described by much simpler equations, of the form

ρ
ρ ρ

˜
= − Δ ˜ + Ω + Ω ˜

d

dt
i

i i
2 2

, (4.89)31
31 1 2 21

and

ρ
ρ ρ

˜
= − Δ ˜ + Ω ˜*

d

dt
i

i
2

. (4.90)21
21 2 31

This can also be written in matrix notation, as

ρ ρ¯ = − ¯ · ¯ + Ω̄d
dt

M , (4.91)

where we have defined

ρ
ρ
ρ

¯ = Δ − Ω
− Ω Δ

¯ =
˜
˜ Ω̄ = Ω*

M
i i
i i

i i2
2

, , 2
0

. (4.92)2

2

31

21

1
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

Integration of this equation for the initial conditions ρ̄ =(0) 0, or
ρ ρ˜ = ˜ =(0) (0) 031 21 , leads to the formal solution

∫ρ̃ = − ¯ − ′ · Ω̄ ′ = ¯ · Ω̄−t M t t dt M( ) exp[ ( )] . (4.93)
t

1

Inverting the matrix M̄ , we get

¯ =
∣Ω ∣ + Δ

Δ Ω
Ω Δ

− *
M

i2
4

2
2

. (4.94)1

2
2 2

2

2

⎡
⎣⎢

⎤
⎦⎥

Replacing this in the formal solution, we obtain

ρ = − Δ Ω
∣Ω ∣ + Δ

ω−t e( )
2 4

. (4.95)i t
31

1

2
2 2

We should notice that the complex Rabi frequency Ω1 is proportional to the
amplitude of the probe field ωE( ), as by definition P ωΩ = ℏE( )/1 31 , where P31 is
the corresponding dipole moment. We can now use the definition of the polarisation
vector, as

ω ϵ χ ω ω=P E( ) ( ) ( ), (4.96)0
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where χ ω( ) is the susceptibility of the medium, which determines the refractive index

ω χ ω= +n( ) 1 ( ) . (4.97)

Furthermore, the susceptibility is related to the off-diagonal density matrix elements,
by the expression

P
χ ω

ρ
ϵ ω

= ωN
E

e( ) 2
( )

, (4.98)a
i t13 31

0

which leads to our final expression

Pχ ω
ϵ

δ
δ

= ∣ ∣
∣Ω ∣ +

N
( )

( 4)
. (4.99)a

0

13
2

2
2 2

This result shows that, when δ → 0, the susceptibility tends to zero, and the
refractive index tends to 1. This means that exact optical transparency is achieved
in the presence of a pump field such that ∣Ω ∣ ≠ 02

2 . This can be called an induced
transparency effect, because the presence of the pump field is necessary to prepare
the atomic quantum states, which were assumed initially in the ground state,
ρ =(0) 111 , and ρ ρ= =(0) (0) 022 33 . In this way, a material medium is made to
behave as if it was empty. This is illustrated in figure 4.4(b), where the real part of
χ ω( ) is represented as a function of the detuning δ, for an EIT configuration, with
losses included. In our analysis we have neglected spontaneous decay, which would
introduce an imaginary part in the susceptibility.

4.4 Spontaneous emission
It is well known that the existence of spontaneous emission is a purely quantum
process, that explains the natural line width of the atomic spectrum. It was first
conceived by Einstein in 1917, with his quantum theory of black body radiation [15],
and was formulated in modern quantum terms by Weisskopf and Wigner in 1930
[16]. More complete descriptions can be found in several papers, showing in
particular that the decay cannot be exactly exponential [17–19]. Here, we first
describe the basic Wigner–Weisskopf theory, and present a more refined approach in
the next section.

Let us now consider the spontaneous decay of an excited atom, from the upper to
the lower energy level, with emission of radiation. In order to describe this process,
we need to extend the previously model of quantum Rabi oscillations, assuming the
presence of not just one, but an infinite number of field modes, with frequency ωk,
propagating in arbitrary directions, as defined by the unit vectors kk/ . In the
interaction picture, and rotating wave approximation, the interaction Hamiltonian
HI will then take the form

∑= ℏ +δH g a e h c( . .), (4.100)
k

I k
i t

k k
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where δ ω ω= −ak k is the mode detuning. The state vector of the system ‘atom +
field’ can be written as

∑ψ = +t C t C t( ) ( ) 2, 0 ( ) 1,1 , (4.101)
k

k k2 1,

where the excited atom is initially located in the a vacuum field, with photon
numbers =n 0k . Due to spontaneous decay, the atom will go to the ground state,
with only a single photon present in the field =n 1k , at some arbitrary wavevector
mode k. Replacing this in the Schrödinger equation, we then obtain

∑= − =δ δ−dC
dt

g e C
dC

dt
g e C, . (4.102)

k
k

i t
k

i t
k

k2
1,

1,
2

k k

This should be compared with the previous quantum Rabi or Jaynes–Cummings
model. Integrating the last of these two equations,

∫= ′ ′δ− ′C t g e C t dt( ) ( ) , (4.103)k

t
i t

k1,
0

2
k

and replacing it in the first one, we obtain

∫∑= − ∣ ∣ ′ ′δ − ′dC
dt

g e C t dt( ) . (4.104)
k

k

t
i t t2 2

0

( )
2

k

This equation can easily be solved after some simplifying assumptions. First, we
replace the summation over the modes by an integral, such that

∫∑
π

→ V
dk

2
(2 )

. (4.105)
k

3

Second, we use spherical variables, such that θ θ φ=d k dkd dk sin2 . This leads to
integrals of the form

∫ ∫ ∫ ∫φ θ θ=
π π ∞

d d d k dkk sin . (4.106)
0

2

0 0

2

Using the explicit expression for the coupling coefficients, we can write

Pω
ϵ

θ∣ ∣ =
ℏ

∣ ∣g
V2

cos . (4.107)k
k2

0
12

2 2

After integration of the integral in equation (4.104) over the solid angle
θ θ φΩ =d d dsin2 , we arrive at

P ∫ ∫π ϵ
ω= − ∣ ∣

ℏ
′ δ

∞
− ′dC

dt
dt k dk e

6
. (4.108)

t

k
i t t2 12

2

2
0 0 0

2 ( )k

Using ω=k c/k , and integrating over the frequency spectrum, we then get

∫ ω ω π ω δ≃ − ′δ
∞

− ′

c
e d

c
t t

1
2 ( ). (4.109)k

i t t
k

a
3 0

3 ( )
3

k
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Replacing this in equation (4.108), we finally obtain

P
πϵ

ω
π

= − Γ Γ = ∣ ∣
ℏ

dC
dt

C
c2

(0),
1

3
. (4.110)a2

2
0

3
12

2

2 3

This shows that the probability of occupation of the upper atomic level will decay
exponentially, according to the law

ρ ≡ ∣ ∣ = −Γt C t t( ) ( ) exp( ), (4.111)22 2
2

where Γ defines the lifetime of the excited state, 2 . Replacing this in equation
(4.103), and performing the integration, we get for the other coefficients

δ
= −

+ Γ

δ− −Γ
C t g

e
i

( )
1

2
. (4.112)k

i t t

k
k1,

2k

The final solution for the state vector of the system ‘atom + field’ can then be written
as

ψ = + Φ−Γt e t( ) 2, 0 1 ( ) , (4.113)t 2

where the state vector for the radiation field is given by

∑Φ =t C t( ) ( ) 1 . (4.114)
k

k k1,

Using equation (4.112), we obtain an asymptotic expression, valid in the limit
→ ∞t , of the form

∑
δ

Φ =
+ Γ∞
g

i 2
1 . (4.115)

k

k

k
k

This means that, on a very long timescale, such that Γ ≫t 1, the system will be on a
state ψ = Φ∞ ∞1 , showing that the energy initially contained in the excited
atomic level 2 will be randomly distributed among an infinite number of all
possible field modes defined by the wavevector k, according to a Lorentzian
frequency line shape described by

ω ω
→ ∞ =

∣ ∣
− + Γ

C t
g

( )
( ) 4

. (4.116)k

a
k

k
1,

2
2

2 2

This description is valid for an atom located in an infinite vacuum region, with no
boundaries. However, if the atom is located inside an electromagnetic cavity, where
only a small number of k modes with ω ω≃ ak can persist, then spontaneous
emission will be strongly inhibited, or even suppressed, and the lifetime Γ1/ will lose
its meaning. If only a single radiation mode exists in the cavity, the situation will
then reduce to that of the quantum Rabi or Jaynes–Cummings model, and the
energy will oscillate between the atom and the field on a timescale of Ω =1/ n 1, as
previously shown. A more sophisticated description of spontaneous emission is
provided by the reduced density method, as described next.
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4.5 Reduced density method
4.5.1 Master equation

We consider a simple quantum system, for instance, a single atom, surrounded by a
much larger and complex system, to be called the reservoir. This can be described by
a total Hamiltonian of the form = +H H V0 , where the unperturbed Hamiltonian
contains two terms, = +H H Hs r0 , the system term Hs and the reservoir term Hr,
and the potential V describes the interaction between system and reservoir. The total
density operator, ρsr will be described by the evolution equation

ρ
ρ

∂
∂

= −
ℏt
i

H[ , ]. (4.117)sr
sr

Any operator A of the system will be determined by

ρ ρ ρ ρ= = ={ } { }A Tr A Tr A Tr, { }, (4.118)s s s rsr sr sr

where ρs is the reduced density operator. The evolution equation of this operator is
usually called a master equation. In order to derive such an equation, we start from
equation (4.117). We use the interaction picture, previously defined, introducing a
unitary transformation, such that

ρ ρ= ˜− ℏ ℏt e t e( ) ( ) , (4.119)iH t iH t
sr sr

0 0

where ρ̃sr is the total density operator in this new picture. Taking the time derivative
of this expression, and using equation (4.117), we then get an evolution equation of
the form

ρ
ρ

∂ ˜
∂

= −
ℏ

˜ ˜
t

i
V[ , ], (4.120)sr

sr

where Ṽ is the interaction Hamiltonian in the interaction picture, as defined by

˜ = ˜− ℏ ℏV t e V t e( ) ( ) . (4.121)iH t iH t0 0

We can now define the reduced density operator in this picture, as

ρ ρ= ˜{ }t Tr t( ) ( ) . (4.122)r sr

It can be shown that this new operator is related to the reduced density operator of
equation (4.118) by the unitary transformation

ρ ρ= − ℏ ℏt e t e( ) ( ) . (4.123)s
iH t iH ts s

Notice that, in contrast with similar transformations in equations (4.119) and
(4.121), here we are using the system Hamiltonian Hs, instead of the total
unperturbed Hamiltonian H0. Let us assume that, at t = 0 the system and the
reservoir are uncorrelated. This allows us to use the simple initial conditions

ρ ρ ρ˜ =(0) (0) . (4.124)rsr
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Integrating equation (4.120), we then get

∫ρ ρ ρ˜ = ˜ −
ℏ

˜ ′ ˜ ′ ′t
i

V t t dt( ) (0) ( ), ( ) . (4.125)
t

sr sr
0

sr
⎡⎣ ⎤⎦

This is an implicit equation for ρ̃ t( )sr . Using an iterative procedure, we can write this
in a more explicit but complicated form, as

∫ ∫ ∫ρ ρ ρ ρ˜ = ˜ −
ℏ

˜ ′ ˜ ′ −
ℏ

′ ″ ˜ ′ ˜ ″ ˜ + ⋯
′

t
i

V t dt dt dt V t V t( ) (0) ( ), (0)
1

( ), ( ), (0) (4.126)
t t t

sr sr 0 sr 2 0 0 sr
⎡⎣ ⎤⎦ ⎡⎣ ⎡⎣ ⎤⎦⎤⎦

Or, in an equivalent but more formal way, using an infinite series, as

∫ ∫ ∫∑ρ ρ ρ˜ = ˜ + −
ℏ

⋯ ˜ ˜ … ˜ ˜
=

∞
−

t
i

dt dt dt V t V t V t( ) (0) ( ), ( ), ( ), (0) . (4.127)
n t t t

n nsr sr 0
1

0
2

0
1 2 sr

n 1

n1 1
⎜ ⎟⎛
⎝

⎞
⎠

⎡⎣ ⎡⎣ ⎡⎣ ⎤⎦⎤⎦⎤⎦

Performing the trace over the reservoir variables, we can then obtain

∑ρ ρ= + =
=

∞

t U t U t U t( ) [1 ( )] (0), ( ) ( ), (4.128)
n 1

n

with the time propagators defined as

∫ ∫ ∫ ρ= −
ℏ

⋯ ˜ ˜ … ˜ ˜
−{ }U t

i
Tr dt dt dt V t V t V t( ) [ ( ), [ ( ), [ ( ), (0)]]] . (4.129)n

n

r

t t t

n n
0

1
0

2
0

1 2 sr

n1 1
⎜ ⎟⎛
⎝

⎞
⎠

This formal solution allows us to write

L Lρ ρ ρ∂
∂

= ̇ = =
̇

+t
U t t t t

U t
U t

( ) (0) ( ) ( ), ( )
( )

1 ( )
. (4.130)

This is a simple expression of the evolution equation, but difficult to solve explicitly.
It is therefore useful to introduce some simplifying assumptions. First, we assume
that the interaction between the system and the reservoir is weak, so that we can
neglect terms of order higher than Ṽ 2 in L t( ). This reduces equation (4.130) to

∫ρ ρ ρ ρ ρ∂
∂

= −
ℏ

˜ −
ℏ

˜ ˜ ′ ′
t

i
Tr V t Tr V t V t t dt( ), (0) (0)

1
( ), ( ), ( ) (0) . (4.131)r r

t

r r2 0

⎡⎣ ⎤⎦ ⎡⎣ ⎡⎣ ⎤⎦⎤⎦
Another useful approximation corresponds to assume that the relation between the
potential and the reservoir is also weak, such that we can use

ρ˜ ={ }Tr V t( ), 0. (4.132)r r

In this case, we have =U t( ) 01 , and equation (4.130) reduces to

∫ρ ρ ρ∂
∂

= −
ℏ

˜ ˜ ′ ′
t

Tr V t V t t dt
1

( ), ( ), ( ) (0) . (4.133)
t

r r2 0

⎡⎣ ⎡⎣ ⎤⎦⎤⎦
This simplified form of master equation will be used to study the behaviour of an
atom in a radiation reservoir, to be discussed next.
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4.5.2 Atom in a reservoir

Let us assume a two-level atom, surrounded by a large reservoir, containing several
harmonic oscillators with frequencies ωk, such as for instance, the radiation field
modes. We can then identify the system with the atom, using

ω σ σ σ σ≡ = ℏ = − = −H H
1
2

, 2 2 1 1 , (4.134)s a a z z 22 11

and the interaction potential with the previously defined interaction Hamiltonian, as

∑ σ σ˜ = ℏ +δ δ†
− +

−V t g b e b e( ) [ ], (4.135)
k

k k
i t

k
i tk k

with, δ ω ω= −( )ak k , σ =+ 2 1 and σ =− 1 2 This is written in the interaction
picture, and uses the rotating wave approximation. We have also used the
annihilation and creation mode operators bk and †bk identified with the different
reservoir modes k, and corresponding to the reservoir Hamiltonian

∑ ω= ℏ †H b b . (4.136)
k

r k k k

If we insert the interaction potential (4.135) into the master equation (4.131), we obtain

∫

∑

∑

ρ σ ρ

σ σ ρ ρ σ σ σ ρ σ

σ σ ρ σ ρ σ

σ σ ρ σ ρ σ

∂ ∂ = −

− ′
′

′ + ′ − ′

+ ′ − ′

+ ′ − ′ +

δ

δ δ

δ δ

δ δ

†
−

′ − − − − − −
† † + ′

− + + −
†

′
− ′

+ − − + ′
† − + ′

′

′

′

{

}

t i g b e

dt g g t t t b b e

t t b b e

t t b b e h c

kk

[ , (0)]

[ ( ) ( ) 2 ( ) ]

[ ( ) ( ) ]

[ ( ) ( ) ] . .

(4.137)

k

i t

t

k k
i t i t

i t i t

i t i t

k k

k k

k k

k k

0

k

k k

k k

k k

Let us now assume that the reservoir is in thermal equilibrium, at a temperature T,
such that the reservoir density matrix can be described as a canonical ensemble, and
therefore use

ρ = −
−
H T

Tr H T
exp( )
.{exp( )}

. (4.138)r
r

r

The temperature T is written in energy units. Replacing the reservoir Hamiltonian
(4.136) in this expression, we obtain

ρ ω ω= Π − − ℏ − ℏ †

T T
b b1 exp exp . (4.139)r k

k k
k k⎜ ⎟ ⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠
⎤
⎦⎥

⎛
⎝

⎞
⎠

From here we can calculate the various average quantities appearing in equation
(4.137), through the trace operation ρ· = ·Tr{ ( )}r r . We then get

= = = =†
′

†
′

†b b b b b b0, 0, (4.140)k k k k k k
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and

δ δ= = +†
′ ′ ′

†
′b b n b b n, ( 1) , (4.141)k k k kk k k k kk

where nk is the mean occupation number, as given by the Bose–Einstein distribution

ω
=

ℏ −
n

T
1

exp ( ) 1
. (4.142)k

k

Replacing this in equation (4.137), we obtain

∫ ∑ρ σ σ ρ σ ρ σ

σ σ ρ σ ρ σ

∂
∂

= − ′ ′ − ′

+ ′ − ′ + +

δ

δ

− + + −
− ′

+ − − +
− − ′

{

}
t

dt g t t n e

t t n e h c

[ ( ) ( ) ]

[ ( ) ( ) ]( 1) . .,

(4.143)k

t
i t t

i t t

k k

k

0

2 ( )

( )

k

k

where again δ ω ω= − ak k , We can now replace the sum over the modes k by an
integral in the k space, as we did for the previous Weisskopf–Wigner model of
spontaneous emission, and we get as a final expression, the master equation

ρ σ σ ρ σ σ ρ σ σ σ ρ σ ρ σ∂
∂

= − Γ − − + Γ − +− + − + − + − − +
t

n t t n t t h c
2

[ ( ) ( ) ] ( 1)
2

[ ( ) ( ) ] . . (4.144)0 0

Here, n0 is the value of nk for the resonant modes satisfying ω=k c/a , and Γ is
identical to the previous value for the spontaneous atomic decay, as given in
equation (4.110). This equation can be written in terms of the density matrix
elements as

ρ
ρ ρ

∂
∂

= − + Γ +
t

n n( 1) , (4.145)22
0 22 0 11

where the contribution from spontaneous decay is present, as well as that of
stimulated emission and absorption, and

ρ
ρ

∂
∂

= − + Γ
t

n
1
2

. (4.146)21
0 21

⎛
⎝⎜

⎞
⎠⎟

We should notice that ρ ρ= *
21 12, and the conservation of probability ρ =Tr.( ) 1,

imply the additional relations

ρ ρ
ρ ρ

+ =
∂
∂

= −
∂
∂t t

1, . (4.147)22 11
22 11

When the reservoir temperature tends to zero, →T 0, equation (4.142) shows that
no excitations are present, =n 10 , and the above equations (4.145) and (4.146)
reduce to

ρ
ρ

ρ
ρ

∂
∂

= −Γ
∂
∂

= − Γ
t t

,
2

. (4.148)22
22

21
21

This coincides with the results of our previous spontaneous decay model.
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4.6 Resonant scattering
Scattering can be seen as a double process of atom–field interaction, by which an
atom first absorbs one photon and then emits another photon, in a different
direction and not necessarily at the same frequency. To illustrate this, we consider
the process of resonant scattering, also called the resonant Rayleigh scattering,
where the frequency of the incident radiation is equal or nearly equal to the atomic
transition frequency, ω ω≃ ak .

We consider a two-level atom driven by an intense and monochromatic photon
beam. This problem was first addressed by Mollow [20]. In our description we
include spontaneous emission but, for simplicity, we describe the incident beam as a
classical field. We describe the atom using the density operator ρ, which satisfies the
master equation

ρ ρ ρˆ = −
ℏ

ˆ ˆ − Γ̂ ˆ{ }d
dt

i
H[ , ]

1
2

, , (4.149)

where Γ̂ represents the relaxation matrix associated with spontaneous decay. Here,
we have used the anti-commutator ρ ρ ρΓ̂ ˆ = Γ̂ ˆ + ˆΓ̂{ , } . In its simplest formulation,
we can describe the interaction of the atom with the classical field using the
Hamiltonian

σ σˆ = ℏΩ ˆ + ˆ+ −H
2

( ). (4.150)R
int

Here we use the Rabi frequency in its classical limit, Ω ≡ Ω< >R N , assuming that
ˆ ≫N 1. In this limit, and at exact resonance δ = 0k , the dressed atom states

reduce to

ψ = ±±
1

2
( 1 2 ), (4.151)

with eigenvalues

ψ ψˆ = ± ℏΩ
± ±H

2
. (4.152)R

int

Now, let us consider a finite lifetime due to spontaneous emission, γ ≠ 0, such that
γΓ̂ =2 2 . In this new notation, and noting that

ρ γ σ σ ρ σ ρσ ρσ σΓ̂ ˆ = − ˆ ˆ ˆ − ˆ ˆ ˆ + ˆ ˆ ˆ+ − − + + −{ , }
2

( 2 ), (4.153)

the master equation (4.149) allows us to write for the density matrix elements

ρ γ ρ γ= − +++ ++
d
dt 2 4

, (4.154)

and

ρ γ ρ γ γ ρ= − − − Ω ++− −+ +−
d
dt

i
4 2

3
4

. (4.155)R
⎛
⎝⎜

⎞
⎠⎟
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This is complemented with ρ ρ=+− −+d dt d dt/ / . In the strong field limit, we have
γΩ ≫R , and we can approximately write

ρ γ ρ≃ − Ω ++− +−
d
dt

i
3
4

, (4.156)R
⎛
⎝⎜

⎞
⎠⎟

with the solution

ρ ρ γ= − Ω −+− +−t i t t( ) exp
3
4

. (4.157)R
⎛
⎝⎜

⎞
⎠⎟

On the other hand, solving equation (4.153), we obtain

ρ ρ γ γ= − + − −++ ++t t exp t( ) (0)exp
2

1
2

1
2

. (4.158)⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎡
⎣⎢

⎛
⎝

⎞
⎠
⎤
⎦⎥

This solution shows that the scattered light will contain three different frequency
components. One is the elastic scattering component, with frequency equal to the
incident frequency ω ω= k and spectral width γ /2. The other two correspond to the
inelastic scattering components, with sideband frequencies ω ω= ± ΩRk with
spectral width γ3 /4. These three components are known as the Mollow triplet. See
figure 4.5 for an illustration of the resulting spectrum of scattered radiation, ωS( ). It
shows that the sidebands are similar to an amplitude modulation of the scattered
signal, at a frequency given by the modified Rabi frequency Ω ′R , and that the
amplitude of the sideband pics, which represent the inelastic scattering, is smaller by
a factor of 3 than the central pic of the triplet, representing the elastic scattering.

References
[1] Allen L and Eberly J 1975 Optical Resonance and Two Level Atoms (New York: Wiley)
[2] Cohen-Tannoudji C, Dupont-Roc J and Grynberg G 1988 Processus d’Interaction entre

Photons et Atomes (Paris: Ed. du CNRS)
Cohen-Tannoudji C, Dupont-Roc J and Grynberg G 1992 Atom-Photon Interactions (New
York: Wiley)

Figure 4.5. Mollow triplet: spectral representation of the spectrum ωS( ) of scattered light by a two-level atom,
for an intense photon beam with resonant frequency ω ω= a.

The Quantum Nature of Light

4-24



[3] Haken H 1986 Light. Vol 1: Waves, photons, Atoms (Amsterdam: North-Holland)
[4] Rabi I I 1936 On the process of space quantization Phys. Rev. 49 329

Rabi I I 1937 Space quantization in a gyrating magnetic field Phys. Rev. 51 652
[5] Bloch F and Siegert A J F 1940 Magnetic resonance for nonrotating fields Phys. Rev. 57

522–7
[6] Jaynes E T and Cummings F W 1963 Comparison of quantum and semi-classical radiation

theories with application to beam maser Proc. IEEE 51 89
[7] Shore B W and Knight P L 1993 The Jaynes-Cummings model J. Mod. Opt. 40 1195–238
[8] Braak D 2011 Integrability of the Rabi model Phys. Rev. Lett. 107 100401
[9] Zhong H-H, Xie Q-T, Batchelor M T and Lee C H 2013 Analytical eigenstates of the

quantum Rabi model J. Phys. A: Math. Theor. 41 415302
[10] Cohen-Tannoudji C and Reynaud S 1977 Dressed-atom description of resonance fluo-

rescence and absorption spectra of a multi-level atom in an intense laser beam J. Phys. 10
345–63

[11] Dalibard J and Cohen-Tannoudji C 1985 Dressed-atom approach to atomic motion in laser
light: the dipole force revisited J. Opt. Soc. Am. B 2 1707–20

[12] Alzetta G, Gozzini A, Moi L and Orriols G 1976 An experimental method for the
observation of R.F. transitions and laser beat resonances in oriented Na vapour Il Nuovo
Cimento B 36 5–20

[13] Harris S E, Field J E and Imamoglu A 1990 Nonlinear optical processes using electromagnetic
induced transparency Phys. Rev. Lett. 64 1107–10

[14] Fleischhauer M, Imamoglu A and Marangos J P 2005 Electromagnetic induced
transparency: optics in coherent media Rev. Mod. Phys. 77 633

[15] Einstein A 1917 Zur Quantentheorie der Strahlung Phys. Z 18 121–8
[16] Weisskopf V and Wigner E 1930 Berechnung der natüauf grund der diracschen lichttheorie Z

Phys. 92 54–73
[17] Knight P L and Milonni P W 1976 Long-time deviations from exponential decay in atomic

spontaneous emission theory Phys. Lett. A 56 275–8
[18] SekeJandHerfortW1989Finite-timedeviations fromexponential decay in theWeisskopf-Wigner

model of spontaneous emission Lett. Math. Phys. 18 185–91
[19] Berman P R and Ford G W 2010 Unitarity, and the Weisskopf-Wigner approximation Adv.

Atom. Mol. Opt. Phys. 59 175–220
[20] Mollow B R 1969 Power spectrum of light scattered by two-level systems Phys. Rev. 188

1969–75

The Quantum Nature of Light

4-25

https://doi.org/10.1103/PhysRev.49.324
https://doi.org/10.1103/PhysRev.51.652
https://doi.org/10.1103/PhysRev.57.522
https://doi.org/10.1103/PhysRev.57.522
https://doi.org/10.1109/PROC.1963.1664
https://doi.org/10.1080/09500349314551321
https://doi.org/10.1103/PhysRevLett.107.100401
https://doi.org/10.1088/1751-8113/46/41/415302
https://doi.org/10.1088/0022-3700/10/3/005
https://doi.org/10.1088/0022-3700/10/3/005
https://doi.org/10.1364/JOSAB.2.001707
https://doi.org/10.1007/BF02749417
https://doi.org/10.1103/PhysRevLett.64.1107
https://doi.org/10.1103/RevModPhys.77.633
https://doi.org/10.1007/BF01336768
https://doi.org/10.1016/0375-9601(76)90306-6
https://doi.org/10.1007/BF00399966
https://doi.org/10.1016/S1049-250X(10)59005-0
https://doi.org/10.1103/PhysRev.188.1969
https://doi.org/10.1103/PhysRev.188.1969


IOP Publishing

The Quantum Nature of Light
From photon states to quantum fluids of light

J T Mendonça

Chapter 5

Boundary effects

In this chapter we describe the basic features associated with material boundaries,
such as those of a bounded medium or an electromagnetic optical cavity. First of all,
due the presence of boundaries, each mode in a cavity will eventually couple with the
outside world, due to partial transmission, and with atoms inside the cavity or in the
cavity walls. These processes will lead to photon absorption, and introduce a
qualitative change in the mode itself, changing the properties of the atom–field
interactions.

Here, we start analysing a single mode in a cavity and then its interaction with a
single atom in the cavity. This can be described by a damped Jaynes–Cummings
model, which shows that spontaneous decay of an excited state of the atom can be
strongly enhanced by cavity effects. Enhancement is proportional to the quality
factor Q of the cavity. This was first predicted by Purcell in 1946 [1]. In contrast, if
no cavity modes are available at the atom transition frequency, spontaneous
emission will be inhibited [2]. The study of the exchange of photons by one or a
few atoms inside the cavity can lead photon–atom entangled states, and this is one of
the main effects of the so-called cavity QED [3], with important applications in
quantum information. Reference to QED (quantum electrodynamics) is somewhat
misleading, because here we are only concerned with the non-relativistic limit of
QED, where electron and positron quantum vacuum states are ignored. A more
complete version of QED will be given in the third part of this book, where the
possible influence of electron–positron pairs is considered.

A relevant boundary effect is associated with photon beam splitters. This simple
optical devise is particularly relevant, in both classical and quantum optical circuits,
as one of the basic elements of an interferometer. Here, we give a quantum
description of a beam-splitter, where single photon effects are included. It is indeed
possible to observe interference with single photons events, as demonstrated
experimentally by Grangier et al in 1986 [4]. Another important property of photon
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beam splitters is that they are a four-ports device, capable of generating entangled
photon states.

Another important effect associated with optical boundaries is the existence of
quantum vacuum pressure. It was seen in chapter 3 that electromagnetic field
quantisation reveals the existence of zero-point fluctuations. At first, they were
considered a mere imperfection of the theory, with no physical significance, until
Casimir demonstrated in 1948 that they could have important consequences. An
attractive force between two parallel metallic plates in vacuum exists, due to zero-
point fluctuations [5, 6]. This effect was generalised later by Lifshitz [7], who
considered two parallel boundaries between different dielectric media. The Casimir
effect was unequivocally demonstrated in the experiments performed by Lamoreaux
in 1987 [8].

The case of temporal boundaries can also be treated in grounds similar to those of
space boundaries. They give rise to the occurrence of a different kind of refraction,
which can be called time refraction. This concept was first formulated in 2000 [9– 11],
although some work on photon propagation in a time-varying medium add
previously been published, both in classical [12, 13] and quantum regimes [14]. It
is similar to the usual (space) refraction, in the sense that an incident optical beam
can be divided into a transmitted and a reflected beam, with intensities determined
by temporal Fresnel’s laws [11]. Assuming two consecutive time refraction events we
can produce a temporal beam-splitter, which is also a four-ports device. An obvious
difference between space and time refraction is that time is a single variable, while
space is described by three independent variables. In other words, time is represented
by a line, while space is represented by a volume. As a result, the reflected beam due
to time refraction cannot propagate backwards in time, it can only be reflected
spatially, as it does in normal space refraction.

Another remarkable feature is that time refraction leads to the emission of
photons from vacuum, in contrast with normal refraction. In this respect, time
refraction is similar to the so-called dynamic Casimir effect. which occurs when one
of the metallic parallel plates in the Casimir configuration are allowed to vibrate.
This then leads to a kind of vacuum instability, by which pairs of photons are
emitted at half the frequency of the vibrating boundary. This dynamic version of the
Casimir effect was first considered by Moore in 1970 [20], for a cavity with an
oscillating length, and then extended by others [21, 22] for the case of a single
oscillating boundary. More recent work on this effect is reviewed in [23].

These two vacuum radiation processes, time refraction (where no spatial
boundary is needed), and dynamic Casimir effect (which involves one vibrating
boundary), have strong similarities, to be discussed in this chapter. Furthermore, a
comparison with the Unruh radiation, could also be made. This hypothetical
radiation process is produced by an accelerated particle moving in vacuum, and is
named after the work of [24]. It was actually also predicted by others [22, 26], for
that reason it is sometimes called the Fulling–Davies–Unruh effect. A more modern
perspective is given in [27]. A comparative study of these three processes, time
refraction, dynamic Casimir and Unruh effect could eventually be established [28].
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The symmetric properties of space boundaries (which conserve photon energy,
but not momentum) and temporal boundaries (which conserve photon momentum,
but not energy) can be demonstrated if we consider the case of a moving boundary
between two media. If the boundary moves with a velocity smaller than the speed of
light c, it can be reduced by a Lorentz transformation to a space refraction. In this
case, quantum theory will predict a static force at the boundary, which is the Casimir
force. If instead, the boundary moves with a velocity faster than c, then a proper
Lorentz transformation will reduce the problem to time refraction. In this case the
Casimir force is replaced by the emission of radiation. These space-time symmetries
will be discussed at the end of this chapter.

5.1 Cavity losses
Let us first consider the case of an imperfect optical cavity. We have previously
defined the electromagnetic field modes in vacuum, or in an ideal cavity with no
losses. But the existence of boundaries, such as optical mirrors, or metallic walls in
the case of a microwave cavity, imply the existence of photon absorption by the
walls, or through the walls, and therefore energy losses. The configuration of field
modes inside the cavity can trivially be included in the previous plane wave theory,
valid in unbounded space, by assuming a spatial dependence of the mode
amplitudes. The existence of losses due to the absorption mechanisms is however
less trivial, and will be discussed here.

For that purpose, we focus on a given cavity mode, with creation and annihilation
operators simply described as †a and a. We assume that the mode is coupled to a
reservoir representing the loss mechanisms, which contains a large number of
quantum modes k, represented by the reservoir operators †bk and bk. They could
be the field modes outside the cavity, coupled with the inside mode by an imperfect
cavity mirror, or the ensemble of oscillators representing the atoms of the metallic
walls, if dissipation at the walls is considered.

This can be described by the previous model of a system+reservoir, where the
master equation for the system was obtained, using an interaction potential of the
form

∑˜ = ℏ +δ δ† † −V t g b ae a b e( ) [ ], (5.1)
k

k
i t i t

k kk k

with the frequency detuning δ ω ω= −k k 0, where ω0 is the cavity mode frequency
under consideration, and ωk are external mode frequencies. In the case of modes
freely propagating outside the cavity, we can simply use ω = kck . We have seen that,
in thermal equilibrium, the reduced density operator describing the system (in this
case, the particular mode with frequency ω0) can be written in analogy with equation
(4.144), as

ρ κ ρ ρ ρ κ ρ ρ ρ∂
∂

= − + − − + + −† † † † † †

t
n aa aa a a n a a a a a a

2
[ 2 ] ( 1)

2
[ 2 ], (5.2)0 0
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where κ is the decay constant associated with the cavity losses, and n0 is the mean
photon number at frequency ω0. The decay constant can be written in terms of the
quality factor of the cavity Q, using the definition κ ω= Q/0 . Of particular interest is
the case where we can neglect the reservoir temperature. We know that, when the
reservoir temperature tends to zero, we have =n 00 . The master equation for the
cavity mode than reduces to

ρ ω ρ ρ ρ∂
∂

= − + −† † †

t Q
a a a a a a

2
[ 2 ]. (5.3)0

It is often more interesting to transform the master equation into a kinetic equation,
which provides a different physical insight. For that purpose, we can use the P
representation discussed in chapter 3, and expand the reduced density operator in a
basis of coherent states α, as

∫ρ α α α α=t P t d( ) ( , ) . (5.4)

Replacing this in equation (5.2), and using α≡P P t( , ), we get

∫ ∫
∫

α α α κ α α α α α α α

κ α α α α α α α

∂
∂

= − + −

− + + −

† † †

† † †

P
t

d n P aa aa a a d

n P a a a a a a d

2
[ 2 ]

( 1)
2

[ 2 ] .
(5.5)

0

0

Using the definition of a coherent state in terms of the vacuum state 0 , we have

α α = α α α−∣ ∣ † *e e e0 0 . (5.6)a a2

This allows us to now write

α α
α α

α α α= ∂
∂

= ∂
∂

+α α α−∣ ∣
* *

† *a e e e{ 0 0 } . (5.7)a a2 ⎜ ⎟⎛
⎝

⎞
⎠

Similarly, we have

α α
α

α α α= ∂
∂

+† *a . (5.8)⎜ ⎟⎛
⎝

⎞
⎠

Noting also that

α α α α α α α α α α= =† *a a, , (5.9)

we can write the sum under brackets of the first integral in equation (5.5) as

α α α α α α α
α

α
α

α
α α

α α+ − = − ∂
∂

+ ∂
∂

+ ∂
∂ ∂

† † † *
* *

aa aa a a[ 2 ] 2 . (5.10)
2⎛

⎝⎜
⎞
⎠⎟

Similarly, the second integral gives

α α α α α α α
α

α
α

α α+ − = ∂
∂

+ ∂
∂

† † † *
*

a a a a a a[ 2 ] . (5.11)⎜ ⎟⎛
⎝

⎞
⎠
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Replacing this in equation (5.5), we get

∫ ∫

∫

α α α κ α
α α α

α α α κ

α
α

α α α

∂
∂

= − ∂
∂

+ ∂
∂ ∂

− +

∂
∂

+

*

P
t

d n P d n

P d h c

2
( 1)

2

. .

(5.12)
0

2

0

⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠

These new integrals can be integrated by parts, noting that αP( ) must vanish at
infinity, when we take the limit α∣ ∣ → ∞. We then get

∫ ∫α
α

α α α
α

α α α α∂
∂

= − ∂
∂

P d P d( ) . (5.13)⎜ ⎟⎛
⎝

⎞
⎠

⎡
⎣⎢

⎤
⎦⎥

Similarly, we have

∫ ∫α α
α α α

α α
α α α α∂

∂ ∂
= − ∂

∂ ∂* *
P d P d . (5.14)

2 2⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

Replacing this in equation (5.12), and equating the coefficients of α α inside the
integrals, we finally obtain

κ
α

α κ
α α

∂
∂

= − ∂
∂

+ + ∂
∂ ∂ *

P
t

P c c n
P

2
( ) . . . (5.15)0

2⎡
⎣⎢

⎤
⎦⎥

This is a Fokker–Planck equation, describing the evolution of the quasi-probability
αP t( , ). A steady-state solution of this equation, ∂ ∂ =t/ 0, can easily be found from

α
α

α
∂

∂
+ ∂

∂
+ =

*
P n

P
c c. . 0. (5.16)0⎜ ⎟⎛

⎝
⎞
⎠

This implies that

α
α∂

∂
= −

*n P
n P

n
1

, (5.17)
0

0

0

and therefore

α α= − ∣ ∣
P

n n
( )

1
exp . (5.18)

0

2

0

⎛
⎝⎜

⎞
⎠⎟

This is a Gaussian solution, where the width is determined by the thermal number
density n0. Another interesting solution of equation (5.15) can be obtain for ∂ ∂ ≠t/ 0,
and takes the form

α
π

α α κ= − − −
P t

D t
t

D t
( , )

1
( )

exp
exp( /2)

( )
, (5.19)0

2⎛
⎝⎜

⎞
⎠⎟

where the quantity

= − κ−D t n e( ) (1 ), (5.20)t
0
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defines the Gaussian width. This new solution tends to a Dirac delta function at the
origin, when →t 0 and α δ α α= −P( , 0) ( )0 . It shows that, due to coupling with the
thermal reservoir, an initial coherent state with parameter α α= 0 will disperse in
time with increasing width D t( ). For times much longer than the mode decay time

κ1/ , the memory of the initial coherent parameter vanishes, and the dispersion
function D t( ) tends to a constant. In this limit of very long times, κ≫t 1/ the
temporal solution (5.19) tends to the asymptotic state dictated by the steady-state
solution (5.18). See figure 5.1 for an illustration. As a final remark, we should notice
that the quantity αP t( , ) is not a real probability, because it can take negative values,
as stated previously in chapter 3.

5.2 Atom in a cavity
We now consider a single two-level atom in a lossy cavity, assuming that the atom is
initially in the excited state e and the cavity is empty, with no photons. This
situation is similar to that of the quantum Rabi, or Jaynes–Cummings model, with
an initial photon number n = 0, where the cavity losses are included. In the language
of photon-atom states, discussed in section 4.3, we can define here two quantum
states: = e1 0 , an excited atom with no photons, and = g2 1 , an atom
in the ground state and one photon. But to these two states we need to add a third
one, = g3 0 , which is the ground state of the atom-cavity system, corre-
sponding to the possible absorption of the emitted photon due to cavity losses. This
is illustrated in figure 5.2(a).

The energy difference between the first two states is minimal, of the order of the
zero photon Rabi energy, ℏΩ = ℏg20 in the absence of detuning, δ ω ω= − = 0a0 .
But the energy difference of these two excited estates with respect to the ground state
3 is large, as dictated by ωℏ a. The corresponding density operator is described by a
3 × 3 matrix. Using the reduced density approach, we can then write a master
equation of the form

Figure 5.1. Temporal evolution of the quasi-probability αP t( , ), as given by equation (5.19), with α = 10 and
=n 10 , for increasing times κ =t 0.05 (in black), κ =t 0.3 (in blue), and κ =t 1 (in red).
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ρ ρ κ ρ ρ ρ∂
∂

= −
ℏ

− + −† † †

t
i

H a a a a a a[ , ]
2

( 2 ). (5.21)int

For κ → 0 (or equivalently, for a perfect cavity, with no losses, → ∞Q ) we would be
reduced to the model of section 4.3. Defining the matrix elements, ρ ρ= i jij ,
with =i j, 1, 2, 3, we get for the first diagonal elements

ρ
ρ ρ

ρ ρ
κρ

∂
∂

= Ω −
∂
∂

= −
∂
∂

−
t

i
t t2

( ), . (5.22)11
0 12 21

22 11
22

This is completed with the equations for the non-diagonal elements

ρ ρ ρ
κρ

∂
∂

=
∂
∂

= Ω ∂
∂

=
*

t t
i W

t2
, , (5.23)12 21 0 33

22

where ρ ρ= −W 11 22 is the inversion of population. This reduces to the optical Bloch
equations in the perfect cavity limit κ ω= →Q/ 00 . Introducing the difference

ρ ρ= −D 12 21, these equations can be written in matrix form as

ρ
ρ κ

κ

ρ
ρ∂

∂
=

Ω
− − Ω

Ω − Ω −t D

i
i

i i D

0 0 /2
0 /2

/2
. (5.24)

11

22

0

0

0 0

11

22

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

⎡

⎣
⎢⎢⎢

⎤

⎦
⎥⎥⎥

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

The eigenvalues of the 3 × 3 matrix in this equation are determined by

λ κ λ κλ+ + + Ω =
2

( ) 0, (5.25)2
0
2⎜ ⎟⎛

⎝
⎞
⎠

with the solutions

λ κ λ κ
κ

= − = − ± − Ω
±

2
,

2
1 1

4
. (5.26)0

0
2

2

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

Figure 5.2. Atom in a lossy cavity: (a) energy levels; (b) damped Rabi oscillations, as represented byW t( ), for
weak and strong damping.
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They show that, for weak decay rates, such that κ < Ω2 0, corresponding to a high
quality factor ω> ΩQ /2a 0, the matrix elements perform slightly damped Rabi
oscillations, during which the spontaneously emitted photon oscillates several times
between the atom and the cavity, before being finally lost. In contrast, for heavily
damped cavities, κ > Ω2 0, or a poor quality factor ω< ΩQ /2a 0, the Rabi oscillations
will completely disappear, because the eigenvalues λ± will both be real. These two
regimes are illustrated in figure 5.2(b). In the strongly damped regime, the largest
decay constant is determined by λ−, which is approximately given by

λ κ
κ κ

≃ − − − Ω = − Ω
−

2
1 1

2
. (5.27)0

2

2
0
2⎡

⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟
⎤
⎦
⎥⎥

This can be identified with the decay rate of the atom inside the cavity, or λ ≡ Γ− cav.
Using the explicit expressions for Ω0 and κ, we can then write

ω
Γ ≃ g

Q
4

. (5.28)
a

cav

2

Using the value for the decay rate Γ, associated with the spontaneous emission of an
atom in free space, as described in section 4.5, we can then state that

π
ω

Γ = Γc
V

Q
6

. (5.29)
a

cav

2 3

3

⎛
⎝⎜

⎞
⎠⎟

For a mode with wavelength of the order of the dimensions of the cavity, say the
length L, we have ω π≃ c L2 /a . Noting that =V L3, we can rewrite this expression as

Γ ≃ ΓQ
3
4

. (5.30)cav

We conclude that Γ Γ ≃ ≫Q/ 1cav , which shows that a strong enhancement of
spontaneous emission takes place inside the cavity. In contrast, if no cavity mode
with frequency nearly equal to atomic transition frequency ωa is available, coupling
between the atom and the photon modes will be absent and spontaneous emission is
prevented.

5.3 Beam splitters
We now turn to a different boundary problem, and consider the quantum theory of
photon beam splitters. Here, no atom is involved. The beam-splitter is a simple but
important optical component, which has a crucial importance in quantum optics
because it reveals some of the most fundamental quantum properties of light. We
define beam-splitter as a passive apparatus, for instance a dielectric slab, which is
able to divide an incoming photon beam into two parts, the reflected and the
transmitted beams. For symmetry reasons, we can easily understand that the beam-
splitter is a four-ports device, because it couples four different photon beams, with
two incident beams arriving from opposite sides, and two transmitted beams
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(see figure 5.3 for an illustration). We therefore need to describe the behaviour of
four quantum modes, where two exist on side A of the device, characterised by the
reflection and transmission coefficients r t( , )a a , and the other two on the symmetric
side B, with coefficients r t( , )b b , such that ∣ ∣ = ∣ ∣r ra b , and ∣ ∣ = ∣ ∣t ta b . Furthermore,
energy conservation implies that

∣ ∣ + ∣ ∣ = ∣ ∣ + ∣ ∣ =r t r t 1. (5.31)a a b b
2 2 2 2

The annihilation and creation operators associated with these four modes, called
†a a( , )1 1 and †a a( , )2 2 for side A, and †b b( , )1 1 and †b b( , )2 2 for side B, will then satisfy

the relations

= + = +a r a t b b t a r b, , (5.32)a b a b2 1 1 2 1 1

and

= + = +† * † * † † * † * †a r a t b b t a r b, . (5.33)a b a b2 1 1 2 1 1

These relations can be written in matrix form as

= =
a
b

M
a
b

M
r t
t r, . (5.34)a b

a b

2

2

1

1

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

From here, it is useful to consider the commutation relations

δ= = = = = =† † † † † †a a b b a a a a b b b b[ , ] [ , ] , [ , ] [ , ] [ , ] [ , ] 0. (5.35)i j i j ij i j i j i j i j

They imply the existence of additional constraints on the beam-splitter coefficients

+ = + =* * * *r t r t r t r t0, 0. (5.36)a b b a a a b b

A typical assumption, corresponds to the case of a half splitter, such that
∣ ∣ = ∣ ∣ =r t 1/ 2 . Noting that reflection at the slab surface implies a phase shift of
π /2, we can then transform equations (5.32) into

Figure 5.3. Photon beam-splitter as a four-ports device: incident beams a1 and b1, transmitted beams a2 and b2.
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= + = +a ia b b a ib
1

2
( ),

1

2
( ). (5.37)2 1 1 2 1 1

Let us now assume the case of a single incident photon, arriving from side A of the
beam-slipper. This is described by the initial photon state

ψ = = †a1 0 0 0 . (5.38)a b a bin 1

According to equations (5.33), the beam-splitter will then transform this state into a
new state, described by

ψ = +† †r a t b( ) 0 0 . (5.39)a a a bout 2 2

This expression is obtained using equations (5.33), and the additional constraints
(5.36). In the particular case of a half splitter, defined by equation (5.37), this takes
the form

ψ = + = +† †ia b i
1

2
( ) 0 0

1

2
{ 1 0 0 1 }. (5.40)a b a b a bout 2 2

This result shows that, if the initial state is a single photon arriving from side A, the
half beam-splitter will create an entangled state, containing a reflected and a
transmitted photon, emerging from both sides with equal probability. This final
state cannot be reduced to a product of transmitted and reflected state vectors and,
for that reason it is a photon entangled state.

Let us now consider a slightly more complicated example where, instead of a
single incident photon in a well-defined Fock state, we have an incident coherent
state α, described by

ψ α α= = D0 ( ) 0 0 , (5.41)a b a bin 1

where the displacement operator is defined by

α α α= −† *D a a( ) exp ( ). (5.42)1 1 1

Noting that we can write †a1 and a1 in terms of reflected and transmitted operators,
as used in equation (5.11), we rewrite this displacement operator as

α α α= + − +† † * * *D r a t b r a t b( ) exp { ( ) ( )}. (5.43)a a a a1 2 2 2 2

Using this expression and equation (5.41), we then get, for the output state

ψ α α α α= − −† * * † * *r a r a t b t bexp{( ) ( ) } exp{( ) ( ) } 0 0 . (5.44)a a a a a bout 2 2 2 2

This can easily be cast as the product of two coherent states

ψ α α= r t . (5.45)a a a bout

This result shows that an incident coherent state is divided by the beam-splitter into
two coherent states, where one is the reflected coherent state, with parameter
α α= rr a , and the other is the transmitted coherent stated, with parameter α α= tt a .

The Quantum Nature of Light

5-10



This is in clear contrast with the above case of the incident photon in a Fock state,
which was transformed by the beam-splitter into an entangled state. Here, there is no
entanglement, and the coherent state behaves very much like a classical beam. For
the half-slippers of equation (5.37), we are reduced to

ψ α α= i

2

1

2
. (5.46)

a b
out

In order to explore further the quantum properties of single photon states, let us
consider the case of two incident photons, coming from the two opposite sides of the
beam-splitter. The initial state is now defined by

ψ = = † †a b1 1 0 0 . (5.47)a b a bin 1 1

Using the transformations equations (5.33), and the constraints (5.36), we can now
obtain for the output beam

ψ = + + +† † † † † †r t a a r t b b r r t t a b{( ) ( ) ( ) } 0 0 . (5.48)a b b a a b a b a bout 2 2 2 2 2 2

This shows that, again, an entangled stated results from the symmetric interaction of
these two photons with the beam-splitter. In the case of a half splitter, we are
reduced to

ψ = + = +† † † †i
a a b b

i
2

( ) 0 0
2

{ 2 0 0 2 }. (5.49)a b a b a bout 2 2 2 2

We have an entangled state with equal probabilities for the reflected and transmitted
photons, where the cases of simultaneous reflection or transmission of the two
photons is forbidden. This anti-correlation is a clear signature of the quantum
behaviour, as it contradicts the classical description. These concepts are important
for the observation of quantum states of light at the single or few photons level, and
can be generalised to the case of photon interferometry using two beam splitters and
two mirrors. Photon anti-correlation in a beam-splitter, and single photon interfer-
ence fringes using an interferometer, were first demonstrated in two experiments by
Grangier et al [4], which strongly contributed to the validation of the quantum
theory of light.

5.4 Time refraction
We now turn to temporal boundaries. Although ignored until recent years, they
became relevant with the advent of ultra-fast optics. A temporal boundary can be
conceived, in the same way as a spatial boundary between two optical media.
Furthermore, temporal devices similar to the above spatial beam-splitter and to
interferometers can be conceived. To understand this area of optics it is useful to
consider first an isolated temporal transition. This corresponds to a sharp mod-
ification of the dispersion properties of an optical medium, which can be
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experimentally achieved in several ways, as exemplified later. This sudden change is
simply described by a time-varying dielectric constant of the medium, of the form

ϵ ϵ ϵ ϵ ϵ= − + = + Δt H t H t H t( ) ( ) ( ) ( ), (5.50)1 2 1

where ϵ1 and ϵ2 are constants, and H t( ) is the Heaviside function. This means that, at
time t = 0, a sudden jump ϵ ϵ ϵΔ = −2 1 of the dielectric constant occurs uniformly in
the medium, assumed with no boundaries. This is perfectly symmetric to the case of
the usual (space) boundary at x = 0 between two stationary media, as described by

ϵ ϵ ϵ= − +x H x H x( ) ( ) ( ). (5.51)1 2

For simplicity, we assume that the medium described by equation (5.50) is infinite
and non-dispersive. For a given photon mode k, and a given polarisation state, the
electric field operator takes the form

ω
ϵ

=
ℏ

−· † − ·{ }i a e a eE r e k k( )
2

( ) ( ) , (5.52)j
j

j
j

i
j

i
k

k r k r

for =j 1, 2, where ek is the unit polarisation vector, ω = kc n/j j is the mode
frequency and ϵ=nj j the refractive index, before and after the transition at

t = 0, and a k( )j and †a k( )j are the mode operators. We should also keep in mind that
the corresponding displacement and magnetic field operators, are defined as

ϵ
ω

= = − ∇ ×i
D r E r B r E r( ) ( ), ( ) ( ). (5.53)j j j j

j
j

These field operators should satisfy Maxwell’s equations at all times, including the
instant of transition t = 0. Because of the time derivatives appearing in these
equations, the resulting continuity conditions for the field operators at t = 0, should
be

= =D r D r B r B r( ) ( ), ( ) ( ). (5.54)1 2 1 2

This is valid for every position r in the medium and, for that reason, we should retain
all the field terms evolving as ·ik rexp( ). From here we can derive the relations
between operators valid before =j( 1) and after =j( 2) the transition time t = 0, as

= − − − = − −† † †a Aa Ba a Aa Bak k k k k k( ) ( ) ( ), ( ) ( ) ( ), (5.55)1 2 2 1 2 2

where the coefficients of the transformation are defined by

α
α

α
α

= + = −
A B

1
2

(1 )
,

1
2

(1 )
, (5.56)

with a new quantity α, defining the scale of the temporal transition

α ϵ
ϵ

ω
ω

= = =n
n

. (5.57)
1

2

1

2

2

1
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Wecan immediately see that this expression implies a frequency shift associatedwith the
temporal discontinuity. Such a frequency shift, from the initial ω1 to the final value ω2,
results from the invariance of the photon momentum k, which is associated with space
uniformity (seefigure 5.4).This implies the existence of an invariant quantity, definedby
ω =n kcj j . Such an invariant can be seen as the manifestation of a temporal Snell’s law,
associated with the process of time refraction, and defined by the simple formula

ω ω=n n . (5.58)1 1 2 2

It should be noted that the coefficients A and B satisfy the hyperbolic relations
− =A B 12 2 , and that the transformations (5.55) can be seen as two squeezing

transformations of the form

= − − − = − −† † †a a r a r a a r a rk k k k k k( ) ( )cosh( ) ( )sinh( ), ( ) ( )cosh( ) ( )sinh( ), (5.59)1 2 2 1 2 2

where the squeezing parameter r is defined by

= =r A Bargcosh( ) argsinh( ). (5.60)

The corresponding two-mode squeezing operator can then be written as

= − − −† †S r r a a a ak k k k( ) exp { [ ( ) ( ) ( ) ( )]}. (5.61)1 1 1 1

Let us describe the transformation of a Fock state n k under time refraction.
Initially, we have the state

ψ = =−
†

−n a k0 ( ( )) 0 0 . (5.62)n
k k k kin 1

As a result of the above operator transformation, the final state which emerges from
time refraction will take the form

∑ψ = +
=

∞

−b n n s s( ) , (5.63)
s 0

s k kout

Figure 5.4. (a) Refraction: Snell’s law, θ =n sin constant; (b) time refraction: temporal Snell’s law, equation
(5.58), ω =n constant (b). In both cases, we have transmitted and reflected photons. But photons cannot travel
back in time, therefore photons reflected by time refraction are reflected in space, not in time.
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where the coefficients b n( )s are determined by

= − + !
! !

− +b n
B
A

n s
n s

B A( ) 1
( )

. (5.64)s
s n s

2
( )⎜ ⎟⎛

⎝
⎞
⎠

This shows that the existence of a temporal boundary at t = 0, not only leads to a
frequency shift determined by the conservation law (5.58), but is also associated with
the creation of s photon pairs with probability = ∣ ∣P n b n( ) ( )s s

2, propagating in
opposite directions, as defined by the momentum states k and −k. If initially, we
have a pure photon vacuum defined by ψ = −0 0k kin , after time refraction we
will have two symmetric Fock states, corresponding to −s sk k. The probability
for the emission of a single photon pair from vacuum will then be determined by

= ∣ ∣ = −P b
B
A

B
A

(0) (0) 1 . (5.65)1 1
2

2

2

2

2

⎛
⎝⎜

⎞
⎠⎟

We can see from equations (5.56) that, for plausible values of α this probability is not
negligible, as illustrated in figure 5.5. This process of pair creation therefore displays
a strong similarity with the dynamic Casimir effect and Hawking radiation, and can
eventually be seen in the laboratory. The first experimental evidence of time
refraction was the observation made in 1989 by Yablonovich [15], of the self-blue
shift of a laser pulse, due to a sudden ionisation of a gaseous medium. This can be
explained by the temporal Snell’s law, equation (5.58), where we use ≃n 11 for a

diluted neutral gas, and ω ω= −n 1 /p2
2 2 , for the ionised medium, where the

plasma frequency ωp is proportional to the square root of the electron density. From
then on, ionisation induced self-blue shifts of short laser pulses became a common
observation in the laboratory. Some experiments, however, involve a more detailed
analysis of the spatio-temporal changes of the medium [11]. In recent years, time
refraction has been studied in many different media, such as epsilon-near-zero
materials [16], or a Rydberg gas [17].

Figure 5.5. Photon pair creation from time refraction: probability Ps of the emission of s pairs of photons from
vacuum, propagating in opposite directions, due to a sudden temporal change of the medium: s = 1 in black,
s = 2 in blue, and s = 3 in red. The cases <n n1 2 and >n n1 2 are separately shown.

The Quantum Nature of Light

5-14



5.5 Temporal beam splitters
Let us now consider the temporal analogue of the photon beam splitters described in
section 5.3. This can be built with two consecutive time-refraction events. In the first
one, at t = 0, the refractive index of the medium jumps from its initial value n0 to a
new value n1. Then, in the second event, at a time τ=t , the reverse jump from n1 to
n0 takes place. In order to discuss this process we need to consider the explicit
temporal dependence of the field operator. Thus, in equation (5.52), we need to
replace the operators a k( )j and †a k( )j by their temporal version, as defined by

ω ω= − =† †a t a i t a t a i tk k k k( , ) ( )exp( ), ( , ) ( )exp( ). (5.66)j j j j j j

If we apply the field continuity relations, as stated in equations (5.53), but now
associated with the two consecutive events, we then obtain the following relations,
valid for t = 0,

= − − − = − −† † †a A a B a a A a B ak k k k k k( , 0) ( , 0) ( , 0), ( , 0) ( , 0) ( , 0), (5.67)0 0 1 0 1 0 0 1 0 1

and similar ones, valid for τ= >t 0,

τ τ τ τ τ τ= − − − = − −† † †a A a B a a A a B ak k k k k k( , ) ( , ) ( , ), ( , ) ( , ) ( , ). (5.68)a1 1 2 1 1 1 2 1 2

According to the previous model of time refraction, these continuity relations imply
that

α
α

α
α

= + = −
A B

1
2

(1 )
,

1
2

(1 )
, (5.69)i

i

i
i

i

i

with =i 0, 1, where

α ω
ω

α α ω
ω α

= = ≡ = = ≡n
n

n
n

,
1

. (5.70)0
0

1

1

0
1

1

0

0

1

From this we conclude that =A A1 0 and = −B B1 0, which allows us to relate the
input and output operators, as

τ τ τ τ τ

τ

= + − − = −

+

† † * †

*

a A a B a a A a

B a

k k k k k

k

( , ) ( ) ( , 0) ( ) ( , 0), ( , ) ( ) ( , 0)

( ) ( , 0),
(5.71)2 0 0 2 0

0

where the new coefficients of the transformation are oscillating functions of the
width τ, of the temporal beam-splitter, and defined as

τ ω τ
α

α ω τ τ
α

α ω τ= − + = − −ω τ ω τ{ }A
i

e B
i

e( ) cos( )
2

(1 ) sin( ) , ( )
2

(1 ) sin( ) . (5.72)i i
1

2
1

2
10 0

The above relations describe the mode coupling between input and output photon
states, resulting from the occurrence of a temporal beam-splitter, and reflect the
influence of both the optical properties of the intermediate medium, n1, and
the temporal width of the perturbation, τ. This is very similar to what occurs with
the (spatial) beam splitters considered in section 5.3, where the transmission and
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reflection coefficients depended, not only on the properties of the optical material,
but also on the slab width.

Maximum coupling between the photon modes k and −k, propagating in
opposite directions, is attained when ω τ =cos( ) 01 , or equivalently, when
τ νπ ω= / 1, where ν is an integer. In this case, we can write

τ
α

α α= − + + − − ω τ†a
i

a a ek k k( , )
2

{(1 ) ( , 0) (1 ) ( , 0)} , (5.73)i
2

2
0

2
0

0

and

τ α α α− = + − + − ω τ† † −a i a a ek k k( , ) 2 {(1 ) ( , 0) (1 ) ( , 0)} . (5.74)i
2

2
0

2
0

0

This corresponds to a resonant mode coupling between oppositely propagating
photon modes, which maximises the influence of the temporal beam-splitter. In the
anti-resonant case, defined by the condition ω τ =sin( ) 01 , or τ ν π ω= +( 1/2) / 1, we
simply have ω τ=A iexp( )0 and B = 0, and mode coupling would be prevented. If we
start with an initial vacuum state, defined by

ψ = −0 0 , (5.75)k kin

we will observe, after the occurrence of a temporal beam-splitter, the emission of
pair of photons, such that

∑ψ τ= −C s s( ) , (5.76)
s

s k kout

where the coefficients τC ( )s are determined by

τ β τ τ β τ τ τ β τ= = = −+C C C C( ) ( ) ( ) ( ) ( ), ( ) 1 ( ) , (5.77)s s
s

1 0 0
2

with β τ τ τ= B A( ) ( )/ ( ). This means that the probability for observing the emission of
a single photon pair is given by

τ τ β τ β τ= ∣ ∣ = −P C( ) ( ) ( )[1 ( )]. (5.78)1 1
2 2 2

This probability oscillates with τ, between a minimum of zero that corresponds to
anti-resonance, and a maximum for resonant coupling (see figure 5.6). This
maximum value is the same as that of a single time-refraction event, but here
with a significant physical difference because the emitted photon pairs are now
defined in the initial (or unperturbed) medium with refractive index n0. This double
temporal process can be extended to more complex scenarios, such as those of
consecutive temporal beam splitters, separates by a distance eventually different
from the beam-splitter width, τ>T . A succession of identical temporal beam
splitters would then be able to define a kind of temporal cavity. This concept of
temporal cavity is actually remarkably similar to the dynamic Casimir effect, and it
also has strong affinities with a time-crystal, to be discussed next.
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5.6 Time-crystals
The concept of time-crystal was proposed by Wilczek in 2012 [18], as a periodic
temporal structure that could be formed by spontaneous time symmetry breaking, in
a way similar to the usual crystals, which form by spontaneous space-symmetry
breaking. However, it was soon realised that a temporal structure cannot form
spontaneously, because in contrast with the usual space-crystals it does not minimise
the internal energy of the system, assumed initially at rest (for a review, see [19]).
This means that the formation of such an oscillating structures needs the injection of
energy into the system from the outside. This means that time-crystals can be formed
at the expense of an outside driving source. In this sense, it is not much different
from the concepts of temporal cavity or dynamic Casimir effect, because they both
need a driving source.

In order to understand the formation of time-crystals, let us then extend the above
time-refraction theory to the case of an oscillating medium where, as we have seen,
the oscillations are imposed from the outside. In this case, the two field operators
defined in equation (5.66), will be replaced by a continuum of operators such
that [35]

ϕ ϕ= − − =†
−
†a t a t i t a t a t i tk k( , ) ( )exp( ), ( , ) ( )exp( ( ), (5.79)k k

where the field phase is now determined by a time integral

∫ϕ ω= ′ ′t t dt( ) ( ) , (5.80)
t

k

because the mode frequency ω t( )k is continuously changing in time, and not just
changing in one or two sudden time steps. At every instant of time, it will satisfy the
instantaneous mode dispersion relation of the medium. Therefore, we can use
ω ϵ= kc/k k , where ϵk is the time-varying dielectric function. Similarly, the discrete

Figure 5.6. Temporal beam-splitter; (a) temporal variation of the refractive index of the medium, from =n 10

to =n 21 and back; (b) probability for photon-pair emission τP( ) by a temporal beam-splitter, as a function of
the temporal width τ, for α = 0.5.
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continuity conditions for the operator amplitudes (5.67) are replaced by evolution
equations, of the form

η η= =−
†

−
† *

d
dt

a t a
d
dt

a t a( ) , ( ) , (5.81)k k k k

where the mode coupling coefficients are now determined by

η
ω

ω ϕ=t
d
dt

i t( )
1

2
exp [2 ( )]. (5.82)

k

k

Let us assume a periodically driven dielectric function, of the form

ϵ ϵ δϵ= +t f t g t( ) [1 ( ) ( )], (5.83)k 0

where ϵ0 is the unperturbed dielectric function of the medium, δϵ is the modulation
amplitude, f t( ) a slowly varying form function, which defines the size of the time-
crystal, and g t( ) a rapidly oscillating periodic function, with period τc. With
generality, we can use the Fourier series

∑ ω=
=−∞

∞

g t g in t( ) exp( ), (5.84)
n

n c

where ω π τ= 2 /c c and the coefficients gn are arbitrary. Assuming initial conditions
such that =a (0) 0k and =a (0) 0k , the solutions of equations (5.81) take the form

η η= ∣ ¯∣ = − ∣ ¯∣−
†a t a t t( ) cosh[ ], ( ) sinh[ ], (5.85)k k

with ∫η η¯ = ′ ′t dt( )
t

. This shows that the signal associated with these modes can
become very large for long times. Let us illustrate this result with a simple example.
We assume a flat form function, with duration τ≫T c, such that

= − −f t H t H t T( ) ( ) ( ), and take an integral over a period τΔ ≫T c. We then get

∑η η ω κ ω ω= − − +
=−∞

∞

t t J i n t( ) sin( ) ( )exp[ (2 ) ], (5.86)
n

c n c0 0

where ω0 is the frequency of the photon mode in the absence of perturbations, and
the parameters η0 and κ are defined by

η κ
ω
ω

κ δϵ ω
ω

= =
4

, . (5.87)c

c
0

2

0
2

0

This shows that, when we integrate this expression over a time interval much larger
than τc, the only nonzero contributions will come from the modes with unperturbed
frequency

ω ω= ±n( 1)
2

. (5.88)c
0
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This provides a kind of temporal Bragg diffraction formula, which characterises the
occurrence of strong emission of radiation in the forward and backwards direction,
as determined by equations (5.85). This is similar to diffraction from a crystalline
structure, but now due to a temporal structure, not to a real crystal. The intense
picks of radiation will occur when the frequency ratio ω ω/ c0 is equal to the values

±n( 1), for n integer or zero. The number of photons emitted by this temporal
structure over a time T is then given by

η= = ¯†N T a T a T T( ) ( ) ( ) sinh ( ( ) ). (5.89)k k k
2

For a simple perturbation of the medium, as described by first harmonic in equation
(5.84), and corresponds to δ=gn n1 , we have

η δϵ ω
ω

κ¯ =
±

T
T

n
J( )

( 1)
( ) . (5.90)

c
n2

0

This value decreases for higher order scattering as n2. Equation (5.89) shows that, for
short times, photon emission grows linearly, as ∝N T T( )k

2 and, for longer times, it
grows exponentially with the size of the crystal, ∝N T T( ) expk . However, this is
only valid if photon losses are ignored. In the presence of photon losses, this
exponential growth will eventually saturate [29].

5.7 Casimir force
We now return to static boundaries, and consider the forces due to the zero-point
fluctuations of quantum vacuum. For that purpose, we assume two square parallel
plates of a perfect metal, located in vacuum at a distance a in the Oz-direction (see
figure 5.7). These conducting plates define an inner volume =V aL2, where L is the
size of the plates. In the absence of plates, the zero-point electromagnetic energy E0

associated with this volume would be

Figure 5.7. Casimir force between two boundaries: (a) two parallel plates in vacuum—original Casimir
configuration; (b) two parallel boundaries between two dielectric media—Lifshitz configuration.
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∫ ∫ ∫π π π
= =E V E

d
L

d
a

dk
Ek

k k
k( )

(2 ) (2 ) 2
( ). (5.91)z

0 3
2

2

The spectral energy density in the absence of photons is determined by

ω ω= ℏ = ℏE sk k k( )
2

( ) ( ), (5.92)

where ω k( ) is the mode frequency and s = 2 is the number of independent
polarisation states. However, the presence of plates changes the energy content of
this volume, because the number of allowed photon modes is reduced due to the new
boundary conditions. The metallic boundaries imply that only discrete modes with
wavenumber νπ=k a/z along the z-direction will be allowed, for ν integer. This
means that the integral over the spectrum is replaced by a sum, as indicated

∫ ∑ω π ω ν→
ν=−∞

∞

dk
a

k k( ) ( , ), (5.93)z

where we can now define the mode frequency as

ω ν ν π= ∣ ∣ = +c c k
a

k k( , ) . (5.94)2 2
2

2

This allows us to define the energy of the zero-point fluctuations in the inner volume
defined by the plates as

∫ ∑
π

ω ν= ℏ

ν=−∞

∞

E s L
dk

k
4 (2 )

( , ). (5.95)2
2

This can also be written in the form

∫ ∑
π

ω ω ν= ℏ +
ν=

∞

E s L
dk

k k
4 (2 )

( , 0) 2 ( , ) . (5.96)
1

2
2 ⎪ ⎪

⎪ ⎪⎧
⎨
⎩

⎫
⎬
⎭

Now, using π=d kdkk 2 , where = ∣ ∣k k is independent of the actual direction of the
parallel wavevector k , we can write this expression as

∫ ∑
π

ω ω ν= ℏ +
ν=

∞∞
E s L kdk k k

8
( , 0) 2 ( , ) . (5.97)

1

2

0 ⎪ ⎪

⎪ ⎪⎧
⎨
⎩

⎫
⎬
⎭

A similar expression can be written for the unperturbed zero-point energy E0 defined
above. Using a real variable ν π= ak /z , we get from equation (5.91), the following

∫ ∫π
νω ν= ℏ ∞ ∞

E s L kdk d k
4

( , ). (5.98)0
2

0 0

It is now useful to define the auxiliary function

∫ν ω ξ ν ξ ξ
π

= =
∞

f d
ak

( ) ( , ) , . (5.99)
0

2⎛
⎝⎜

⎞
⎠⎟
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With the help of this new function, we can rewrite equation (5.97) in a more compact
form, as

∑π ν= ℏ +
ν=

∞

E s
a

L f f
8

1
2

(0) ( ) . (5.100)
1

2
2
⎪ ⎪

⎪ ⎪⎧
⎨
⎩

⎫
⎬
⎭

Similarly, for the unperturbed energy of equation (5.98), we get

∫π ν ν= ℏ ∞
E s

a
L f d

8
( ) . (5.101)0 2

2

0

This allows us to calculate the energy difference per unit area

ϵ = −
L

E E
1

( ), (5.102)
2 0

in the following way

∫∑ϵ π ν ν ν= ℏ + −
ν=

∞ ∞
s

a
f f f d

8
1
2

(0) ( ) ( ) . (5.103)
1

2 0⎪ ⎪

⎪ ⎪⎧
⎨
⎩

⎫
⎬
⎭

We notice that the limit ν → ∞ corresponds to modes with an infinite frequency and
zero wavelength, and has no physical meaning. We should therefore assume that
there is an upper-limit m for the variable ν in the sum and integral of the above
expression. It means that, we should use the additional assumption that

ν ⩾ =f m( ) 0. (5.104)

In order to find an explicit expression for the energy difference ϵ we use the Euler–
MacLaurin formula [34], which establishes a relation between the sum and the
integral, as follows

∫ ν ν = + + + ⋯

− ′ − ′ − ‴ − ‴

∞
f d f f f

f m b f m f b f m f

( )
1
2

(0) (1) (2)

1
2

( ) [ ( ) (0)] [ ( ) (0)],
(5.105)0

2 4

where the coefficients bn are related to the Bernoulli numbers Bn, as defined by

=
!

=
− =

b
B
n

B
d
dx

x
e

,
1

. (5.106)n
n

n

n

n x
x 0

⎜ ⎟⎛
⎝

⎞
⎠

For the first few numbers, we have

= = = −B B B1,
1
6

,
1
30

. (5.107)0 2 4

Using this in equation (5.103), we obtain

ϵ π= ℏ ′ − ′ + ‴ − ‴s
a

b f m f b f m f
8

{ [ ( ) (0)] [ ( ) (0)]}. (5.108)
2 2 4
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Writing the function ω νk( , ) in terms of the variable ξ introduced in equation (5.99),
we get

ω ξ ν π ξ ν= ∣ ∣ = +c c
a

k( , ) . (5.109)2

Using this in the definition of νf ( ), we obtain

∫ν π ξ ξ= ′ ′
ν

∞
f c

a
d( ) , (5.110)

2

where ξ ξ ν′ = + 2. From here, we get

π′ = ‴ = −f f
c

a
(0) 0, (0)

4
. (5.111)

Assuming now a smooth upper cutoff for the function νf ( ), such that ′ =f m( ) 0 and
‴ =f m( ) 0, equation (5.108) will reduce to

ϵ π= ℏ
c

s
a

b
2

. (5.112)
2

3 4

This result shows that the energy per unit area will depend on the distance a between
the two parallel plates. This means that a pressure FC on the plates can be
determined by a variation of ϵ with respect to the distance, as

δϵ
δ

π= − = ℏ
F

a
c
a

s
b3

2
. (5.113)C 4

2
4⎜ ⎟⎛

⎝
⎞
⎠

Using s = 2 for the independent polarisation states, and the value of b4 given by
equations (5.106)–(5.107), we finally get

π= − ℏ
F

c
a240

. (5.114)C

2

4

This result was first derived by Casimir in 1948, and can be called the Casimir
pressure, as resulting from the zero-point fluctuations of the electromagnetic
vacuum. Although very small, of the order of 1.3 milli-Pascal for plates at one
micron distance, it was experimentally observed in 1958. This theoretical result was
generalised by Lifshitz in 1956, who considered the case of two parallel dielectric
interfaces, as illustrated in figure 5.7. This new configuration is very useful when
compared with the case of temporal boundaries, because a temporal beam-splitter
can be seen as the exact temporal analogue of the Lifshitz configuration. The
celebrated Lifshitz formula [30] is

∫ ∫π

ϵ ϵ
ϵ ϵ

= − ℏ + +
− −

−

+ + +
− −

−

∞ ∞ −

−

F
c

a
dx dp

s p s p
s p s p

e

s p s p
s p s p

e
x
p

32
( )( )
( )( )

1

( )( )
( )( )

1 ,

(5.115)

L
x

x

2 4 0 0

1 2

1 2

1

1 1 2 2

1 1 2 2

1 3

2

⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎫
⎬
⎭
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with the auxiliary quantities ϵ= − +s p1i i
2 , for =i 1, 2, and it was assumed that

ϵ = 10 . If we take the limit of ϵ1 and ϵ2 tending to infinity, which corresponds to the
case of metallic plates, we get

∫ ∫π
π= − ℏ

−
= − ℏ ≡

∞ ∞
F

c
a

dx dp
x

p e
c

a
F

16 ( 1) 240
, (5.116)L x C2 4 0 0

3

2

2

3

which coincides with the Casimir result.

5.8 Space-time symmetries
In this section, we give an integrated view of space-time boundaries and the
corresponding symmetries, where all the above quantum vacuum processes, includ-
ing time refraction, time-crystals and the Casimir force are included. For that
purpose, we consider the changes in the electromagnetic energy spectrum produced
by an arbitrary space-time variation of an optical medium.

In classical theory this is determined by temporal Fresnel formulae and
generalised Snell’s law. In quantum theory we use instantaneous Bogoliubov
transformations, valid for arbitrary time dependent media, and calculate the number
of photon pairs emitted from vacuum. Our approach is valid for infinite and
unbounded media, where the inclusion of moving boundaries, such as those
associated with optical cavities, can establish a precise link with both the Casimir
and the dynamic Casimir effects. Finally, we consider vacuum radiation due to the
existence of super-luminal boundaries, which can be reduced to time refraction,
using appropriate Lorentz transformations [31]. For simplicity, we use ray optics,
but a similar description based on wave optics can be established.

5.8.1 Ray optics

We consider an arbitrary optical medium, which can vary both in space and time.
Wave propagation in this medium is described by classical fields evolving as

ϕ=t t i tE r A r r( , ) ( , )exp [ ( , )], (5.117)

where ϕ tr( , ) is the phase, and tA r( , ) the amplitude (not to be confused with the
vector potential). Locally, at a given position r and time t, we can define the
wavevector k and frequency ω, using

ϕ ω ϕ= ∇ = − ∂
∂t

k , . (5.118)

The field described by equation (5.117) can be considered a wave, if we assume that

ω∇ ≪ ∂
∂

≪
A

A k
A t

A
1

,
1

. (5.119)

This means that the field amplitude tA r( , ) is varying on a scale much larger that the
wavelength λ π= ∣ ∣k2 / , and on a time scale much longer than the period τ π ω= 2 / .
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The optical properties of the medium are determined by the refractive index, which
is locally defined by

ω
≡ =n t n

kc
r( , ) . (5.120)

Using equation (5.118), we can derive the eikonal equation, of the form

ϕ ϕ∇ = ∂
∂

n
c t

, (5.121)2
2

2

2
⎜ ⎟⎛
⎝

⎞
⎠

which is the basic equation of geometric optics [32, 33]. From equation (5.118), we
also get

ω ω ω∂
∂

= −∇ = − ∂
∂

+ ∂
∂

· ∂
∂t

k
r

k
r k

. (5.122)
⎡
⎣⎢

⎤
⎦⎥

Here, we assume that the frequency ω ω≡ tr k( , , ) is an implicit function of the
position r and wavevector k, as implied by the relation (5.120). This can also be
stated as

ω∂
∂

+ · ∂
∂

= − ∂
∂t r

k
r

, (5.123)g⎜ ⎟⎛
⎝

⎞
⎠v

where

ω= ∂
∂k

, (5.124)gv

is the group velocity. Identifying gv with the velocity of an optical ray, which can be
seen as the classical analogue of a photon, we are then able to state the ray equations,
as

ω ω= ∂
∂

= − ∂
∂

d
dt

d
dt

r
k

k
r

, . (5.125)

These are canonical equations of the ray, where the Hamiltonian is the frequency
ω ω≡ tr k( , , ), as determined by the medium dispersion. In general conditions, the
ray frequency will be able to vary along time, according to

ω ω= ∂
∂

d
dt t

. (5.126)

When ω depends explicitly on time, we have time symmetry breaking, and the ray
energy (or frequency) is not a constant of motion. The ray equations (5.125) can be
written in a different and alternative form, using the Poisson brackets, which are the
classical analogue of the quantum commutators. Given two different functions, u
and v, depending on r and k, we can define their Poisson bracket as

= ∂
∂

· ∂
∂

− ∂
∂

· ∂
∂

u
u u
r k k r

[ , ] . (5.127)v
v v
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This can easily be generalised to vector functions. In particular, we get

= = = =r r k k r k k r[ , ] [ , ] 0, [ , ] [ , ] 1. (5.128)

Using this, we can then rewrite the ray equations (5.125) as

ω ω= =d
dt

d
dt

r
r

k
k[ , ], [ , ]. (5.129)

Notice that the total time derivative of an function u tr k( , , ) is given by

= ∂
∂

+ ∂
∂

· + ∂
∂

·du
dt

u
t

u d
dt

u d
dtr

r
k

k
. (5.130)

Using equations (5.129), we readily get

ω= ∂
∂

+du
dt

u
t

u[ , ], (5.131)

equations (5.125) and (5.126) are, obviously, particular cases of this expression. Any
constant of motion, or invariant I r k( , ), associated with the ray trajectories, should
necessarily satisfy two conditions: (i) not depend explicitly on time t, and (ii) have its
Poisson bracket with the frequency ω equal to zero:

ω∂
∂

= =I
t

I0, [ , ] 0. (5.132)

A particularly important case of time-symmetry breaking (when ω∂ ∂ ≠t/ 0) occurs
in the presence of a perturbation moving through the optical medium with constant
velocity v. Notice that this moving perturbation does not necessarily imply motion
of the particles (atoms, molecules or charged particles), in the same way as motion of
a fire front in a forest coexists with immobile trees. In this case, we can use
ω ω= − tr k( , )v . Defining a canonical transformation from the initial variables
r k( , ) to a new pair of variables ′ ′r k( , ), such that

′ = − ′ =tr r k k, , (5.133)v

the new ray equations (5.125) are transformed into

ω ω′ = ∂ ′
∂

′ = − ∂ ′
∂ ′

d
dt

d
dt

r
k

k
r

, , (5.134)

where ω ω′ = ′ ′ ′ tr k( , , ) is the new Hamiltonian. This transformation can be
performed using a generation function, of the form

′ = − · ′F t tr k r k( , , ) ( ) , (5.135)v

from where we get

′ = ∂
∂ ′

= − = ∂
∂

= ′F
t

F
r

k
r k

r
k, . (5.136)v
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As for the new Hamiltonian, ω′, appearing in equations (5.134), it is determined by
the expression

ω ω ω′ = + ∂
∂

= ′ ′ − · ′F
t

r k k( , ) . (5.137)v

The canonical equations (5.129) are now replaced by

ω ω′ = ′ ′ ′ = ′ ′d
dt

d
dt

r
r

k
k[ , ], [ , ], (5.138)

and any dynamical function associated with the ray trajectories will evolve in time
according to

ω= ∂
∂

+ ′du
dt

u
t

u[ , ]. (5.139)

In the present case of a medium with perturbations moving with constant velocity v,
it is obvious that the new Hamiltonian is a constant of motion, ω= ′I1 , as can be
seen from equation (5.137). If we take the initial frequency and wavevector ω k( , )i i ,
defined at some instant in the past = → −∞t ti , before the ray trajectory crossed the
moving front, the final values ω k( , )f f associated with a much later time

= → +∞t tf will be such that

ω ω= − · = − · =I k k const. (5.140)i i f f1 v v

Using the relation (5.120), and defining the initial and final values of the refractive
index, as ni and nf, we get the relation

ω ω− · = − ·n
c

n

c
s s1 1 , (5.141)i

i
i f

f
f⎜ ⎟ ⎜ ⎟⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠v v

where = ∣ ∣s k k/ is the unit vector along the ray trajectory and sj, for =j i f( , ), are its
initial and final values. This leads to a final frequency defined as

ω ω
ω

= −
−

=
·

= ·b
b

b
n

c

k
s

(1 )
(1 )

, ( ). (5.142)f i
i

f
j

j

j

j
j

v
v

This is a generalisation of the famous double-Doppler shift associated with reflection
of light at a moving mirror. But here it is generalised in two different and important
ways. First, it is not associated with a pure front discontinuity, because the
perturbation was assumed large with respect to the local photon wavelength.
Second, the perturbation velocity ∣ ∣v , being defined as a kinematic quantity
independent on the actual motion of the particles of the medium, is not bounded
by the speed of light c and can eventually be super-luminal. This will have an impact
on the physics of quantum vacuum, as seen below. Notice that the final frequency is
independent on the shape and width of the moving front, and only depends on its
velocity.

The Quantum Nature of Light

5-26



A second invariant along the ray trajectories can be obtained by noting that ω′
only depends on the coordinates parallel to the front velocity v. Using equation
(5.133) and equation (5.137), we arrive at

ω= − ∂ ′
∂

= = =⊥

⊥
⊥

d
dt
k

r
I k0, const. (5.143)2

Defining the angle of incidence θ, such that

θ· = kvk cos , (5.144)v

we can write the two invariants in equations (5.140) and (5.143), as

ω θ θ= − =I
c

n I k1 cos , sin . (5.145)1 2
⎡
⎣⎢

⎤
⎦⎥

v

This allows us to write the generalised Snell’s laws [11], as

θ
ω
ω

θ=n nsin sin , (5.146)i i
f

i
f f

⎛
⎝⎜

⎞
⎠⎟

where

ω
ω

β θ
β θ

=
−
−

1 cos

1 cos
, (5.147)

f

i

i i

f f

where β = n c( / )j j v , for =j i f, . We conclude that, in general, both the frequency ω
and the angle θ change along the ray trajectories. This process is sometimes called
photon acceleration. The two above expressions can be combined to give

θ
β θ

θ
β θ−

=
−

n nsin
(1 cos )

sin

(1 cos )
. (5.148)

i i

i i

f f

f f

Notice that this expression reduces to the usual Snell’s law, when the initial and final
values of the refractive index coincide, =n ni f , independently of the value of v. We
then have an overall photon energy conservation, ω ω=i f . The same is true for v = 0
and ≠n ni f , and we have energy conservation at all points of the trajectory,
ω = const. In contrast, for an infinite velocity, ∣ ∣ → ∞v , we get

θ θ θ θ= =tan tan , (5.149)f i f i

and, at the same time, the frequency changes according to

ω ω= n
n

, (5.150)f i
i

f

as shown from equations (5.145). This is nothing but time refraction, which we have
already described in quantum terms in this chapter. A continuous transition can then
be established with the generalised Snell’s law of equations (5.145) or (5.148)
between the usual space refraction corresponding to ∣ ∣ = 0v , and time refraction,
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which corresponds to the opposite limit of ∣ ∣ → ∞v . As intermediate cases, we have
the moving fronts with a finite velocity. Such a symmetry between space and time is
illustrated in figure 5.8. The first part of the experimental chain is just the (now)
trivial spectral decomposition of white light using a prism, as first demonstrated by
Newton. This is a purely static process, which can extract monochromatic light from
the white continuum. The inverse process is a temporal arrangement which is
capable of regenerating the entire spectrum of white light from a single optical
component. This was demonstrated by Alfano and Shapiro in 1970 [34], who were
able to generate a supercontinuum laser source starting from nearly monochromatic
laser pulses, propagating in nonlinear optical media.

5.8.2 Super-luminal

We have seen that, in what concerns the angles of propagation and the frequencies,
the actual shape of the moving front is secondary, as long as the ray (or the photons)
have time to cross that front completely. It is therefore useful to consider just a
generic sharp front, with a small width. It could be argued, based on the geometric
optics approximations stated in equations (5.119) that the above generalised Snell’s
law is not valid in the infinitely sharp boundary. However, it can be shown, using a
full wave description, that these laws stay valid in general conditions. The reason is
that they are a consequence of energy and momentum conservation laws.

Let us then consider a sharp optical boundary, moving with velocity v along the
Ox-direction (see figure 5.9), and abruptly changing the refractive index from n0 to
n1, as described by

δ τ= + −n x t n n h t x( , ) [( / )/ ], (5.151)1 v

Figure 5.8. Symmetry between space and time: decomposition of white light (a) in a static optical device (b)
(Newton’s prism) creates a rainbow (c); another static device (pinhole) selects a nearly monochromatic
component (d); finally, a temporal optical device (e) recreates the entire white light spectrum (f). This
imaginary experiment illustrates the symmetry between refraction (prism) and time refraction (time-varying
medium).
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where δ = −n n n2 1. Here, h is a continuous function in the range [0, 1], tending
eventually to a Heaviside function. It should be noticed that the velocity v describes
a delay in the change of refractive index between different points of space and does
not necessarily refer to the actual velocity of the particles in the medium, as noted
before. This is valid for ionisation fronts as well as for other dielectric perturbations
of the medium. The particles can be at rest in the laboratory frame for arbitrarily
large values of ∣ ∣v . If this quantity is smaller than c, then we can make a Lorentz
transformation to the front frame, and reduce the problem to purely static
refraction. In the moving frame, there will be no frequency shift but, in the
laboratory frame the frequency will be shifted due to the double Lorentz trans-
formation to and from the moving frame. It is therefore not surprising that equation
(5.142) resembles a double-Doppler shift.

But, if the front velocity ∣ ∣v becomes larger than c, we can use a similar but
qualitatively different Lorentz transformation from the laboratory frame S into a
new frame ′S , with relative velocity, = − <∞u c c/2 v . This means that we can move
into a frame with infinite velocity ′v , still using a proper Lorentz transformation.
From the velocity transformation law, we get

′ = +
+

→ ∞→ ∞Lim
u

uv c1 ( )/
. (5.152)u u( ) 2

v
v

In this new frame, the optical properties of the medium will be uniform in space, but
there is a sharp temporal change. The moving boundary became purely temporal,
and our previous time refraction model can be applied. This is important because, in
the new frame ′S , the super-luminal boundary is perceived as a simple temporal
change with spatial uniformity.

Figure 5.9. Space-time refraction at a moving front. For larger values of the front velocity ∣ ∣v , the reflected
signal, for >t 0, can be on medium n1.
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The temporal boundary can then be perceived as a four port device [9, 10],
coupling two initial electromagnetic field modes, as ′ ′ik xexp( )i and ′ ′ik xexp( )a , for
′ <t 0, with two final modes ′ ′ik xexp( )t and ′ ′ik xexp( )r , existing for ′ >t 0. In the
moving frame, the wavenumbers of the two pairs of modes are symmetrical,

′ = − ′k ka i , and ′ = − ′k kr t , as a result of momentum conservation. But the same is
not true in the laboratory frame S, where an asymmetry is introduced by different
Doppler shifts, leading to

β
β

β
β

= −
−

= − −
−

k x t k
s n

s n x t
k x t k

s n
s n x t

( , )
1 /

1 / ( , )
, ( , )

1 /
1 / ( , )

, (5.153)t i
i

t
r i

i

r

0 0

where β = = −∞ c c u/ /v , and the signs are = ∣ ∣s k k/i i i , = ∣ ∣s k k/t t t and = ∣ ∣s k k/r r r . This
means that, if in the frame ′S the change of the refractive index occurs simulta-
neously at all points of space, in the frame S there is a delay between different points
of space, which then introduces a delay in the change of the wavenumber, as
expressed by the space and time dependence of the transmitted and reflected
wavenumbers, kt and kr.

Moreover, in the ′S frame the refractive index has a different value, as a result of
relativistic phase invariance [11], and it will be given by

β
β

′ = −
−

n
n

s n1
. (5.154)

Finally, we can write the squeezing parameter associated with this time refraction
process as α′ ′ = −r t r t x u( ) ( / ). The number of photon pairs emitted from vacuum
will then be determined by α< − > = −N t x u r t x u( / ) sinh [ ( / )]k

2 . Notice that, for
β →s n 1, the change in the refractive index ′n can, in principle, be arbitrarily large
and, as a result, the number of emitted photons. These resonant conditions, which
define a kind of Cherenkov cone, are specially interesting for experimental purposes.
Since the number of photons is a relativistic invariant, the same occurs in any
reference frame, including the laboratory frame S.

It should also be added that time refraction is a powerful method to generate
entangled photon states [36]. The canonical entanglement entropy for photon pairs
generated from an initial vacuum is given by

= + < > + < > − < > < >N N N N[1 ]ln[1 ] ln . (5.155)S

This expression shows that we have maximal entangled states near the resonances
associated with these Cherenkov cones. The quantity S is the Shannon entropy
associated with the increase of N photon pairs. For a thermal state, which is relevant
to possible experiments, this entanglement measure cannot be applied, but a robust
entanglement near the resonance cones seems to exist.

5.8.3 Vacuum processes

The different processes occurring in quantum vacuum can now be compared for a
moving optical boundary, in the following way. Going back to figure 5.8, we can see
that, when the velocity of the boundary is sub-luminal < cv , a Lorentz

The Quantum Nature of Light

5-30



transformation will reduce it to a boundary at rest, where the usual (space)
refraction takes place. In this case there is never any possibility of photon emission
from vacuum to take place, and the only remaining quantum process is Casimir
pressure, which results from an unbalanced zero-point fluctuation energy on the two
sides of the boundary. This is particularly clear from the Lifshitz approach.

The situation drastically changes when the boundary moves with super-luminal
velocity > cv . The existence of such boundaries is possible, even when the particles
of the background medium are at rest, as for instance in the case of ionisation fronts.
In this case it is still possible to find a proper Lorentz transformation that now
reduces the problem to pure time refraction. Now, photon pair production will
occur, as discussed above. Parametric instability of vacuum occurs for a modulated
time refraction process, when the frequency of modulation is twice as large as the
mode frequency. Given the optical similarity between a fixed cavity with a time
dependent medium, and a vacuum cavity with a vibrating mirror, this is equivalent
to having a time-crystal, or a dynamical Casimir effect, taken in the broad sense.

Finally, we should also mention Unruh radiation, which is associated with
accelerated particles, or the language of this section, with a Lorentz transformation
that is time dependent. This is also the case of accelerated but sub-luminal
boundaries, where the boundary scatters virtual photons from a thermal vacuum
and transforms it into radiation, making them become real photons. Comparison
between the Unruh radiation with time-crystals and with the dynamical Casimir
effect, which undeniably similar processes, seems to make sense [28]. The various
processes of quantum vacuum are summarised in figure 5.10.

Gravitation implies curvature of the space-time and, in optical terms, it is
equivalent of material optical medium, with a refractive index reflecting such
curvature. Optical analogues of gravitational phenomena can then be conceived,
but also quantum optical processes in curved spacetime present striking similarities

Figure 5.10. Quantum vacuum processes associated with an optical boundary, moving with velocity v in the
laboratory frame.
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with those of quantum optics. This is the case of the Hawking radiation by a black
hole horizon, and the closely related Unruh radiation by an accelerated particle. These
two processes are related by the equivalence principle, which states that gravitation is
equivalent to acceleration. See an illustration of gravitational effects next.

5.9 Curved space-time
We now briefly discuss photon propagation in curved space-time. Our aim here is to
show that time refraction can also take place in the gravitation context. This is
particularly relevant to possible emission of radiation by an expanding universe, with
particular emphasis on inflation, where expansion is assumed to take place at an
exceptionally high time rate. Speculative as these processes may be, they can eventually
be simulated by nonlinear and quantum optical models in the laboratory [37, 38].

Electromagnetic field quantisation in a gravitational field can be found in books
[39, 40], and in a number of review papers, such as [41–44]. The evolution of the
wave amplitude radiation in a curved space-time, A, can be described by a Klein–
Gordon equation of the form (see appendix D for details)

ξ□ + + =( )k R A 0, (5.156)p
2

where = ν
νR R is the Ricci scalar, and ξ is the minimal coupling constant. We

consider a special class of motion, corresponding to a spatially homogeneous and
uniformly expanding universe. This is described by the FWK metric (from
Friedman–Robertson–Walker), as defined by the interval

= = −μν
μ νds g dx dx dt a t dr( ) , (5.157)2 2 2 2

where = + +dr dx dy dz2 2 2 2. The universe scale function, a t( ), scales the flat metric
space dr2 along the expansion process. It is useful to introduce the conformal time, τ, as

∫τ =t
dt

a t
( )

( )
, (5.158)

t

t

0

where t0 is an arbitrary time. We obviously have τ=dt a t d( ) . Expressing the scale
function in terms of this new temporal variable, we get the interval

τ τ= −ds a d dr( )[ ]. (5.159)2 2 2 2

This is a flat space-time metric multiplied by a time-dependent scale, such that

η η= =αβ αβ
αβg a t

a t
( )

1
( )

, (5.160)2
2

where η = − − −αβ diag. [1, 1, 1, 1] is the Minkowski metric. Equation (5.159) defines

the conformally flat metric. It is useful to note that = = −g a g a, ii00
2 2 and

− =g a4. Let us return to the Klein–Gordon equation (5.156), and rewrite it as

ξ□ + = = +m A m k R( ) 0, . (5.161)p
2 2 2
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It is useful to introduce the scaled field function χ τ= a A( ) . Noting that
χ− =g m A m a2 2 3 , and writing the d’Alembert operator for this metric as

□ = ∂ + ̇ ∂ − ∂a
a a

3
1

, (5.162)t t r
2

2
2⎜ ⎟⎛

⎝
⎞
⎠

where ̇ =a da dt/ , and ∂ = ∑ ∂i xr
2 2

i, we get

χ χ∂ − ∂ + − ̈ =τ m a
a
a

( ) 0, (5.163)r
2 2 2 2⎜ ⎟⎛

⎝
⎞
⎠

with ̈ =a d a dt/2 2. At this point, it is useful to expand χ in a Fourier integral, as

∫χ τ χ τ
π

= ·i
d

r k r
k

( , ) ( )exp ( )
(2 )

. (5.164)k 3

For each Fourier component, we get from equation (5.163), the oscillator equation

τ
χ ω τ χ+ =d

d
( ) 0, (5.165)k k

2

2
2

with the time dependent frequency

ω τ = + − ̈
k m a

a
a

( ) . (5.166)2 2 2 2

Using equation (5.161) and using the curvature = ̈R a a6( / )3 , we get

ω τ ξ= + − − ̈
k k a

a
a

( ) (1 6 ) . (5.167)p
2 2 2 2

Notice that, for conformal coupling, corresponding to ξ = 1/6, and neglecting mass
effects, =k 0p

2 , this is reduced to the harmonic oscillator with constant frequency,
ω = ∣ ∣k . Let us first assume the case where the scale function is constant, =a a0. The
harmonic oscillator associated with each bosonic mode k can be quantised, in the
usual way. This leads to the field operator

∫χ τ τ τ
π

ˆ = ˆ + ˆ* †u a u a
d

r r r
k

( , ) [ ( , ) ( , ) ]
(2 )

, (5.168)k k k k 3

where = ·u u ir k r( ) exp( )k k , and the mode operators âk and ˆ †ak satisfy the bosonic
commutation relations

δˆ ˆ = − ′ ˆ ˆ = ˆ ˆ =′
†

′
†

′
†a a a a a ak k[ , ] ( ), [ , ] 0, [ , ] 0. (5.169)k k k k k k

This is compatible with the requirement that

χ τ χ τ δ′ = −ir r r r[ ( , ), ( , )] ( ), (5.170)1 2 1 2

which is satisfied under the normalisation condition for the Wronskian

≡ ′ − =* * ′*W u u u u u u i( , ) 2 . (5.171)k k k k k k
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Under such conditions, we can define the vacuum state 0 , using ˆ =a 0 0k for any
value of k, and a Fock state with n quanta (photons, or generally, bosons) using

=
!

ˆ †n
n

a
1

( ) 0 . (5.172)n
k

Let us now assume that, at some instant t = 0, the gravitational field suffers a sudden
change (a time-refraction event) determined by the scale function

τ τ= + −a a a a H( ) ( ) ( ), (5.173)0 1 0

where τH ( ) is the Heaviside function. In this case, for τ > 0, equation (5.168) should
be replaced by a new expression

∫χ τ τ τ
π

ˆ = ˆ + ˆ*
†

b b
d

r r r
k

( , ) ( , ) ( , )
(2 )

. (5.174)k k k k 3

⎡⎣ ⎤⎦v v

Equating the terms containing the same Fourier exponent ·ik rexp( ), in equations
(5.168) and (5.174), we get

ˆ + ˆ = ˆ + ˆ*
−
†

*
−
†b b u a u a[ ]. (5.175)k k k k k k k k

⎡⎣ ⎤⎦v v

Using a linear combination

α β= + *u (5.176)k k k k kv v

such that α β∣ ∣ − ∣ ∣ = 1k k
2 2 , we get theBogoliubov transformationsbetween operators, as

α β α βˆ = ˆ + ˆ ˆ = ˆ + ˆ*
−
† †

* †
−
†b a a b a a, . (5.177)k k k k k k k k k k

The mean number of particles created by this temporal discontinuity is then equal to

τ βˆ ≡ ˆ = = ˆ ˆ = ∣ ∣+ †
N N b b0 ( 0 ) 0 0 0 . (5.178)k k k k k

2

Using the continuity of χ τˆ r( , ) and of its first derivative, we then get

α ω ω
ω ω

β ω ω
ω ω

= + = −1
2

,
1
2

, (5.179)k

k
k

k

0 1

0 1

0 1

0 1

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

where ω ω≡ = −t( 0 )k0 and ω ω≡ = +t( 0 )k1 are calculated using equation (5.166).
This leads to particle creation of bosons of mode k, as determined by

ω ω
ω ω

ˆ = −
N

1
4

( )
. (5.180)k

k

0 1
2

0 1

⎡
⎣⎢

⎤
⎦⎥

This discontinuous time-refraction process can be extended to the continuous
change of space-time curvature, along the lines followed in optical processes. This
approach is particularly important in the case if the de Sitter universe, where

=a t a Ht( ) exp( ), (5.181)0
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where the Hubble parameter is assumed constant. The tangent-hyperbolic model, of
the form

= +a t a Ht( )
1
2

[1 tanh( )], (5.182)0

which is a straightforward generalisation of the de Sitter model, could be useful for a
more accurate description of inflation. Let us consider the de Sitter vacuum in more
detail. We can see that the conformal time τ, defined by equation (5.158), becomes

∫τ = − ′ ′ = − −t Ht dt
H

Ht( ) exp( )
1

exp( ), (5.183)
t

and τ τ= −a a H( ) /( )0 . From here we can see that, when time t varies from minus to
plus infinity, the conformal time varies from −∞ to 0. On the other hand, when

→ −∞t (and τ → −∞), we have

τ τ
̇ = − ̈ = + →a

a
a
a

1
,

2
0, (5.184)

2

which means that, initially, this universe is asymptotically flat. Let us consider the
evolution of low frequency modes during inflation. The mode frequency, for =k 0p

2

and ξ = 0, becomes

ω τ = − ̈ = −k
a
a

k H a( ) 2 . (5.185)2 2 2 2 2

In terms of the proper frequency ω ω= a/prop , and proper wavenumber =k k a/prop ,
we have a constant frequency, given by

ω τ = −k H( ) 2 . (5.186)prop
2

prop
2 2

This shows a lower cutoff for the critical wavenumber defined by =k H2crit
2 2. Below

this cutoff, the modes are purely growing. These growing modes are such that
χ ∝ ak , so that the corresponding field operators Âk are static. This leads to zero-
point fluctuations, given by

ˆ ˆ = ∣ ∣ = ℏ†
−A A u

H
k V

0 0 , (5.187)k k k
2

2

2

where =V Vaprop
3 is the proper volume. We conclude that, for a given proper

volume, the fluctuations will increase exponentially in time. If the boson modes are
gravitons instead of photons, this could explain the formation of large macroscopic
structures (galaxies?), originating from microscopic quantum fluctuations.
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Part II

Quantum fluids of light



This second part covers old and new areas of physics. First, it describes the quantum
theory of lasers, which is already well covered in the existing literature. Second, it
considers less common topics, such as Bose–Einstein condensation of photons, and
discusses the subtle relations between laser and condensation. Another important
aspect of the quantum fluids of light is the formation of light vortices. This is related
to photon orbital angular momentum (POAM), which has been studied in quantum
and nonlinear optics in recent years. We consider POAM in vacuum, optical media
and plasmas. We also survey the concept of superradiance, which is a collective
process associated with the spontaneous emission of radiation. Finally, we discuss
the new topic of superfluid light.
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Chapter 6

Laser

The laser, acronym of light amplification of stimulated radiation, is one of the
greatest scientific inventions of the 20th century. It is one of the main examples,
although not usually recognised as such, of a collective state of light. Because of its
relevance, we discuss in some detail the principles of the laser, in particular, its semi-
classical and quantum models.

The laser is an oscillator, and also an amplifier, in the optical frequency range,
where the amplifying medium (a gas or a solid, with an inversion of population
between two quantum level) is connected to a feedback system. This allows the
electromagnetic signal to propagate repeatedly in the amplifying medium.

Shallow and Townes [1], and independently Prokhorov [2], in 1958, were able to
demonstrate that a Fabry–Perot cavity [3] could be used to provide the feedback
process. The first laser (the Rubi laser) was built and operated by Maiman in 1960
[4]. It was based on a Rubi crystal, optically pumped by a flash lamp. Many other
types of laser were developed since, using a variety of active materials, covering a
large spectral domain from the infrared, to the visible and XUV spectrum. Among
the most iconic examples, we should mention the helium–neon laser, the first laser
using a gas, built by Javan and collaborators in 1961 [5], the semiconductor laser,
first created by Robert Hall and collaborators in 1962 [6] and the CO2 laser, another
gas laser and the most powerful continuous laser, developed by Patel in 1964 [7]. A
detailed discussion of the laser principles and applications can be found in a number
of excellent books, for instance [8–11].

Here, we discuss three different laser models, of increasing complexity, and
establish a relation between them. They are: (i) the phenomenological model, (ii) the
semi-classical model, and (iii) the quantum model. The phenomenological model is
based on balance equations for the atomic populations, and steams directly from the
ideas of Planck and Einstein, the so-called old quantum theory. The semi-classical
model describes light with Maxwell’s classical theory, and atoms with quantum
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mechanics. Finally the quantum model describes both photons and atoms with
quantum fields. The quantum theory of lasers was developed by several researchers
in the 1960s [12–14].

6.1 Balance equations
6.1.1 Thermal radiation

Let us first consider the thermal energy spectrum. We have seen that, in a cubic box
with side L, the field components with wavevector k should satisfy the conditions

π=k n L2 /i i , where =i x y z( , , ) represent the Cartesian components and and ni are
integers. Each field mode inside the this volume is then characterised by a choice of
the values of n n n( , , )x y z . As a result, the number of modes Δ ⃗n k( ), defined in the

infinitesimal interval ⃗ ⃗ + ⃗k k dk( , ) satisfy the relation

π=d
L

dn dn dnk
2

. (6.1)x y z

3⎛
⎝⎜

⎞
⎠⎟

Noting that we have two independent polarisation states, we obviously get
Δ =n dn dn dnk( ) 2 x y z. We can write Δ =n n dk k( ) k , where nk is the density of modes.
We obtain

π π
= ⃗ =n d

L
dk V

d
k

k
2

2
2

(2 )
, (6.2)k

3

3
⎜ ⎟⎛
⎝

⎞
⎠

where =V L3 is the volume. Performing an integration over the solid angle
∫ πΩ =d 4 , we can then establish the number of modes in the interval between

+k k dk( , ), as

π
=n dk V

k
dk, (6.3)k

2

2

where nk is the number of modes per unit wavenumber. The corresponding number
of modes per unit frequency, is

ω ω
π

ω=ωn d V
c

d , (6.4)
2

2 3

where ω = kc was assumed. We can extend the volume of the box V to infinity, and
convert the sum over discrete modes into an integration over k, or ω, using the
conversion

∫ ∫∑
π π

ω ω→ =V
k dk

V
c

d . (6.5)
k

2
2

2 2
2

As we have seen before, each field mode has energy ω= ℏ +E n( 1/2)n . If these
modes are in thermal equilibrium with a surrounding medium at a temperature T,
the probability for a given mode to have a given number of photons n is determined
by the Boltzmann distribution
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ω = −P
Z

E T( )
1

exp( / ), (6.6)n n

where we have written the temperature in energy units. Here, Z is the partition
function, defined by the normalisation condition ∑ =P 1n n , as

∑= −
=

∞

Z E Texp( / ). (6.7)
n 0

n

When we replace this in equation (6.6), the zero point energy ωℏ /2 cancels out, and
we get

ω =
∑

= −
=

∞

−

−
− −P

e
e

e e( ) (1 ) , (6.8)
n 0

n

nx

nx
x nx

where we have used ω= ℏx T/ . The mean number of photons per field mode with
frequency ω, is then given by

∑ ∑= = −
=

∞

=

∞
− −n nP e ne(1 ) . (6.9)

n n0 0

n
x nx

This can also be written as

∑= − −
=

∞
− −n e

d
dx

e(1 ) . (6.10)
n 0

x nx

Using the geometric series summation, we get

∑ =
−

=
−=

∞
−

−

−

−
d
dx

e
d
dx e

e
e

1
1 (1 )

. (6.11)
n 0

nx
x

x

x 2

This then leads us to the so-called Planck function

=
−

=
−

−

−n
e

e e1
1

1
. (6.12)

x

x x

Let us now define the mean energy density in the frequency range ω ω ω+ d( , ), as

ω ω ω ω= ℏ ωW d n n d( ) . (6.13)T

Using equations (6.12) and (6.4), we finally obtain

ω ω
π ω

= ℏ
ℏ −

W
c T

( )
1

exp( / ) 1
. (6.14)T

3

2 3

This is the famous Planck formula for the energy density of electromagnetic
radiation, emitted by a body at temperature T.
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6.1.2 Einstein coefficients

We now assume that thermal equilibrium between radiation and matter is attained
by some elementary mechanisms of emission and absorption of radiation by atoms,
satisfying the resonant condition ωℏ = −E E2 1, where ω is the photon frequency
and E1 and E2 the internal energy states of the atoms, such that >E E2 1. Let us
consider the number of atoms per unit volume in these two energy states N1 and N2.
Following Einstein [15], we assume that three distinct processes of emission and
absorption take place. First, the absorption of photons by atoms, associated with a
transition from the lower to the upper energy level, as determined by

ω=dN
dt

B N W ( ). (6.15)2

abs
12 1

⎛
⎝⎜

⎞
⎠⎟

This is obviously proportional to the number of atoms in the lower level N1, and to
the intensity of radiation ωW ( ), with a constant of proportionality B12 to be defined.
In addition to the absorption process, there is emission of photons from atoms in the
upper level, with a subsequent decrease of population of this level, as described by

ω= − −dN
dt

A N B N W ( ). (6.16)2

em
21 2 21 2

⎛
⎝⎜

⎞
⎠⎟

The two terms here describe two different processes. The first one describes
spontaneous emission, and the second is related to stimulated emission. This second
term is the exact reverse of the absorption mechanism, and can be described by
classical physics. In contrast, the first term has no classical analogue and was
introduced to match the Planck formula. Two other coefficients, A21 and B21 for
spontaneous and stimulated emission, are introduced (see figure 6.1 for an
illustration). The total rate of change of the atomic population in the upper energy
level, is then given by a balance equation, of the form

Figure 6.1. Einstein coefficients: absorption, induced emission and spontaneous emission of radiation by an
atom with two quantum levels.
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ω ω= − + +dN
dt

A B W N B N W[ ( )] ( ). (6.17)2
21 21 2 12 1

Noting that the total number of atoms = +N N N1 2 remains constant, we can also
write

= −dN
dt

dN
dt

. (6.18)2 1

Thermal equilibrium will correspond to the stationary condition, =d dt/ 0, such that

ω ω+ =A B W N B N W[ ( )] ( ). (6.19)21 21 2 12 1

This leads to the thermal energy distribution

ω =
−

W
A

N N B B
( )

( / )
. (6.20)T

21

1 2 12 21

Using the Boltzmann formula for the atomic populations, and neglecting degener-
acy of the energy levels, we can assume that

ω= ℏN
N T

exp , (6.21)1

2

⎜ ⎟⎛
⎝

⎞
⎠

which then leads to

ω
ω

=
ℏ −

W
A
B T B B

( )
1

exp( / ) ( / )
. (6.22)T

21

12 21 12

This expression reduces to Planck’s law (6.14) if the emission and absorption
coefficients are taken equal to

ω
π

= ℏ =A
B c

B
B

, 1. (6.23)21

12

3

2 3
21

12

Such a result is only completely explained by the quantum theory radiation. We can
now establish a balance equation for the total number of photons n exchanged with
the atoms, through these three Einstein processes. The result is

ω= − +d
dt

n N N BW AN( ) ( ) , (6.24)2 1 2

where we have used =A A21 and = =B B B12 21. We can see that

= = −d
dt

n
dN
dt

dN
dt

. (6.25)1 2

Assuming a small frequency domain ωΔ around the atomic transition, it is possible
to derive the number of photons per field mode, ωn( ), such that ω ω ω ωΔ = ℏW n( ) ( ).
Replacing this in equation (6.24), we obtain the photon rate equation, as

ω ω= − +d
dt

n N N w n AN( ) ( ) ( ) , (6.26)2 1 2
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where we have defined a new quantity, w, as

π
ω ω

=
Δ

w
c A

V
, (6.27)

2 3

2

and where A1/ , is the spontaneous lifetime. The photon rate equation (6.26) can be
used to build a phenomenological laser model, as shown later in this chapter. We
should notice, in particular, that the number of photons at a given field mode can
increase with time if >N N2 1, or in other words, if there is an inversion of
population. Optical methods leading to an inversion of population are discussed
next.

6.1.3 Optical pumping

It was Kastler who first suggested in 1950 [16] (see the review [17]), the idea of
modifying the population of the atomic energy levels using optical beams. This is the
so-called optical pumping. This idea was explored 1955 by Basov and Prokhorov for
microwaves, and became later the main method to perform laser pumping. To
understand this process, we consider the interaction of intense electromagnetic
radiation at the frequency ω, with a gas of atoms with two energy levels, such that

ω ω− = ℏ ≃ ℏE E2 1 21 , and calculate the changes in populationsN1 andN2 due to the
presence of radiation. Our starting point is the balance equation (6.17), written as

ω= − + −dN
dt

AN B N N W( ) ( ), (6.28)2
2 1 2

where we have used = =B B B12 21 , corresponding to equal degeneracy, =g g1 2.
Noting that the total number of atoms is conserved, = +N N N1 2, this is equal to

ω ω= − +dN
dt

BNW A BW N( ) [ 2 ( )] . (6.29)2
2

This can be easily integrated, if we assume that the spectral energy density remains
constant. This assumption is only valid if the fraction of energy absorbed by the
atoms is negligible with respect to the total electromagnetic energy. As a plausible
initial condition, we assume that the upper level is initially empty, =N (0) 02 . This is
valid for a gas in equilibrium at a temperature T, such that ωℏ ≫ T21 . Integration
then gives

ω
ω

ω=
+

− − +N t
BNW

A BW
A BW t( )

( )
2 ( )

{1 exp[ ( 2 ( )) ]}. (6.30)2

This shows that, for short times, the population of the upper level grows linearly
with time, as ω≃N t BNW t( ) ( )2 , whereas for very long times, such that

ω≫ + −t A BW[ 2 ( )] 1, it tends to a constant

ω
ω

∞ =
+

N
BNW

A BW
( )

( )
2 ( )

. (6.31)2
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This asymptotic value depends on the radiation intensity. For large intensities such
that ω ≫W A B( ) /2 , we get ∞ ≃N N( ) /22 . It means that, for intense radiation, the
maximum value for the upper level population is equal to half of the total number of
atoms = =N N N /22 1 . Therefore, it is not possible by this process to attain an
inversion of population such that >N N2 1. The evolution of N2 is represented in
figure 6.2. It should also be noticed that saturation of the radiative transition,
corresponding to =N N2 1, is more difficult to achieve in the optical domain than in
microwaves, because the Einstein coefficient of spontaneous emission, A increases
with the frequency. This results in a faster decay of the upper level, due to
spontaneous emission (fluorescence). This is obvious from equation (6.31), which
for ω≫A BW2 ( ), leads to ω∞ ≃ ≪N N BW A N( ) [ ( )/ ]2 .

Let us now consider the optical pumping with a three-level atom system, as
proposed by Basov and Prokhorov. This will lead to an inversion of population, as
shown next. We call ∣ >1 the lowest energy level, and ∣ >2 and ∣ >3 the two excited
states. The electromagnetic pump with energy density ωW ( )p is assumed nearly
resonant with the radiative transition between the lowest and the highest states, such
that ω ω− = ℏ ≃ ℏE E3 1 31 . Given that saturation is very difficult to achieve in the
optical domain, we assume that ≪N N3 , where = + +N N N N1 2 3 is the total
number of atoms (per unit volume). On the other end, the atoms on level ∣ >3 are
allowed to decay radiatively into the intermediate level ∣ >2 , assuming dipolar electric
transitions, and emit photons with frequency ω = − ℏE E( )/32 3 2 . This is illustrated in
figure 6.3.

We can show that, in such conditions, inversion of population between the
two excited states, ∣ >2 and ∣ >3 , is eventually attained with appropriate
Einstein coefficients. We start with the balance equations for the three atomic
populations, as

Figure 6.2. Temporal evolution of the upper level population, N t( )2 , for a two-level atom pumped by resonant
radiation with energy density ωW ( ). The value of ω =A BW/2 ( ) 0.1 was used.

The Quantum Nature of Light

6-7



= + − −

= − + + −

= − + + − − −

dN
dt

A N A N B W N N

dN
dt

A N A N B W N N

dN
dt

A A N B W N N B W N N

( ),

( ),

( ) ( ) ( ).

(6.32)

p

p

1
21 2 31 3 31 1 3

2
21 2 32 3 32 3 2

3
31 32 3 31 1 3 22 3 2

Given the conservation of the total number of atoms, N, these equations verify the
condition

+ + =dN
dt

dN
dt

dN
dt

0. (6.33)1 2 3

We now look for stationary solutions of the system (6.32). The first two equations
give

+ = −
− = −

A N A N B W N N

A N A N B W N N

( ),

( ).
(6.34)p21 2 31 3 31 1 2

21 2 32 3 32 3 2

For convenience, we introduce the parameter r, such that

= −r
N

B W N N
1

( ), (6.35)p31 1 3

and represents the fraction of atoms transferred by optical pumping onto the upper
level ∣ >3 . Equations (6.34) can then be rewritten as

+ =
+ = +

A N A N Nr
A B W N A B W N

,
( ) ( ) .

(6.36)21 2 31 3

21 32 2 32 32 3

Figure 6.3. Schematic representation of optical pumping of a three-level atom.
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These equations can easily be solved for N2 and N3, leading to

= +
+ + +

N
Nr A B W

A A A B W A A
( )

( ) ( )
, (6.37)2

32 32

21 31 32 32 21 31

and

= +
+ + +

N
Nr A B W

A A A B W A A
( )

( ) ( )
. (6.38)3

21 32

21 31 32 32 21 31

These expressions show that inversion of population >N N3 2 can be attained if
>A A21 32. Or equivalently, if the atoms in the intermediate state ∣ >2 decay more

rapidly into the lower level ∣ >1 than the atoms in the upper level ∣ >3 decay into this
level intermediate level ∣ >2 . When this inequality is satisfied it is possible, at least in
principle, to amplify radiation at the frequency ω = − ℏE E( )/32 3 2 , with an increase
of energy density ωW ( ), for ω ω= 32. But equations (6.37)–(6.38) also show that,
increasing the value of ωW ( ) the difference −N N( )3 2 will decrease and eventually
saturate.

Based on this three-level optical pumping, or other alternative mechanisms of
inversion of population, it is then possible to build an optical amplifier, a laser (light
amplification of stimulated emission of radiation). But, in order to obtain the laser
effect, we need to add a feedback process, which is provided by an optical cavity, as
described next.

6.2 Laser cavity
6.2.1 Cavity modes

The main components of a laser are represented in figure 6.4. They are, the active
medium containing the excited atoms with an inversion of population, the optical
cavity defining the electromagnetic mode and providing the radiation feedback, the

Figure 6.4. Main components of a laser: M1 and M2 the cavity mirrors, Am the active medium, P the pump
beam, and Lb the output laser beam. Also represented, an optical cavity with (a) parallel plane mirrors, and (b)
spherical mirrors.
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pump system which injects energy from outside and provides the inversion
mechanism, and the output optical beam. Here we consider the cavity modes.

Let us then consider an optical cavity defined by two plane parallel mirrors, and
separated by a distance L, as shown also in the figure. Assuming that the reflection
coefficient of the mirrors is nearly equal to 1, standing-wave modes can be excited.
These modes are such that an integer number q of half-wavelengths can fit the cavity
length L, or λ = L q2 /q , where λq is the wavelength of the standing-wave mode. The
frequency interval between two consecutive modes is then given by

ω π
λ λ

πΔ = − =
−

c c c
L

2
. (6.39)

q q 1

This frequency interval is therefore equal to the inverse of the time spent by light to
travel twice from one mirror to the other. For a cavity of 1 m this corresponds to a
frequency interval of MHz150 . The interval ωΔ is, in general, much shorter than the
natural bandwidth of the radiative transition where the inversion of population
takes place. This means that it is possible to excite simultaneously several cavity
modes, as discussed later.

Another important question is related with the cavity resonance width, ωΔ q,
which is inherent to each of the cavity modes λ π ω= c2 /q q. This can be defined in
terms of the quality factor of the cavity

ω
ω

=
Δ

Q . (6.40)q
q

q

This quantity is determined by the ratio between the energy contained in the cavity
and the power losses of electromagnetic radiation. These losses result mainly from:
(i) reflection losses due to the imperfection of the mirrors; (ii) diffraction losses at the
mirrors borders, leading to energy leaking to the outside. It should also be noted
that, in a laser, the reflection losses can never be reduced to zero, because one of the
cavity mirrors has to be partially transparent, in order to allow for the laser beam
formation. On the other hand, the diffraction losses depend strongly on the mirror
configuration, and can be reduced if, instead of plane mirrors, we use a confocal
cavity configuration, made of two spherical mirrors of equal curvature radius R,
located at a distance L = R from each other. In this case the focal points of the two
mirrors coincide.

Finally, in order to avoid mode competition inside the laser cavity, we need to
reduce the number of modes to a minimum. The ideal case of single mode operation
is attained when ω ωΔ ∼ Δq trans, where ωΔ trans determines the natural width of the
atomic transition. This implies a laser cavity length L of the order of π ωΔc/ trans.

6.2.2 Mode losses

Apart from the already noted losses due to imperfect reflectivity and to diffraction at
the mirrors, we also have dissipative losses due to absorption or scattering in the
optical medium. The existence of all these lossy mechanisms can be associated with a
finite quality factor Q and, ultimately, the finite lifetime of trapped photons. This
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will lead to a finite coherence time for the quantum field states, as shown here.
Losses can be described using the concept of cavity quasi-mode, which was first
developed in the frame of laser cavities by Fox and Li in 1961 [18], and then
extended and applied by others [19–21].

We assume a static dielectric medium in a one-dimensional optical cavity, which
is defined by two parallel mirrors, placed at positions z = 0 and z = L. The transverse
mode structure is marginal to our discussion, and is ignored. But it can be easily
accommodated in the formalism, if necessary. The electric field of a cavity mode ν
can be described as

E E ω= − +ν ν νz t k z i t c c( , ) sin( )exp( ) . ., (6.41)

with mode wavenumbers and frequencies

π ν ω
ϵ ω

= =ν ν
ν

ν
k

L
k c

2 ,
( )

, (6.42)

where ν is an integer, and ϵ ω( ) is the dielectric function of the medium. In a quantum
description, this is replaced by the field operator

E Eˆ = ˆ +ν νz t t ik z h c( , ) [ ( )exp( ) . .] (6.43)

with

Ê = ˆ − ˆν ν ν ν−
†t iC a t a t( ) [ ( ) ( )] (6.44)

with the normalisation factor ω ϵ ω= ℏν ν νC /2 ( ) . We should notice that this cavity
mode results from the superposition of two counter-propagating photon states, as
described in equation (6.43). The corresponding destruction and creation operators
can be defined as

ω ωˆ = ˆ − ˆ = ˆν ν ν ν ν ν−
†

−
†

a t A i t a A i t( ) exp( ), exp( ) (6.45)

These modes are, by definition, monochromatic. But, in a lossy cavity, with quality
factor Qν, the modes acquire a finite spectral width, γ ω=ν ν νQ/ . We can still use a
similar field description, but the modes are no longer pure field modes, and have to
be replaced by the concept of cavity quasi-modes. The operators ˆνa t( ) and ˆ ν−

†a t( )
become effective mode operators, which are now called quasi-mode operators. They
are defined by a superposition of internal field modes, with nearly equal frequencies
ω ω∼ ν, as

∫ ∫ξ ξ ξ
π

ξ ξ ξ
π

ˆ = ˜ ˆ = ˜ν ν ν ν ν ν−
† *

−
†a t g a t

d
a t g a t

d
( ) ( ) ( , )

2
, ( ) ( ) ( , )

2
, (6.46)

where ξ ω ω= − ν( ) can be seen as an internal variable, and ξνg ( ) defines the
spectral shape function to be defined. It is obvious from here that the effective
mode operators ˆνa t( ) and ˆν

†a t( ) can be considered as external or macroscopic
operators, whereas the field modes ξ˜νa t( , ) and ξ˜ ν−

†a t( , ) are the internal or
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microscopic ones. These internal operators can similarly be decomposed in
amplitude and phase as

ϕ ϕ˜ = ˜ − ˜ = ˜ν ν ν ν−
†

−
†

a A i t a A i texp[ ( )], exp[ ( )], (6.47)

where the phase varies in time according to ϕ ω ω ξ= ≡ +νt t t( ) ( ) . Comparing this
with equation (6.45), we conclude that

∫ ∫ξ ξ ξ ξ
π

ξ ξ ξ ξ
π

ˆ = ˜ − ˆ = ˜ν ν ν ν ν ν−
† *

−
†

A g A i t
d

A g A i t
d

( ) ( )exp( )
2

, ( ) ( )exp( )
2

. (6.48)

For each internal mode ξ we define a photon number operator, in the usual way, as

ξ ξ ξ ξ ξ˜ = ˜ ˜ = ˜ ˜ν ν ν ν
† †

N a t a t A A( ) ( , ) ( , ) ( ) ( ). (6.49)

We can then define a photon number operator for the effective cavity mode ν, as

∫ ∫ξ
π

ξ
π

ξ ξ ξ ξ= ′ ′ ˜ ˜ ′ν ν ν ν* †
N t

d d
g g A A( )

2 2
( ) ( ) ( ) ( ). (6.50)m

At this point it should be noted that the spectral shape function ξνg ( ) can be chosen
in such a way as to satisfy the normalisation condition

∫ ξ ξ
π

∣ ∣ =νg
d

( )
2

1. (6.51)2

This particular choice will enable the effective mode operators to obey the
commutation relation δ=ν ν ν ν′

†
′a a[ , ] , , given the usual commutation relations valid

for the internal field mode operators

ξ ξ δ δ ξ ξ˜ ˜ ′ = − ′ν ν ν ν′
†

′a a[ ( ), ( )] ( ). (6.52),

Until now, we have assumed the shape function ξνg ( ) as an arbitrary complex
function, obeying the normalisation condition (6.51). A natural choice, which
describes a Lorentzian mode profile, with half-width γν, is given by

ξ
γ

ξ γ
=

+ν
ν

ν

g ( )
2

( )
. (6.53)

2 2 1/2

It is obvious that the particular case ξ πδ ξ∣ ∣ =νg ( ) 2 ( )2 would lead to ˆ = ˜ν νA A and
ˆ = ˜

ν ν−
†

−
†

A A , and corresponds to the ideal case of a perfect cavity, valid in the limit
γ →ν 0.

Before concluding this short discussion on cavity quasi-modes, let us consider the
field Hamiltonian H. Following the usual definition, we can obviously write it as

= ∑ν νH H , with

∫ ω ξ ξ ξ= ℏ + ˜ +ν ν νH N d( ) ( )
1
2

. (6.54)
⎡
⎣⎢

⎤
⎦⎥
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This allows us to derive the Heisenberg equations for the field operators, as

ξ ξ ω ξ ξ˜ =
ℏ

˜ = − + ˜ν ν ν ν ν
d
dt

a t
i

a t H i a t( , )
1

[ ( , ), ] ( ) ( , ) (6.55)

with a similar expression for ξ˜ ν−
†a t( , ). This could also be recovered directly from

equations (6.47).

6.3 Phenomenological laser model
Let us assume that inversion of population between two atomic levels is obtained by
some unspecified process, and let us study the photon rate equation for a given
cavity mode, coupled with the balance equations for the populations N1 and N2. We
return to the photon rate equation (6.26), but neglect the spontaneous emission term
AN2, which is assumed irrelevant. On the other hand, we add a damping term
describing the photon losses in the cavity. We then write

γ= − −d
dt

n N N w n n( ) , (6.56)c2 1

where γc is the cavity damping rate. The evolution equation for the upper level
population is

= − − −dN
dt

w N w N N N wn( ) . (6.57)2
21 1 12 2 2 1

Comparing this with equation (6.28), we see an additional term w N21 1, to account for
the inversion mechanism, which pumps the atoms from the lower to the upper level.
Furthermore, in the decay term, −w N12 2, we can include other possible de-excitation
mechanisms, apart from the neglected spontaneous emission, for instance, de-
excitation due to atomic collisions. A similar equation can be established for the
lower level population, of the form

= − + −dN
dt

w N w N N N wn( ) . (6.58)1
12 2 21 1 2 1

We can see from here that

+ =d
dt

N N( ) 0, (6.59)1 2

which is compatible with a two-level atom model, where the total number of atoms
= +N N N1 2 remains constant. Subtracting equations (6.57) and (6.58) we establish

the evolution equation for the population difference = −D N N2 1, as

= − − + −dD
dt

N w w D w w wDn( ) ( ) 2 . (6.60)21 12 21 12

Noting that w21 and w12 are transition rates and, consequently, are proportional to
the inverse of a transition time, we introduce a time constant τ, such that

τ =
+w w
1

( )
. (6.61)

21 12
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We also notice that, in the absence of laser radiation (n = 0), equation (6.60) predicts
an equilibrium for the population difference, =D D0, such that

τ= −
+

= −D
w w N
w w

w w N
( )
( )

( ) . (6.62)0
21 12

21 12
21 12

This new quantity is called the unsaturated inversion, for reasons to become apparent
below. Using the definitions of τ and D, we can rewrite equation (6.60) in the form

τ
= − −dD

dt
D D wDn

1
( ) 2 . (6.63)0

This equation is coupled to equation (6.56), rewritten in the form

γ= −d
dt

n Dw n n. (6.64)c

These are the two basic equations of our phenomenological laser model. In order to
understand this model, let us first consider the steady-state solutions. From equation
(6.63), we get steady-state inversion of population, = ¯D D, such that

τ
¯ =

+
D

D
wn1 2

. (6.65)0

This quantity differs from the unsaturated inversion D0, because of the saturation
term in the denominator, which is proportional to the photon mode number, and
therefore to the laser intensity. It is obvious that saturation leads to a decrease in the
steady-state value of D. On the other hand, we have two possible steady solutions of
equation (6.64). One is trivial, n = 0, and the other determined by

τ
γ¯ =

+
=Dw

D w
wn1 2

, (6.66)c
0

which gives =n n0, with

γ
τγ

=
−

n
D w

w

( )

2
. (6.67)c

c
0

0

We can see from this that a sufficiently high pumping rate is needed, >w w21 12, in
order to satisfy the physical condition >n 00 . This will imply that

γ
⩾ ≡D D

w
. (6.68)c

0 crit

Below this critical value Dcrit, no laser effect is possible. This threshold is however
misleading, because it assumes that ⩾n 00 , a condition that can only be fulfilled in
the absence of spontaneous emission, as shown later. Only using the quantum theory
can we establish a rigorous account of the laser threshold.

Let us now study the approximate time-dependent solutions for the above laser
equations. As a simplifying assumption, we assume that the inversion of population
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D evolves on a time scale much longer than the transition time τ. This allows us to
neglect the term ≃dD dt/ 0 in equation (6.63), which leads to the approximate
solution

τ
≃

+
D t

D
wn t

( )
1 2 ( )

. (6.69)0

Replacing this in equation (6.64), we obtain a closed equation for the photon
number n, given by

τ
γ=

+
−dn

dt
D wn

wn
n

1 2
. (6.70)c

0

Expanding the denominator, we then arrive at a simple nonlinear equation of the
form

= −dn
dt

an bn (6.71)2

with

γ τ= − =a D w b D w, 2 . (6.72)c0 0
2

This shows that, for >a 0, the photon number n t( ) initially grows exponentially, as
≃n t n at( ) (0)exp( ). But, at later times, the nonlinear term slows down the exponen-

tial growth, and eventually saturates the photon number at =n a b/0 . A more exact
solution of the nonlinear equation (6.70), describing such a saturation process, is
given by

=
+ −

n t
a n at

a b n at
( )

(0)exp( )
(0)[exp( ) 1]

. (6.73)

This solution is represented in figure 6.5, illustrating the saturation process.

Figure 6.5. Photon number evolution, as given by equation (6.73). The value of =bn a(0)/ 0.01 was used.
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6.4 Relaxation oscillations
Let us now assume small perturbations around the steady state. This can be
described using

η ϵ= ¯ + = +D D n n, , (6.74)0

where D̄ and n0 were determined above, and the perturbations are described by
η ≪ D̄ and ϵ ≪ n0. Replacing this in equations (6.64), we get

ϵ η ϵ γ ϵ= ¯ + + − +d
dt

w D n n( )( ) ( ). (6.75)c0 0

The constants D̄ and n0 define the steady state, =dn dt/ 0, and therefore
γ¯ − =Dw 0c . This equation can then be reduced to

ϵ η ϵ= +d
dt

w n( ). (6.76)0

We can now linearise this equation with respect to the perturbations, and reduce it
further to,

ϵ η=d
dt

wn . (6.77)0

We can apply a similar perturbation procedure to equation (6.63), which gives

η
τ

η η ϵ= − ¯ − − ¯ + +d
dt

D D w D n
1

( ) 2 ( )( ). (6.78)0 0

Noting that the equilibrium quantities satisfy the relation

τ
− ¯ = ¯D D wDn

1
( ) 2 , (6.79)0 0

and neglecting the nonlinear term, η ϵ, we can then write equation (6.78) as

η η
τ

ϵ= − ¯d
dt

wD2 . (6.80)

The linearised coupled equations (6.77) and (6.80) can easily be solved. Elimination
of ϵ leads to

η ω η γ η+ + =d
dt

d
dt

0, (6.81)
2

2 0
2

where we have defined

ω γ τ= ¯ =w n D2 , 1/ . (6.82)0 0

This is the equation of a damped oscillator, with solutions

η γ ω φ= − +t Aexp t t( ) ( /2) cos( ). (6.83)
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The constants of integration A and φ are the initial amplitude and phase, and the
oscillator frequency is defined by

ω ω γ= − /4 . (6.84)0
2 2

We conclude that, near steady state, D̄ and n0, the perturbed population difference
D t( ) oscillates around equilibrium = ¯D D with frequency ω, and returns to equili-
briumon a time scale of order τ γ= 1/ . Similarly, the laser intensity, represented by the
photon number n t( ), oscillates around n0 at the same frequency, as

ω
ω φ= + +n t n

w
t( ) 1 sin( ) . (6.85)0

⎡
⎣⎢

⎤
⎦⎥

These solutions show that, any small perturbation around equilibrium will oscillate
and vanish on a time scale of τ. Such oscillations can be observed in steady-state
laser operation. For instance, for a Ruby laser, we typically have π ω μ∼ s2 / 10 , and
τ ∼ ms1 . Other modes of laser operation are considered next.

6.5 Short laser pulses
6.5.1 Q-switching

One way to achieve short laser pulse operation is to rotate one of the mirrors of the
optical cavity. This is called a Q-switching process, because only for a very small
fraction of the rotation period will the cavity possess a large Q-factor. In other
words, the cavity losses will only be negligible for a very small fraction of time, when
the two cavity mirrors become parallel to each other. This means that the mirror
rotation is a practical way to switch off the time the quality factor ω γ=Q / c of the
laser cavity. Here, Q and γc become time-dependent quantities. There are many
different processes providing Q-switching.

Because stimulated emission is inhibited when the cavity mirrors are not aligned,
we expect a sudden burst of laser radiation only at the aligned position. Much higher
laser intensities emitted during a short period are obtained, as compared with
steady-state operation. In the present situation, the term in τ1/ in the above inversion
equation (6.63) can be neglected, because we are dealing with much faster time-
scales, and this equation reduces to

≃ −dD
dt

wDn2 . (6.86)

On the other hand, in the photon number equation, we replace the instantaneous
value of D t( ) by its initial value Di, leading to

γ≃ −dn
dt

D w n( ) , (6.87)i c

which has the approximate solution

α α γ≃ ≡ −n t n t D w( ) exp( ), ( ). (6.88)i i c
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Replacing this in equation (6.86), and integrating, we obtain

α
≃ + − αD t D

wn
e( ) 1

2
(1 ) . (6.89)i

i t
⎡
⎣⎢

⎤
⎦⎥

This approximate solution is only valid in the initial stage of the laser pulse, during
which the number of photons grows exponentially at a constant rate α, and the
inversion of population only suffers a small temporal decay. At later times, however,
this picture has to be changed. When αtexp( ) becomes significantly larger than 1,
equation (6.89) becomes

α
≃ − αD t D

wn
e( ) 1

2
. (6.90)i

i t
⎛
⎝⎜

⎞
⎠⎟

The inversionof populationdescribedby this newexpressionwill decrease to zero, ≃D 0,
on a time scale of =t t1, when the laser intensity attains its pick intensity, is given by

α= ≃αn n e
w2

. (6.91)i
t

max
1

In order to describe the evolution of the photon number n t( ) for later times >t t1,
we go back to equation (6.81), with ≃D 0. The resulting solution is

γ≃ − −n t n t t( ) exp[ ( )]. (6.92)cmax 1

According to this new expression, the photon number decays on a time scale
determined by the cavity losses γ1/ c. These approximate solutions describe a very
strong peak of high laser intensity, and are illustrated in figure 6.6(b).

6.5.2 Mode locking

Another method of short laser pulse operation is the so-called mode locking, where
the laser oscillates in a multi-mode regime. Record values of short pulse duration, of

Figure 6.6. Q-switching laser: (a) geometry of the cavity. A rotating mirror provides the change in its quality
factor. (b) Normalised inversion of population D D/ i and normalised photon number n n/ i , as functions of
normalised time αt, as described by equations (6.88) and (6.90).
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the order of a few femtosecond have been attained using this method. The output
electric field can written as

E E∑ ω ϕ= − +
ν=

ν ν νt i t( ) exp[ ( )], (6.93)
N

1

where we have N laser modes with amplitudes Eν, oscillating at the frequencies ων,
with relative phase shifts determined by ϕν. In the incoherent case, where the laser
modes are independent from each other and the phases ϕν as randomly distributed in
the interval π[0, 2 ], the total laser intensity is given by

E E∑= ∣ ∣ ≃ ∣ ∣
ν=

νI N , (6.94)
N

1

tot
2

0
2

where we assume that all the mode amplitudes are all similar, E E≃ν 0. However, the
active laser has nonlinear properties and, for large amplitudes, the modes can couple
to each other. In this case, the field phases tend to lock into the same value ϕ ϕ≃ν 0,
and the total field becomes

E E ∑ ω= −
ν=

ν
ϕ

νt e i t( ) exp( ). (6.95)
N

1

i 0

As we have seen, the mode separation frequency is determined by ω πΔ = c L/ , where
L is the cavity length. We can then write the mode frequencies as ω ω ν ω= − Δν 0 .
This leads to

E E ∑ πν=
ν=

−
ω ϕ− +t e i ct L( ) exp( / ). (6.96)

N

0

1
i t

0
( )0 0

Performing the geometric series summation, we get

E E α
α

= ω ϕ− +t e
N

( )
sin( /2)
sin( /2)

, (6.97)i t
0

( )0 0

where α π= ct L/ . The corresponding laser intensity is then

E α
α

= ∣ ∣I t
N

( )
sin ( /2)
sin ( /2)

. (6.98)0
2

2

2

This corresponds to a periodic laser pulse output with maximum intensity

E= =I N NI , (6.99)max 0
2 2

tot

and single pulse duration decrease with N1/ . This means that, for ≫N 1, short laser
pulses are periodically emitted with very large intensities and very short durations.
Typical values are individual pulse durations of the order of a few femtoseconds,
emitted with a periodicity of a few picoseconds [22].
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6.6 Amplified spontaneous emission
In the simple laser model used so far, we have neglected the influence of spontaneous
emission, assuming that it plays a negligible role in the lasing process. But it is
important to notice that, in an amplifying medium where >D 0, spontaneous
emission is always present and can also be amplified, disturbing sometimes the
output of the laser amplifier. In order to describe this process, we go back to
the photon balance equation, and include a spontaneous emission term. Neglecting
the photon cavity losses, this equation becomes

= +dn
dt

Dwn AN , (6.100)2

where N2 is the number population of the upper level in the amplifying medium.
This equation has to be modified to account for losses, noting that only a small
fraction of the spontaneously emitted photons will propagate inside the medium and
will be able to contribute to the amplification process. The largest part will escape
laterally from the laser cavity. It is therefore useful to rewrite the above equation as

π
= + Ωdn

dt
Dwn A N

4
, (6.101)2⎜ ⎟⎛

⎝
⎞
⎠

where Ω is the solid angle, out of the total solid angle π4 , corresponding to
propagation in the forward direction, and staying inside the cavity. This quantity
can be estimated as Ω = S L/ 2, where S is the transverse section of the amplifier, and
L its length. Assuming that =g Dw, and that N2 is independent of n, which is valid
for sufficiently low intensities, we can integrate equation (6.101), and get

π
= Ω −n t

A N
g

e( )
4

( 1), (6.102)gt2⎜ ⎟⎛
⎝

⎞
⎠

where we have assumed that =n(0) 0. For sufficiently long times, such that ≫gt 1,
the amplified spontaneous emission grows exponentially, as gtexp( ). If the lower
level population stays low during the amplification process, such that ≫N N2 1, we
can approximately write

ω ω
π

≡
−

≃ = ΔN
g

N
w N N w c A( )

1
. (6.103)2 2

2 1

2

2 3

We then get the approximate formula

ω ω
π

≃ Δ Ωn t
c

e( )
4

. (6.104)gt
2

3 3

Noting that λ π ω ωΔ = Δc2 / 2, we can rewrite this expression in terms of the
wavelength, as

ω λ
π

λ
λ

= Δ Ω = Δ Ωn t
c

e e( )
8

2 . (6.105)gt gt
4

4 4 4
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The corresponding the intensity ω= ℏI t cn t( ) ( ), will be

λ
λ= Δ ΩI t

hc
e( ) 2 . (6.106)gt

2

5

This gives a rough estimate of the intensity associated with amplified spontaneous
emission, expected at the output. We should notice that, although this amplified
light contributes also to the depopulation of the upper quantum level, it is random in
phase and in polarisation, and cannot add in a coherent way to the final output
beam. The temporal coherence of this amplified spontaneous emission is essentially
different from that of laser radiation.

6.7 Susceptibility
Let us now consider the behaviour of an electromagnetic wave propagating in a
material medium, with a large number of atoms. We have seen that the interaction
of photons with a single atom is determined by the transition probability from one
quantum state to another, with emission or absorption of a photon. From a
macroscopic point of view, light propagation is characterised by the refractive index

ωn( ), related with the wavenumber k, as ω ω= kc n/ ( ). In general, this quantity is
complex, ω = ′ + ″n n in( ) , where the imaginary part describes damping ( ″ <n 0), or
amplification ( ″ >n 0). On the other hand, the refractive index can be defined in
terms of the susceptibility χ ω( ), as ω χ ω= +n( ) 1 ( )2 . The susceptibility is defined by
the ratio between the electric field E and the resulting polarisation field P inside the
medium. Let us then consider an electric field of the form E E ω=t t( ) cos( )0 . In
isotropic media, the polarisation is determined by

Eϵ χ ω χ ω= + −ω ω−t e eP e( )
1
2

[ ( ) ( ) ], (6.107)i t i t
0 0

where e is the unit polarisation vector. In anisotropic media we would have to
replace the function χ ω( ) by a susceptibility tensor. Noting that the susceptibility is
also complex in general, χ ω χ χ= ′ + ″i( ) , we get

χ χ′ = − − ″ = ′ ″′ ″n n n n1, 2 . (6.108)2 2

The semi-classical theory can be used to calculate the real and imaginary parts of
both the susceptibility and the refractive index. We know that the polarisation of a
single atom is given by

P ψ ψ= − < >t e t z t( ) ( ) ( ) , (6.109)

where the direction of the incident electric field is assumed in the Oz direction,
=e ez. For a two-level atom, such that

ψ ψ ψ> = > + >− ℏ − ℏt C e C e( ) , (6.110)iE t iE t
1

/
1 2

/
2

1 2

with a transition frequency ω = − ℏE E( )/0 2 1 , very close to the field frequency ω, we
have
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ψ ψ= − + = < >*p t e C t C t z c c z z( ) [ ( ) ( ) . .], . (6.111)1 2 12 12 1 2

Solving for the coefficients C t( )1 and C t( )2 , as we did before, we arrive at

P ω
ω ω

ω=
− ℏ

∣ ∣t
e

z E t( )
2

( )
sin( ). (6.112)0

0
2 2

2

12
2

0

For a medium with N atoms per unit volume, the polarisation field will be given by

P∑= =
=

t p t N tP( ) ( ) ( ). (6.113)
j

N

1
j

The atoms are usually oriented in a random way with respect to the direction of the
electric field. This means that the axis Oz chosen to describe the atom can be at an
arbitrary angle θ with respect to the field E ez0 . We then need to replace, in the above
results, ∣ ∣z12

2 by θ∣ ∣z cos12
2 2 . Averaging over all the possible angles, we get

θ< > =cos 1/32 . The electric susceptibility of the medium can then be written as

χ ω
ϵ

ω
ω ω

=
ℏ −

∣ ∣e N
z( )

2
3 ( )

. (6.114)
2

0

0

0
2 2 12

2

Or, in a more compact form

χ ω ω
ω ω

=
−
f

( )
( )

, (6.115)p
2 12

0
2 2

where we have used

ω
ϵ

ω= =
ℏ

∣ ∣e N
m

f
m

z
3

, 2 . (6.116)p
2

2

0
12

0
12

2

The quantity ωp is called the plasma frequency of the medium, and f12 is the
oscillator strength of the atomic transition. If, instead of a two-level atomic model,
we consider the possible existence of several radiative transitions in the atom, with
transition frequencies given by ωij, sufficiently close to the field frequency ω, the
susceptibility of the medium becomes

∑χ ω ω
ω ω

=
−
f

( )
( )

, (6.117)
i j,

p
ij

ij

2
2 2

where fij are now the oscillator strength of the relevant transitions.

6.8 Semi-classical laser theory
We are now in conditions to discuss the semi-classical model of the laser. We start
from Maxwell’s equations, and write the electric field E in terms of the current
density J and the displacement vector D, as
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E μ∇ × ∇ × = − ∂
∂

⃗ + ∂ ⃗
∂t

J
D
t

( ) , (6.118)0

⎛
⎝⎜

⎞
⎠⎟

where Eϵ= +D P0 . We use Ohm’s law, Eσ=J , were σ is the conductivity of the
medium. And we consider the field inside an optical cavity, with the axis along Oz.
Assuming a transverse field, such that E∇ · = 0, and neglecting the perpendicular
field structure, such that E E=t z tr( , ) ( , ), this equation is reduced to

E Eμ σ μ∂
∂

− ∂
∂

− ∂
∂

= ∂
∂z c t t t

P1
. (6.119)

2

2 2

2

2 0 0

2

2

⎛
⎝⎜

⎞
⎠⎟

We then assume that the fields E and P are linearly polarised in the transverse plane,
and forget their vectorial character. We consider monochromatic wave solutions,
with frequency ω and wavenumber k, of the form

E E= +ω φ− +z t z t e c c( , )
1
2

( , ) . ., (6.120)i kz t i z t
0

( ) ( , )

where the amplitude E0 and phase φ z t( , ) are both slowly varying functions of space
and time. When the conductivity is negligible, σ ≃ 0, they are real. Similarly, the
polarisation P can be described by

= +ω φ− +P z t P z t e c c( , )
1
2

( , ) . . (6.121)i kz t i z t
0

( ) ( , )

The first order derivative of the electric field with respect to the space variable is

E
E

E Eφ∂
∂

= + ∂
∂

+ ∂
∂

+ω φ− +

z
ik i

z z
e c c

1
2

1
. ., (6.122)i kz t i z t

0

0
0

( ) ( , )
⎛
⎝⎜

⎞
⎠⎟

with a similar expression for the time derivative. On the other hand, for a slow
variation of amplitude and phase (the so-called envelope approximation), we can
write

E E Eω∂
∂

− ∂
∂

≃ + + =ω φ− +

z c t
i

k
c

e c c ik
1

2
. 2 , (6.123)i kz t i z t

0
( ) ( , )⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠

where ω = kc was used. Replacing this in the wave equation (6.119), we get

E Eμ σ μ ω∂
∂

+ ∂
∂

≃ ∂
∂

−ik
z c t t

P2
1

. (6.124)0 0
2

⎛
⎝⎜

⎞
⎠⎟

Using equation (6.122), a similar time derivative expression, and splitting the real
and imaginary parts, we get the evolution equations for the amplitude E0, and phase
φ, as

E
Rφ ω

ϵ
∂
∂

+ ∂
∂

= − −
z c t

k
c

k
P

1
2

( ), (6.125)
0 0

0⎜ ⎟
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠
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and

E E I
σ
ϵ ϵ

∂
∂

+ ∂
∂

= − −
z c t c

k
P

1
2 2

( ). (6.126)0
0

0
0

0
⎛
⎝⎜

⎞
⎠⎟

Inside the cavity, we need to assume discrete wavenumbers =k km, such that

π ω= =k m
L c

. (6.127)m
m

We then focus on the temporal evolution. The phase equation (6.125) gives

E
Rφ ω ω ω

ϵ
∂
∂

= − −
t

P( )
2

( ). (6.128)m
0 0

0

Similarly, for the field amplitude, we get

E E Iγ ω
ϵ

∂
∂

= − −
t

P
1
2 2

( ), (6.129)m0 0
0

0

where we have included the damping coefficient of the cavity mode m, such that

γ σ ω
ϵ

ω= =
Q

( )
, (6.130)m

m m

0

with the quality factor Q. In a perfect cavity, we would have → ∞Q and γ → 0m .
But, in this limit, the photons would not be able to escape, and no laser beam could
be produced outside. Equations (6.128) and (6.129) can be seen as the basic
equations of our quasi-classical laser model.

In order to proceed forward, we need to write the polarisation P, in terms of the
electric field, which depends on the atomic response. We have seen above that this
response depends on the atomic populations, and can described by

P Eω γ
ω γ

ρ ρ= −
ℏ

Δ +
Δ +

−P t
i

t( )
( )

( )
( ) ( ). (6.131)0

12
2

2 2 22 11 0

The density matrix elements, ρ11 and ρ22 are given by equations (6.93) and (6.94),
which can be generalised to account for a finite lifetime of the two atomic quantum
levels, γ1/ i, with =i 1, 2. Such a decay results from spontaneous emission, and
eventually includes collisional decay. We should also introduce finite excitation
rates, λi, which a due to some pumping mechanism. This leads to

ρ
λ γ ρ ρ ρ= − − −

d

dt
R( ), (6.132)22

2 2 22 22 11

and

ρ
λ γ ρ ρ ρ= − + −

d

dt
R( ), (6.133)11

1 1 11 22 11
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where the rate coefficient R is defined by

γ
ω γ

= ∣Ω ∣
Δ +

R
1
2 ( )

, (6.134)R
2

2 2

and γ γ γ= +1 2. This coefficient determines the rate at which the population differ-
ence varies in time, and depends on the radiation intensity. In steady state, we simply
have

ρ ρ
λ γ λ γ

γ γ γ
− =

−
+

≡
+R
N

R R
( )

( / / )

1 2 / 1 /
. (6.135)

s
22 11

2 2 1 1

1 2

inv

The quantity Ninv is the population difference in the absence of radiation. If this
population difference remains constant, which is certainly true in the steady-state
regime, we get, after replacing equation (6.135) in (6.131), the following phase and
amplitude equations

E
φ ω ω ω

γ ϵ ω
∂
∂

= − + Δ
+ ℏt

A
B A V

( )
2 [1 ( / )( /2 ) ]

, (6.136)m
0 0

2

and

E E E
E

γ
ϵ ω

∂
∂

= − +
+ ℏt

A
B A V

1
2 2[1 ( / )( /2 ) ]

, (6.137)m0 0
0

0 0
2

where V is the volume of the cavity, and the new quantities are

P γω
ϵ ω γ

= ∣ ∣
ℏ Δ +

A
N

( )
, (6.138)12

2

0

inv
2 2

and

P γ
γ γ

ω ϵ
ω γ

=
ℏ

ℏ
Δ +

B
A

V(2 / )
( )

. (6.139)12
2

2

2

1 2

0
2 2

At this point, it is useful to introduce the photon number ωn( ), defined as

E
ω ω

ω
ϵ

ω
≡

ℏ
=

ℏ
n

W
V V( )

( )
2

, (6.140)0 0
2

where ωW ( ) is the electromagnetic energy density. The laser equations become

φ ω ω ω
γ

∂
∂

= − + Δ
+t

A
Bn A

( )
2 (1 / )

, (6.141)m

and

γ∂
∂

= − +
+

n
t

n
An

Bn A2(1 / )
. (6.142)m
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These are the quasi-classical laser equations in their final form. Let us study the laser
instability near the threshold. For low intensities, the term Bn is small, and we can
expand the denominator. We get

φ ω ω ω
γ

∂
∂

= − + Δ −
t

A Bn( )
2

( ), (6.143)m

and

γ∂
∂

= − −n
t

A n Bn( ) . (6.144)m
2

The laser threshold is defined by the condition, ⩾dn dt/ 0, in a regime where we have
≃n 0. From here we can see that the threshold condition can be defined as

γ>A . (6.145)m

This is not surprising and simply states that the gain should be larger than the losses,
which is equivalent to saying that the inversion of population Ninv should be larger
than some critical quantity Ncrit, defined by

P
ϵ γ

γω
ω γ=

ℏ
Δ +N [( ) ]. (6.146)m

crit
0

12
2

2 2

At exact resonance, this reduces to

P P
ϵ γ

ω
γ ϵ γ=

ℏ
= ℏ

N
Q

. (6.147)m
crit

0

12
2

0

12
2

From the laser equation (6.142) we can also see that steady state is attained for two
different values of the photon number: (i) n = 0, which is trivial, and (ii) =n n0,
where

γ
=

−
n

A

B
. (6.148)m

0

Inserting this steady-state number of photons in equation (6.141) we obtain a
constant phase, corresponding to the photon frequency

ω ω ω= +
+

S
S1

, (6.149)m

where S is a stabilising factor defined as

γ
γ
γ

= − =S
A Bn

2 2
. (6.150)m0

We conclude that, in steady state, the laser frequency ω is shifted from the cavity
frequency ωm by a factor that depends on the cavity losses. Only for low cavity
losses, such that γ γ≪ 2m , we have ω ω≃ m. This frequency shift, or line shift, is
called the mode pulling effect, and is usually quite small.
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6.9 Quantum laser theory
We have shown above that the laser instability can be described by a semi-classical
theory, where light is a classical field and only the atoms are quantised. This
simplified theoretical approach is able to account for the laser threshold, the laser
growth rate, and the steady-state solutions. Such a semi-classical model can also be
extended to pulsed laser regimes. However, it ignores spontaneous emission and
quantum correlations, which can be important near the threshold. It is therefore
useful to consider a full quantum description of the laser, as shown next.

We first need to consider the Hamiltonian operator pertinent for the laser system.
As seen before, it contains three terms corresponding to the radiation field, Ĥf the

atoms, Ĥa and their interactions, Ĥint. In this model we also need to consider the
atom coupling with the non-lasing modes of radiation, which are important for
spontaneous emission. The atomic states can also be coupled with the environment,
due to collisions with electrons or with other atoms, and eventually with acoustic
oscillations of the medium. All these additional ingredients can be described as a
thermal bath, and included in three more Hamiltonian terms, the bath Hamiltonian
ĤB, the atom-bath and the field-bath interaction Hamiltonians, ĤaB and ĤfB. The
total Hamiltonian will that be

ˆ = ˆ + ˆ + ˆ + ˆ + ˆ + ˆH H H H H H H( ). (6.151)f a Bint aB fB

If we are just considering one cavity mode, the field Hamiltonian reduces to

ωˆ = ℏ ˆ ˆ +†H a a
1
2

, (6.152)f
⎛
⎝⎜

⎞
⎠⎟

with the usual bosonic commutation relations

ˆ ˆ ≡ ˆ ˆ − ˆ ˆ =† † †a a aa a a[ , ] 1. (6.153)

The Hamiltonian of a single two-level atom can be written in the form

∑ˆ = ˆ ˆ + ˆ ˆ = ˆ ˆ
=

† † †
H E b b E b b E b b . (6.154)

j 1,2

a j j j1 1 1 2 2 2

This operator simplifies if we take the zero of the energy scale coincident with the
lower energy level. We then write =E 01 and ω= ℏE a2 , where ωa is the atomic
transition frequency. The operator becomes

ωˆ = ℏ ˆ ˆ†
H b b , (6.155)a a 2 2

where the fermionic anti-commutation relations hold

ˆ ˆ ≡ ˆ ˆ + ˆ ˆ =
† † †

b b b b b b{ , } 1. (6.156)2 2 2 2 2 2

Furthermore, we have previously shown that the atom–field interaction
Hamiltonian can be written as

ˆ = ℏ ˆ ˆ + ˆ ˆ ˆ + ˆ
† † †( ))(H g b b b b a a . (6.157)int 1 2 2 1
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As we have seen, the term ˆ ˆ ˆ
† †b b a1 2 represents creation of a photon and destruction of

an electron state in the upper level 2 , with creation of an electron state in the lower
level 1 . The other terms were already discussed and have similar meanings.
Introducing the rotating-wave approximation, we neglect the two terms violating
energy conservation. As a result, we get

ˆ = ℏ ˆ ˆ ˆ + ˆ ˆ ˆ
† † †( )H g b b a b b a . (6.158)int 1 2 2 1

In a laser cavity, we have not just one, but a large number of atoms N, which implies
a straightforward generalisation of the atom and the interaction Hamiltonians,
which become

∑ωˆ = ℏ ˆ ˆ
=

†
H b b , (6.159)

i

N

1

a i i0 2 2

and

∑ˆ = ℏ ˆ ˆ ˆ + ˆ ˆ ˆ
=

† † †( )H g b b a b b a . (6.160)
i

N

1
i i i iint 1 2 2 1

Let us now consider the evolution equations for the field operators. We know that, in
the Heisenberg picture, an arbitrary operator Â evolves in time according to the
equation

ˆ
= ∂ ˆ

∂
+

ℏ
ˆ ˆdA

dt
A
t

i
H A[ , ]. (6.161)

If Â is replaced by the destruction field operator â, and is not explicitly dependent on
time, we have, for ˆ = ˆH Hf , the following evolution equation

ω
ˆ =

ℏ
ˆ ˆ − ˆ ˆ = ˆ ˆ ˆ − ˆ ˆ ˆ† †da

dt
i

H a aH i a aa aa a( ) ( ). (6.162)f f

Using the commutation relation (6.153), this reduces to

ω ω
ˆ = ˆ ˆ ˆ − + ˆ ˆ ˆ = − ˆ† †da

dt
i a aa a a a i a( (1 ) ) . (6.163)

Let us consider now the interaction of the radiation field mode with a thermal bath.
We replace Ĥf by ˆ + ˆ +H H H( )f B fB , and get

ˆ =
ℏ

ˆ + ˆ + ˆ ˆ( )da
dt

i
H H H a, . (6.164)f B fB

⎡⎣ ⎤⎦
This can also be written as

ω γ
ˆ = − ˆ − ˆ + ˆda

dt
i a a F t( ), (6.165)c
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where γc is the damping rate of the field mode in the cavity, and the operator F̂ t( )
represents a fluctuating force with the following statistical properties

γ δ< ˆ > =< ˆ > = < ˆ ˆ ′ > = − ′† †F t F t F t F t n t t( ) ( ) 0, ( ) ( ) 2 ( ), (6.166)
c 0

and

γ δ< ˆ ˆ ′ > = + − ′†F t F t n t t( ) ( ) 2 ( 1) ( ), (6.167)
c 0

where n0 is the mean photon number for a thermal bath at temperature T. For lasers
in the optical domain, and at room temperature, we can assume that ≃n 00 .

Now, let us consider a similar coupling between the atoms and the thermal bath.
For that purpose, it is useful to introduce the atom difference operator

ˆ = ˆ ˆ − ˆ ˆ† †
d b b b b . (6.168)

2 2 1 1

The corresponding evolution equation is

ˆ =
ℏ

ˆ ˆd
dt

d
i

H d[ , ]. (6.169)a

Using equation (6.159), we get

ˆ =d
dt

d 0. (6.170)

It is also useful to consider two other auxiliary operators, α̂ and α̂†, such that

α αˆ = ˆ + ˆ ˆ = ˆ ˆ† †
b b b b, , (6.171)1 2 2 1

which evolve as

α ω α α ω αˆ = − ˆ ˆ = ˆ† †d
dt

i
d
dt

i, . (6.172)a a

We are now in conditions to describe the atoms in a thermal bath. As we have seen
in the semi-classical theory, the atom occupation numbers N1 and N2 were described
by the balance equations

= − = − +dN
dt

w N w N
dN
dt

w N w N, , (6.173)2
21 1 12 2

1
21 1 12 2

where w21 was the pumping transition rate, and w12 the spontaneous decay rate. In a

quantum description, we can use = ˆ ˆ†
N b bj j j , and these equations are replaced by

similar ones describing the atom number operators ˆ ≡ ˆ ˆ†
N b bj j j, as

ˆ
= ˆ − ˆ + Γ̂

ˆ
= − ˆ + ˆ + Γ̂dN

dt
w N w N t

dN
dt

w N w N t( ), ( ). (6.174)2
21 1 12 2 2

1
21 1 12 2 1
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Here, Γ̂j are new fluctuation force operators, similar to F̂ t( ), and having similar
statistical properties

δΓ̂ = Γ̂ Γ̂ ′ = ˆ − ′t t t G t t( ) 0, ( ) ( ) ( ), (6.175)j j k jk

where Ĝjk is a correlation operator, to be specified. Subtracting equations (6.174), we
obtain an evolution equation for the difference operator defined in equation (6.168),
of the form

ˆ = ˆ − ˆ + Γ̂d
dt

d w N w N2( ) , (6.176)21 1 12 2

where Γ̂ = Γ̂ − Γ̂2 1. This can also be written as

γˆ = ˆ − ˆ + Γ̂ν
d
dt

d d d( ) , (6.177)0

where we have used

γ = + ˆ = −
+ν w w d

w w
w w

, . (6.178)12 21 0
21 12

12 21

Comparing this with the semi-classical laser model, we see that d̂0 corresponds to the
unsaturated inversion operator, and that γ τ=ν 1/ , is the inverse of the relaxation
time. Similarly, we can rewrite the evolution equations for the operators α̂ and α̂†,
(6.172) in a more complete form, as

α ω α γα α ω α γαˆ = − ˆ − ˆ + Γ̂ ˆ = ˆ − ˆ + Γ̂−
† † †

+
d
dt

i t
d
dt

i t( ), ( ). (6.179)a a

Finally, we consider the contribution of Ĥint to the field mode operator â: for a single
atom this is described by

α α α
ˆ =

ℏ
ˆ ˆ = ˆ ˆ ˆ + ˆ ˆ ˆ = − ˆ† †da

dt
i

H a g a a a a ig[ , ] [( ), ] . (6.180)
int

int
⎛
⎝⎜

⎞
⎠⎟

Generalising to N atoms, we obtain

∑ α
ˆ = − ˆ

=

da
dt

ig . (6.181)
i

N

1

i
int

⎛
⎝⎜

⎞
⎠⎟

Adding this to equation (6.165), we obtain the contribution of the total Hamiltonian
Ĥ defined in (6.151), leading to the final mode operator equation

∑ω γ α
ˆ = − + ˆ − ˆ + ˆ

=

da
dt

i a ig F t( ) ( ). (6.182)
i

N

1
c i

Similarly, we can calculate the contributions of Hint to the evolution of the atom
operator α̂, using

α αˆ =
ℏ

ˆ ˆ = ˆ ˆd
dt

i
H igad[ , ] . (6.183)

int
int

⎛
⎝⎜

⎞
⎠⎟
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For any of the N atoms, the contributions from all the Hamiltonian terms are
described by

α
ω γ α

ˆ
= − + ˆ + ˆ ˆ + Γ̂ −

d

dt
i igad t( ) ( ), (6.184)j

a j j j

for = …j N1, 2, , . We get a similar expression of α̂ †
j , as

α
ω γ α

ˆ
= + − ˆ − ˆ ˆ + Γ̂

†
†

+
d

dt
i igad t( ) ( ). (6.185)j

a j j j

It also follows, for the difference operator

γ α αˆ = ˆ − ˆ + ˆ − ˆ + Γν
† †d

dt
d d d ig a a t( ) 2 ( ) ( ). (6.186)j j j j jd0

Following a procedure similar to that of the semi-classical laser theory, we eliminate
the operators α̂j from equation (6.182), and obtain a closed equation for the field
operator â, of the form

ω
ˆ = − − ˆ − ˆ ˆ ˆ ˆ + ˜†da

dt
i G a Ca aa F t( ) ( ), (6.187)

where the coupling Ĉ and gain Ĝ operators, are

γ γ
γ

γ
ˆ = ˆ ˆ = − + ˆ

ν
C

g
Nd G

g
Nd

4
, , (6.188)c

4

2 0

2

0

and the total fluctuation force operator is

∑
γ

˜ = − Γ̂
=

−F t F t i
g

t( ) ( ) ( ). (6.189)
j

N

1

j

Formally, equation (6.187) is very similar to that of the semi-classical theory, with
two main qualitative differences. First, the field amplitude is replaced by the field
operator â. Second, an additional fluctuation term F̃ t( ) is included, which has no
equivalent in the semi-classical model. This new term results from the field and atom
interactions with the thermal bath. Therefore, the quantum laser equation takes the
form of an operator Langevin equation.

It is now useful to discuss the qualitative features of the laser field below
threshold. In this case, we have ˆ <G 0. We also have a very small mean value for
the field number operator ˆ ˆ†a a, which means that the nonlinear term ˆ ˆ ˆ ˆ†Ca aa can be
neglected. The resulting approximate equation, valid below threshold, is

ω
ˆ = −Ω ˆ + ˜ Ω = − ∣ ˆ∣da

dt
a F i G, . (6.190)

This can be formally integrated to give

∫ˆ = ˆ + ˜ ′ ′− Ω Ω − ′a t a e F t e dt( ) (0) ( ) . (6.191)i t
t

i t t

0

( )
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The first term in this solution is the ballistic term, depending on the initial field
conditions, and the second one is the force term due to the existence of
fluctuations. It is appropriate to represent F̃ t( ) as the sum of a succession of
instantaneous perturbations, occurring at random times tk, with random ampli-
tudes and phases, as

∑ δ˜ = ˆ −θF t f e t t( ) ( ). (6.192)
k

k
i

k
k

Inserting this in the above formal solution, and neglecting the ballistic term, which
corresponds to take ˆ =a(0) 0, we obtain

∑ ω θˆ = ˆ − − − ˆ +a t f i t t G t i( ) exp( ( ) ). (6.193)
k

k k k

This shows the existence of successive damped oscillations, starting at random
intervals, with a kind of intermittent behaviour. This solution also shows that the
mean value of the field operator is equal to zero, < ˆ > =a t( ) 0. Let us now look at its
coherence properties, using

ˆ ˆ ′ = ˆ ′ ˆ ′ = ˆ ′† Ω − ′ † Ω − ′a t a t e a t a t e n t( ) ( ) ( ) ( ) ( ) , (6.194)i t t i t t( ) ( )

where n̂ t( ) is the average photon number. Its explicit calculation is not performed
here, but can be written in the form

γ
ˆ = +n

G
n n( ), (6.195)

c
th sp

where nth represents the mean number of photons of the laser field mode with
frequency ω, as it would be in thermal equilibrium, and nsp is the mean number of
spontaneously emitted photons.

When inversion of population is equal to zero, we have =Nd 00 , and γ∣ ∣ =G c. In
this case, the effect of stimulated emission and absorption exactly compensate, and
we get ˆ = +n n nth sp. For positive inversion, we have γ∣ ∣ <G c, and the number of
photons increases, ˆ > +n n n( )th sp , even below threshold. Finally, at threshold,
∣ ∣ →G 0 as the amplification factor γ ∣ ∣G/c tends to infinity, and the number of photons
becomes larger than +n n( )th sp , growing well above noise. However, indefinite

growth of n̂ is prevented by the nonlinear term ˆ ˆ ˆ ˆ†Ca aa, which becomes non-
negligible. As a result, the mean number of photons will remain finite at threshold,
as it should. Finally, above threshold, the field coherence properties will dramati-
cally change, and the uncorrelated damped signal is replaced by a strongly
correlated field with only a negligible fluctuation level.

In summary, we have described the formation of a collective quantum state of
light, that we call laser. Our description was based on three different laser theories.
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The first and simplest one is a phenomenological theory, based on balance
equations, which is able to demonstrate the occurrence of laser instability, and
give an estimate of the threshold conditions. The second one is a semi-classical
theory where only the atomic levels are quantised, which includes a description of
the field phase, and phase coherence. Finally, the third and most sophisticated one,
is the quantum theory where both field and atoms are quantised, and includes the
influence of spontaneous emission. We have seen that, for laser operation when a
large number of photons is present in the atomic medium, spontaneous emission is
negligible except near the threshold. However, as we will see later, spontaneous
emission can play a dominant role in the formation of collective quantum states of
light, leading to superradiance.
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The Quantum Nature of Light
From photon states to quantum fluids of light

J T Mendonça

Chapter 7

Bose–Einstein condensates

This concept is a direct consequence of the work published by Bose and Einstein [1, 2]
in the early 20s of the last century. First, Bose was able to derive Planck’s law of
radiation from the postulate that photons are identical particles. Second, Einstein
extended his approach to an ideal gas of identical atoms, and predicted that they could
condensate at the lowest energy level in the low temperature limit. This is valid for
bosons, that is, for atoms with integer spin. If the atoms are fermions, with semi-
integer spin, condensation will not occur because it is forbidden by Pauli’s exclusion
principle. After many decades, the effect of condensation was finally observed
experimentally in 1995, using ultracold vapours of alkali atoms, such as rubidium
85 [3], sodium 23 [4] and lithium 7 [5]. These results started a tremendous theoretical
and experimental revolution which is still going on. A number of books can be found,
describing the physics of condensates [6–8]. Although the work of Bose and Einstein
assumed an ideal gas of identical particles, the experiments using dilute gases showed
that weak interactions between the atoms, due to close collisions at nearly zero energy,
are still present. They actually play an important part in the superfluid behaviour of
condensates.

In this chapter, we consider some of the basic properties of a Bose–Einstein
condensate (BEC). Our discussion includes the mean-field theory, Gross–Pitaevskii
equation, Bogoliubov theory and bogolon dispersion. We also consider the case of
photon condensates, first in a diffusive dye solution contained in an optical cavity,
and then in unbounded plasmas. We finally discuss the laser-BEC transition and
study the similarities and differences between these two collective quantum states of
light.

A gas of weakly interacting particles with integer spin (bosons) is a condensate
when most of the particles in a given volume accumulate at their lowest energy state.
Obviously, because of the exclusion principle, they cannot be fermions.
Condensation occurs below a given temperature, called critical temperature, Tc.
This means that in the process of condensation, some cooling mechanism must be in
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action. Another important property of the condensates is that all the wavefunctions
describing every individual particle are phase-locked, through their own mean-field,
and attain a collective state. This also implies the existence of some weak-interaction
between bosons, so that the system can be thermalised and attain a mean-field state.

Finally, it should be noted that a finite critical temperature is always associated
with a finite boson mass. Therefore, the particles (atoms or photons) need a finite
mass in order to condensate. Massless particles, with =T 0c , cannot condensate.
This is particularly important for photons, because plane wave photons in vacuum
have no mass. However, photons acquire a finite mass in specific physical
conditions, such as in a cavity, or in a plasma. This photon mass was first noticed
by Anderson in his theory of superconductivity [9], and indirectly inspired the
concept of Higgs fields [10]. Further extension of the plasma analysis revealed the
existence of a photon charge [11].

In general terms, the occurrence of Bose–Einstein condensation implies the
conjugation of three different factors: (i) a cooling mechanism, which brings the
gas temperature down to criticality, (ii) a finite critical temperature, which is
associated to a finite mass and defines a phase transition, and (iii) weak interactions
between individual particles, which build up the mean-field and create the collective
state. Bose–Einstein condensation of photons in unbounded plasmas was first
proposed by Zel’dovich in 1969, in an astrophysical context [12]. Condensation of
photons in optical cavities was first proposed in 2000 [13]. But the experimental
breakthrough came in 2010, with the first observation of photon condensation [14].
Condensation is actually a very general phenomenon, which can also take place in
the presence of a classical wave spectrum [15, 16].

7.1 Basic concepts
7.1.1 Critical temperature

We start with the defining of critical temperature, one of the basic requirements for
condensation. For this purpose, we consider a system containing a large number of
bosons, for instance a dilute gas of identical atoms in some bosonic state. The
quantum state of the system will be described by the wave operators

∑ ∑ψ ψ ψ ψˆ = ˆ ˆ = ˆ† * †t t a t t ar r r r( , ) ( , ) , ( , ) ( , ) , (7.1)
p p

p p p p

where âp and ˆ †ap are the destruction and creation operators of the states p. The
simplest example is that of atoms moving in free space. The form function ψ tr( , )p
associated with each state is then given by

ψ ϵ= ℏ · −t i tr p r( , ) exp ( )( ) , (7.2)p p⎡⎣ ⎤⎦
where p is the particle momentum, and ϵ = Mp /2p

2 the energy, for atoms with mass

M. In a gas at temperature T, the mode occupation number = ˆ ˆ†N a ap p p is
determined by the Bose–Einstein distribution, as
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ϵ μ
=

− −
N

T

1

exp ( ) 1
, (7.3)p

p⎡⎣ ⎤⎦
where T is in energy units, and μ is the chemical potential. We know that, for an ideal
gas, the chemical potential can only take negative values, μ ⩽ 0. The number of
particles in the unit volume, =n N V/ , is obtained by integration over all the
possible momentum states p. Assuming isotropy, we get

∫π
λ μ

=
− −

∞
n

z dz
z T

2
exp( ) 1

, (7.4)
T 0

with ϵ=z T/p and λ π= h MT/ 2T . When we lower the temperature of the gas, the
maximum possible value of the chemical potential, μ = 0, is attained at some critical
temperature =T Tc. In this case, the above integral is approximately equal to π1.3 .
We then get a relation between critical temperature and gas density, as

≃ ℏ
T

M
n3.3 . (7.5)c

2
2 3

We can see that the critical temperature depends on the particle mass M and
increases with density, as n2/3. In the case of a gas trapped in an harmonic potential
the proportionality is different, ∝T nc

1/3. For a temperature lower than critical,
<T Tc, a finite number N0 of atoms will condensate in the lowest energy level,

ϵ = 0p . Its number will increase for a decreasing temperature, until we attain total
condensation, =N N0 , at the absolute zero T = 0. The scaling law is

= −
αN

N
T
T

1 , (7.6)
c

0 ⎛
⎝⎜

⎞
⎠⎟

valid for ⩽T Tc. The exponent in this expression is equal to α = 3/2 for a free gas,
and α = 3 for a trapped gas (figures 7.1 and 7.2).

Figure 7.1. Bose–Einstein condensation of a dilute gas: particle probability distribution in velocity space
( , )x yv v for (a) a thermal gas >T T( );c and (b) a condensed gas <T T( )c .
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7.1.2 Mean-field description

It is important to notice that, once we have condensation, the fraction of condensed
gas can be described by a single collective wavefunction. This important property
shows that a condensed fluid is a kind of collective quantum object. In order to
understand this collective state, we consider the Heisenberg equation for the boson
field operator ψ̂ tr( , ), defined in equation (7.1), which can be written as

ψ ψ∂
∂

ˆ =
ℏ

ˆ ˆ
t

t
i

t Hr r( , )
1

[ ( , ), ], (7.7)

with the Hamiltonian operator

∫ ψ ψˆ = ˆ + ˆ + ˆ†H H d t
p
M

V t tr r r r( , )
2

( , ) ( , ). (7.8)eint

2⎡
⎣⎢

⎤
⎦⎥

Here, V tr( , )e represents some external potential, and Hint is the interaction
Hamiltonian, of the form

∫ ∫ ψ ψ ψ ψˆ = ′ ˆ ˆ ′ − ′ ˆ ˆ ′†H d d t t V t tr r r r r r r r
1
2

( , ) ( , ) ( ) ( , ) ( , ), (7.9)int

where − ′V r r( ) is a generic potential describing inter-particle interactions. For
instance, in a dilute gas, this is the atom–atom collision potential and, for atoms
nearly at rest, can be simply defined as

δ π− ′ = − ′ = ℏV g g
a

M
r r r r( ) ( ), 4 , (7.10)3

where g represents the coupling parameter, and a is the s-wave scattering length,
associated with low energy atomic collisions. In a photon gas, these local particle

Figure 7.2. Bose–Einstein condensation: fraction of particles in the lowest energy state N0/N, as a function of
the relative temperature T/Tc, in the condensed region, for free (α = 3/2) and trapped (α = 3) configurations.

The Quantum Nature of Light

7-4



interactions should be replaced by weak non-local interactions between different
photon modes, but the description would be formally similar, as shown later.

At this point, we should focus on the case where a large fraction of bosons is
already condensed in the lowest energy state, as illustrated in figure 7.1(b). The
quantum state of the gas can then be described by the sum of its condensed part,
represented by a complex function Φ tr( , ), and its fluctuation part, represented by
the operator δψ̂ tr( , ), such that

ψ δψˆ = Φ + ˆt t tr r r( , ) ( , ) ( , ), (7.11)

where the function Φ tr( , ) is defined as the average of the boson operator,

ψ δψΦ = ˆ ˆ =t t tr r r( , ) ( , ) , ( , ) 0. (7.12)

Replacing this in equation (7.7), and using equations (7.9)–(7.12), we can then derive
an evolution equation for the condensed part, of the form

∂
∂

Φ = + + Φ Φ
t

t
p
M

V t g t tr r r r( , )
2

( , ) ( , ) ( , ). (7.13)e

2
2

⎡
⎣⎢

⎤
⎦⎥

This is the celebrated Gross–Pitaevskii equation [17, 18], or simply GP equation,
which describes the mean-field properties of the condensate. This equation is valid
when the fraction of condensed particles is nearly equal to one, ∼N N/ 10 , and the
fluctuations represented by the operator δψ̂ tr( , ) are negligible. This is formally a
nonlinear Schrödinger equation, where the nonlinear term results from inter-particle
interactions. The average function Φ tr( , ), is sometimes called the order parameter,
or in alternative, the condensate wavefunction, and describes the collective behaviour
of the condensed gas. Quantum fluid equations can actually be derived from the GP
equation, using the Madelung transformation [19], such that

φΦ =t n t i tr r r( , ) ( , ) exp [ ( , )], (7.14)

where the fluid density n, and velocity v, are defined as

φ= Φ = ℏ ∇n t
M

tr r( , ) ,
2

( , ). (7.15)2 v

Replacing this in equation (7.13), and equating to zero the real and imaginary parts
separately, we obtain two fluid equations, representing density and momentum
conservation, as

∂
∂

+ ∇ · = ∂
∂

+ · ∇ = − ∇ + +n
t

n
t M

V gn V( ) 0,
1

( ). (7.16)e Bv
v

v v

We can see that the motion of the condensed gas results from three different forces
depending on the external potential Ve, the collision (or interaction) potential gn,
and the quantum potential, also commonly referred as the Bohm potential [20],
defined by

= − ℏ ∇
V

M
n

n2
. (7.17)B

2 2
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Many interesting, and sometimes intriguing, properties of the Bose–Einstein
condensates can be derived from these quantum fluid equations. One of them is
associated with the elementary excitations of the fluid, which are described next.

7.1.3 Elementary excitations

Density perturbations of the condensate can be described by the quantity
˜ = −n n n0, where n0 represents a given equilibrium density. Assuming that the
condensate is at rest, we can use = 00v as the equilibrium velocity. Replacing this in
equations (7.16), and linearising with respect to perturbations, we obtain an
equation for the perturbed density, as

∂ ˜
∂

− ∇ ˜− ℏ ∇ ˜ =n
t

n
M

gn
M

n
n4

0, (7.18)
2

2
0 2

2 2

0

⎛
⎝⎜

⎞
⎠⎟

where we have neglected the influence of the external potential Ve. For perturbations
with frequency ω and wavevector k, evolving in space and time as ω· −i i tk rexp( ),
we get the following dispersion relation

ω = + ℏ =c k
k

M
c

gn

M4
, , (7.19)s s

2 2 2
2 4

2
2 0

where the quantity cs is usually called the Bogoliubov speed. We can see that, for long
wavelengths where the first term dominates, these modes look like sound waves, with
ω ≃ c ks , where cs can be seen as the sound speed of the medium. In contrast, for
short wavelengths where the second term dominates, they behave like free particles
with mass M, satisfying ϵ ≃ p M( /2 )p

2 where ϵ ω= ℏp is the energy and = ℏp k.
These modes can be seen as the sound waves in the condensed fluid, and for that
reason they could be called phonons. In alternative, they are also mentioned as
Bogoliubov excitations, and sometimes bogolons.

A more sophisticated description of these modes can be made, in order to include
kinetic effects, such as those associated with Landau damping. This effect was first
formulated by Landau in the context of plasma physics, and was extended to Bose–
Einstein condensates and other fields. Here we give a formulation based on the
wave-kinetic equation for the condensate. We start from the GP equation (7.13),
which can be written in the form

ℏ∂Φ
∂

= Φ = − ℏ ∇ + + ∣Φ ∣i
t

H H
m

V g tr r,
2

( ) ( , ) . (7.20)GP GP

2
2

0
2

HGP is the GP Hamiltonian, and V r( )0 is the confining potential. We also use the
coupling constant π= ℏg a m4 /2 which describes the short-range atomic collisions,
and the scattering length a. Introducing the Wigner function, already defined in
chapter 2, as

∫= Φ − Φ + ·*W t t t i dq r r s r s q s s( , , ) ( /2, ) ( /2, )exp( ) , (7.21)
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and applying the standard Wigner–Moyal procedure, we can derive from equation
(7.20) the wave-kinetic equation

∫ π
ℏ ∂

∂
+ · ∇ = Δ ·i

t
W V t W i

d
k r

k
( ) exp( )

(2 )
, (7.22)q k 3

⎜ ⎟⎛
⎝

⎞
⎠v

where = ℏ mq/qv is the atom velocity, and ΔW is defined by

Δ = − ≡ ±− + ±W W W W W tq k r, ( 2, , ). (7.23)

The quantity V t( )k in equation (7.22) is the space Fourier transform of the total
potential, according to

∫ π
= ·V t V t i

d
r k r

k
( , ) ( )exp( )

(2 )
, (7.24)k 3

where = +V t V gnr( , ) 0 . The atom density n can be expressed in terms of the
condensate quasi-probability, as

∫ψ
π

≡ ∣ ∣ =n t t W t
d

r r q r
q

( , ) ( , ) ( , , )
(2 )

. (7.25)2
3

In order to discuss the elementary excitations in the condensate, we assume that
the quasi-probability can be divided in two distinct parts, = + ˜W W W0 . Here,W0 is
the equilibrium distribution, and ∣ ˜ ∣ ≪ ∣ ∣W W0 , describes the elementary excitations of
the medium. Neglecting non-uniformity and boundaries, we can make the simple
assumption of a plane wave perturbation, defined by

ω˜ = ˜ · −W t W i i tq r q k r( , , ) ( )exp( ), (7.26)k

where ω is the mode frequency. The corresponding density perturbation will be
ω˜ = ˜ · −n t n i i tr k r( , ) exp( )k , as above. Linearising equation (7.22) with respect to

the perturbations, we get

ω
˜ = Δ

ℏ − ·
˜W g

W
n

k( )
. (7.27)k

q
k

0

v

Integrating over the atom momentum states q, and using equation (7.25), we arrive
at the kinetic dispersion relation

∫ ω π
− Δ

ℏ − ·
=g

W d
k

q
1

( ) (2 )
0. (7.28)

q

0
3v

This can also be written in the form

∫ ω ω π
−

ℏ − ·
−

− ·
=

− +
g

W dq
k k

q
1

( ) 1
( )

1
( ) (2 )

0, (7.29)
q q

0
3

⎡
⎣⎢

⎤
⎦⎥v v

where ω ω= ± ℏ± k M/22 . In order to understand the meaning of this kinetic
dispersion, let us first consider the zero-temperature limit. In this case, we can use

The Quantum Nature of Light

7-7



the equilibrium value of π δ= −W nq q q( ) (2 ) ( )0
3

0 0 , where n0 is the unperturbed
density. Here q0 defines a constant drift velocity = ℏ Mq /0 0v , which is zero for a
condensate at rest. Equation (7.29) becomes

ω ω
π−

ℏ − ·
−

− ·
=

− +
g

n
k k

1
1

( )
1

( )
(2 ) 0. (7.30)0

0 0

3
⎡
⎣⎢

⎤
⎦⎥v v

Rearranging terms and using the Bogoliubov speed, =c gn M/s 0 , this can also be
written as

ω − · = + ℏ
k c

k
m

k( )
4

. (7.31)s0
2 2 2

2 4

2
v

For =q 00 , this reduces to our previous dispersion relation (7.19). It is also useful to
consider the relation between the phase velocity ω=ϕ k/v and the group velocity

ω= ∂ ∂k/gv . For a condensate at rest, we have

= + ℏ
ϕ c k

M
. (7.32)g s

2 2
2

2
v v

The contributions of the collective behaviour and single particle behaviour are
clearly visible here. In the limit of long wavelengths, we simply have =ϕ cg s

2v v , the
square of the Bogoliubov speed, showing that these sound waves are surely collective
oscillations of the medium. In contrast, for short wavelengths, quantum dispersion is
relevant and eventually dominant. It represents the free streaming of atoms with
momentum k.

Let us now consider finite temperature effects. Going back to equation (7.29), it
can be rewritten as

∫ ω ω π
−

ℏ −
−

−
=

+ −

g
k

G u
u k u q

du
1 ( )

1
( )

1
( ) 2

0. (7.33)0

⎡
⎣⎢

⎤
⎦⎥

Here, u and q represent the atom velocity and the atom momentum components
parallel to propagation, as defined by

= + = +⊥ ⊥u
k

q
k

k
q

k
q, . (7.34)qv v

The new function G q( )0 is the reduced distribution

∫ π
= ⊥

⊥G q W q
d

q
q

( ) ( , )
(2 )

. (7.35)0 0 2

And the integrals in equation (7.33) take the form

∫ ∫ π
−

=
−

+
± ±

±
G u
u

du
G u
u

du i G
( )

( )
( )

( )
( ), (7.36)0

pr
0

0P
v v

v
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where ω=± ± k/v . The symbol prP represents the principal part of the integral, in the
Cauchy sense. Using this in equation (7.33), we obtain an expression of the form
ϵ ω =k( , ) 0. Splitting this into real and imaginary parts, as ϵ ϵ ϵ= + ir i, and
assuming a real value of k, the mode frequency becomes complex, ω ω γ= + ir .
Assuming γ ω∣ ∣ ≪ r, the wave frequency ωr and damping rate γ will satisfy

ϵ ω γ ϵ ω
ϵ ω

= = −
∂ ∂ ω

k
k

( , ) 0,
( , )

( )
. (7.37)r r

i r

r r

Temperature effects are usually negligible in what concerns ωr. We are then allowed
to use π δ=G u G u( ) 2 ( )0 0 in the first of these equations, which then reduces to

ϵ ω
ω

= −
− ℏ

=k
gk
m

G
k M

( , ) 1
4

0. (7.38)r r

2
0

2 2 4 2

Writing =G n0 0 this reduces again to the dispersion relation (7.19). As for the
damping rate, we get

γ
ω

=
ℏ

−+ −
gkc

G G
4

[ ( ) ( )]. (7.39)s

r

2

0 0v v

This is the Landau damping of bogolons, which is a kinetic damping without
dissipation. In thermal equilibrium, <+ −G G( ) ( )0 0v v , and Landau damping is
negative. However, inversion of population can eventually occur in a disturbed
condensate, with >+ −G G( ) ( )0 0v v , and γ > 0. In this case, the condensate is
kinetically unstable and bogolons can eventually be created from noise. In the
semi-classical limit, such that ∣ ∣ ≪ ∣ ∣k q , we can develop the quantities ±G ( )0 v around

ω= k/v , and Landau damping takes a more familiar form. Equation (7.41)
becomes

γ
ω

≃ ∂
∂ ω=

k c
n

G
4

. (7.40)s

r k

3 4

0

0⎛
⎝⎜

⎞
⎠⎟v v

For a condensate in equilibrium at a finite temperature T, we can use the Bose–
Einstein distribution

π= −μ β− −G n e( ) 2 { 1} , (7.41)E
0 0

[ ( ) ] 1v v

where = = ℏE Mv q M( ) /2 /22 2 2v , β = T1/ . The damping rate γ becomes

γ
ω

β≃ − −ω μ β ω μ β− − −k c
e e

4
{ 1} . (7.42)s

r

E k E k
3 4

[ ( ) ] [ ( ) ] 2

The damping rate γ is always negative, for any possible value of the phase velocity
ω k/ . This is a property of thermal equilibrium. However, out of equilibrium
situations can eventually occur where the condensate becomes unstable. As an
example, we can consider two interacting condensates moving at different velocities
vj, for =j 1, 2, such that
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∑ π

μ β
=

− − −= { }
G

n

E
( )

2

exp ( ) 1
, (7.43)

j 1,2

j

j j

0 ⎡⎣ ⎤⎦
v

v v

where nj are the densities and β = T1/j j. In this case, γ can eventually change sign,
leading to unstable regions of bogolon frequency. Generalisation of this discussion
to include long-range dipolar interactions, quantum fluctuations and finite energy
collisions can be found in [21]. This is relevant to the discussion of the possible
existence of rotons, which are bogolons with a negative group velocity.

7.1.4 Vortices

The Bogoliubov oscillations, or bogolons, discussed above are elementary pertur-
bations of the condensate, and can be considered as sound waves propagating in a
quantum fluid. These perturbations are essentially linear structures, with amplitudes
that are negligible compared with the mean density n0 of the medium. In contrast,
nonlinear perturbations can be excited in a condensate, such as vortices, with
perturbations of the order of n0. Vortices become unstable in rotating media, and
can be defined in a two-dimensional geometry, which is essentially the plane
perpendicular to the rotation axis. A huge amount of literature exists on these
nonlinear objects (see the reviews [22, 23]). A vortex is a nonlinear solution of the GP
equation, of form

ϕ μ θΦ = − ℏ +t r i t ilr( , ) ( )exp( ), (7.44)

where we have used cylindrical variables θ= r zr ( , , ), and uniformity along the
z-axis was assumed. Here, μ is the chemical potential and l is a positive or negative
integer defining the topological charge of the vortex. Replacing this in equation
(7.13), and neglecting the external potential, we obtain

μϕ ϕ ϕ ϕ= − ℏ + +
M r

d
dr

r
d
dr

l
r

g
2

1
. (7.45)

2 2

2
3

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

Using the normalised vortex amplitude, χ ϕ= n/ 0 , this is transformed into

χ
ρ ρ

ρ χ
ρ ρ

χ ϕ= − + +d
d

d
d

l1
, (7.46)

2

2
3

⎛
⎝⎜

⎞
⎠⎟

with the normalised radial variable ρ ξ= r/ , where ξ = ℏ Mgn/ 2 0 is the healing
length, defining the characteristic size of the vortex. A typical vortex solution is
represented in figure 7.3. For, l = 1, it is approximately given by

χ ρ ρ
ρ

=
+

( )
2

. (7.47)2

Of particular interest is the energy density associated with vortex solutions. For the
unit length along z, this is determined by
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∫π μ χ
ρ

χ χ ρ= + +E n
d
d

l
r

d2
1
2

. (7.48)0

2 2

2
2 4

⎡
⎣
⎢⎢
⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥v

The dominant contribution comes from the kinetic energy associated with fluid
rotation around the singularity. Integrating over a distance ξ≫R , and using the
approximate solution (7.47), we get

π
ξ

= ℏ
E

n
M

l
R

ln . (7.49)
2

0 2
⎛
⎝⎜

⎞
⎠⎟v

It is also useful to consider vortex–vortex interactions. For this purpose we assume
two vortices with topological charges lj, for =j 1, 2, located at positions rj , defined
in the perpendicular plane. They will move with velocities

= ℏ ×
−

−
l

M
r e

r r

r r
( )

( )
. (7.50)j j z

j

j
2v

Noting that ≡ −∇ ≡ ∇r r rr/ ln(1/ ) (ln )2 , this can also be written as

= ℏ ∇ −l
M

r r r( ) ln( ) . (7.51)j j j
⎡⎣ ⎤⎦v

The interaction energy between the two vortices can then be defined as

∫= ·E Mn d r( ) . (7.52)12 0 1 2v v

Using equations (7.51), this gives, after integration by parts

π ξ= ℏ
−

E l l
n

M r r
2 ln . (7.53)12 1 2

2
0

1 2

⎛
⎝⎜

⎞
⎠⎟

Figure 7.3. Vortex in a BEC: we represent the single charge vortex = ±l 1, located at = =x y( 0, 0): (a)
normalised density ρ χ ρ=n n( )/ ( )0 , and (b) absolute value of the velocity around the vortex, ρ= θl e(1/ )v .
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This allows us to determine the force between the two vortices, as

π= − ∂
∂

= ℏE
r r

l l
n

Mr
F

r
2 , (7.54)12

12

12

12

12
1 2

2
0

12

where = −r r r( )12 1 2 is the vector distance. It will then evolve in time as

= + ℏ ×d
dt

l l
Mr

r
e r( ) ( ). (7.55)z

12
1 2

12
2 12

For equally charged vortices, = =l l l1 2 , it will increase with time, as they repel each
other as two equal electric charges. For vortices with opposite sign, = = −l l l l,1 2 ,
their distance will remain constant and they can only rotate around their centre-of-
mass, with an angular frequency Ω = ℏl Mr2 /l 12

2 . They will then form a bound object
with total topological charge equal to zero, + =l l 01 2 .

7.1.5 BEC in lower dimensions

We have seen above that vortices are defined in a plane perpendicular to the rotation
axis of the condensate. In practice, this means that they will maintain their structure
for an arbitrary length along z and can, in principle, be excited in a pancake
condensate with a nearly negligible axial depth. How far can we go in the reduction
of this third dimensional size?

The answer to that question is relevant to the case of photons, as shown later, but
is difficult and complex, due to the change in character of the correlations between
the atoms, when we make the transition between three to two or even one
dimensions (2D and 1D). It has indeed been proven theoretically that, the absence
of long-range correlations in a 2D geometry prevents condensation. This is known as
the Bogoliubov–Hohenberg theorem (see [25] for a review and for pertinent
references). However, this is not a problem from the experimental point of view,
because in the absence of condensation another phase transition is possible in 2D,
which leads to the development of superfluidity.

This is the so-called BKT transition, name derived from the work of Berezinskii
[26] and Kosterlitz and Thouless [27], in the early 70s. A critical temperatureTKT for
this new phase transition, which is in reality a topological one, can be defined. Above
this critical transition vortices and antivortices are essentially free structures with
opposite topological charges. But, belowTKT, bound pairs of vortex–antivortex tend
to form, because they have lower energies than free vortices. If, above this
temperature, the vortex fluid is similar to a vortex plasma, where vortices play a
role similar to positive and negative electric charges, and are attracted to each other
by a Coulomb-type of potential, belowTKT the medium becomes a kind of insulator
where no free charges can exist [28].

The value of this transition temperature can be estimated using simple thermo-
dynamic arguments, as follows. The free energy of a single vortex is κ ξRln( / ), where
R is the system size, ξ the vortex size, and κ π≃ ℏ M n( / )2

0, as shown in equation
(7.49). In general, the equilibrium density will depend on the temperature,

=n n T( )0 0 . Assuming that ξ≫R , the number of possible vortices can be estimated
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as ξR( / )2. We define the Boltzmann entropy of the vortex fluid as =S k WlnBv v,
where ξ≃W R( / )2

v is the number of states. Therefore ξ= −S k R2 ln( / ) constBv . In
the thermodynamic limit ξ → ∞T( / ), the constant can be forgotten. The total free
energy is then

π
ξ

= − = ℏ −F E TS
n T
M

T
R( )

2 ln . (7.56)
2

0
⎡
⎣⎢

⎤
⎦⎥

⎛
⎝⎜

⎞
⎠⎟v v v

Vortices can only exist for >F 0, which defines a critical temperature =T TKT for
vortex formation, which can be estimated as

π= ℏ
T

M
n T

2
( ). (7.57)KT

2

0 KT

This gives a simple estimate of the critical temperature for the Kosterlitz–Thouless
transition.

7.2 Photon condensation
7.2.1 Basic processes

As we have seen, one of basic requirements for Bose–Einstein condensation is the
existence of a finite mass. More precisely, three different requirements can be
defined: finite mass, weak interactions and cooling mechanism. First, the bosons
should have a finite mass M, which is a necessary condition for the existence of a
critical temperature Tc. Second, the bosons should be a weakly interacting gas. They
need to collide or interact with each other, otherwise they will not attain thermal
equilibrium. Third, the gas of bosons should be in contact with a cold source, such
that the temperature could be lowered below its critical value. In the absence of weak
interactions, this cold source could be used to thermalise the gas. We have seen that,
in Bose–Einstein condensation of a diluted gas, weak interactions are guaranteed by
atom–atom collisions at low energy, and the cooling mechanism is provided by laser
cooling and evaporation.

Let us see how these three conditions can be achieved in a photon gas. First, we
have the problem of the photon mass. According to current views, photons
propagating in vacuum have no mass. But the question of a non-zero limit of the
photon mass was discussed by many people through the years, as it would have an
impact on our description of the electromagnetic interactions [24]. So, the absence of
a photon mass in vacuum seems to prevent any hope of achieving photon
condensation. However, photons acquire mass in a bounded medium, such as
when they are confined in optical cavities or propagate in waveguides. The origin of
this mass comes from the existence of physical boundaries. But a finite photon mass
can also occur in the absence of boundaries, for media possessing free charges, such
as in a plasma, a configuration that will be discussed latter.

In order to understand the origin of photon mass in a cavity, we take the simple
example of photon propagation in the empty region between two parallel mirrors.
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Assuming that the axis of the cavity is the z-axis, the dispersion relation of a photon
with frequency ω is determined by

ω = + = +⊥ ⊥ ( )c k k k k k( ) , . (7.58)z x y
2 2 1 2 2 2 1 2

The corresponding photon momentum is = ℏp k. Cavity modes are quantised along
the z-direction, such that

νπ= ℏ = ℏ ≫ = +⊥ ( )p k
L

p p p , (7.59)z z x y
2 2 1 2

where ν is a quantum number and L is the length of the cavity. From this, we then
get the photon energy ϵ ω= ℏp( ) , as

ϵ π ω≃ + = ℏ ≃ ℏ⊥
⊥p m c

p

m
m

Lc c
( )

2
, , (7.60)ph

2
2

ph
ph

0
2

where ω0 is the photon frequency with the lowest possible energy. The photon mass
mph is finite and depends on the cavity length. The photon energy relates to the
transverse momentum ⊥p by an expression formally identical to the energy of a non-
relativistic particle. Therefore, the quantised parallel momentum pz determines its
mass. Radiation trapped in a cavity can then be seen as a gas of two-dimensional
massive bosons. Photon condensation will correspond to an accumulation of most
photons in its ground state.

This elementary discussion has a clear physical meaning. It explains the existence
of a finite photon mass and indicates what we expect in a condensed photon gas. But
it is not completely correct, for a number of reasons. Photons do not ‘propagate’
inside a cavity. They are elementary excitations of the field mode occupying the
entire cavity, with a transverse structure characterised by the perpendicular wave-
number ⊥k . For a small curved cavity, with length much smaller than the radius of
curvature R of the cavity mirror, the photon energy equation can be approximately
written as

ϵ ≃ + ℏ + Ω Ω =⊥
⊥k m c

k
m

m r
c

LR
( )

2
1
2

,
2

. (7.61)ph
2

2 2

ph
ph

2 2 2
2

This is similar to the energy of an atom trapped in an harmonic potential with
effective frequency Ω. Let us now consider the second ingredient necessary for
condensation, which is the interaction between photons. This interaction will be
responsible for gas thermalisation, assuming that the photon lifetime inside the
cavity is much longer than the thermalisation time scale. Photon interactions can be
achieved by nonlinear processes occurring in the cavity, which implies that the cavity
should not be empty, but filled with some nonlinear optical medium.

Experiments proving the existence of photon condensation were realised in
microcavities filed with a dye liquid. The heavy dye molecules provide the cooling
reservoir, and photon scattering with the dye molecules also provides thermalisation,
two ingredients needed for condensation. Given the existence of photon losses, a
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laser pump beam is injected from the outside, coupling to the cavity modes through
scattering. This is illustrated in figure 7.4.

Cooling is provided by the scattering properties of dye molecules. At a given
temperature T, their emission and absorption coefficients satisfy the so-called
Kennard–Stepanov relation [29, 30], ω ω ω≃ −ℏR R T( )/ ( ) exp( / )em abs . This property
favours scattering of lower frequencies by the molecules, thus pushing the photon
spectrum towards the lowest frequency, ω = ℏm c /0 ph

2 . The physical reason is the
excitation of vibrational modes in the molecules, which dissipate as internal phonons
in the dye liquid. Photon condensation process can then be described as a decaying
process similar to Brillouin scattering, where an incident photon excites a phonon
and another photon of lower energy [31]. Photon condensation can be achieved at
room temperature ∼T K( 300 ), above a certain pump laser intensity, when the
number of photons in the cavity exceeds some critical value.

A simple description of a condensed photon gas can be made using the following
arguments [32]. Let us assume that, in equilibrium at a some temperature below
critical ⩽T Tc, the Bose–Einstein distribution is valid, and we can define the photon
energy distribution as

ϵ μ
=

− −
W

T T
r k

k
( , )

1
exp ( ( ) 1)

. (7.62)

But, in a cavity, we should consider a two-dimensional distribution instead, which
would be given by

∫ ∫ π
=⊥ ⊥W dz

dk
Wr k r k( , )

2
( , ). (7.63)z

Considering the above definition for the longitudinal wavenumber kz, equation
(7.58), we get

ν
ϵ μ

=
− −⊥ ⊥

⊥
W

T T
r k

k
( , )

2
1

exp ( ( ) 1)
. (7.64)

Figure 7.4. Photon condensation in a cavity filled with dye molecules: (a) experimental scheme; (b) phase
transition, showing a sharp increase in the number of ground state photons, above a given threshold.
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Integrating over the perpendicular momentum, we get the radial distribution of the
photon number as

∫ ∫ π
= ⊥ ⊥N r dz

dk
W r k( )

2
( , ). (7.65)z

ph

Using equation (7.61), we finally arrive at the expression

ν
π

μ=
ℏ

− − − Ω −{ }N r
m T

T m c T m r T( )
2

ln 1 exp 2 . (7.66)ph
ph

2 ph
2

ph
2 2 1⎡⎣ ⎤⎦

This provides the radial intensity of a condensed photon gas in the cavity, as
illustrated in figure 7.5, for a chemical potential below and at the critical value
μ = m cph

2. This result is in qualitative agreement with the observed photon
condensation [14]. Note also that equation (7.62) allows the calculation of photon
number at criticality, and therefore determines the critical temperature Tc, as

∫ ∫ ∫ ∫π π
= = ⊥

⊥N d
d

W d
d

Wr
k

r k r
k

r k
(2 )

( , )
(2 )

( , ) (7.67)c 3 2

calculated at μ = m cph
2. We then get

νπ=
ℏΩ

N
T

6
. (7.68)c

c
2 2
⎜ ⎟⎛
⎝

⎞
⎠

This shows that the critical temperature is proportional to the square-root of the
radiation intensity. Increasing the external pump, we can therefore arrive at an
intensity such that the temperature of the dye liquid will become equal or smaller
than the critical temperature, ⩽T Tc, therefore allowing photon condensation at
room temperature, as observed.

Figure 7.5. Normalised intensity distribution inside the cavity: (a) before condensation, at μ < m c ;ph
2 and (b)

at condensation μ = m cph
2, as determined by the photon number distribution of equation (7.66).
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7.2.2 Temporal evolution

The temporal evolution of the radiation intensity inside the cavity can be described
by a detailed balance equation of the photon number. In such an equation, the
various processes of photon gain and loss are taken into account, as confirmed by a
rigorous quantum analysis. The number of photons in the ground cavity state

ω=N N( )ph is determined by the balance between gain and losses [33], written in the
usual form

ω ω ω ω ω ω ω= + − − Γ↑ ↓
d
dt

N M A B N M B N N( ) [ ( ) ( ) ( )] ( ) ( ) ( ), (7.69)21 12

where ωA( ), ωB ( )21 and ωB ( )12 are the Einstein coefficients, determining the
spontaneous emission, induced decay and radiation absorption, respectively. Here,
we have also used the molecular numbers in the upper and lower electronic states,

↑M and ↓M , and the cavity loss rate ωΓ( ). It is known that the Einstein coefficients
satisfy the relation ω ω ω=A B g( )/ ( ) ( )21 , where ωg( ) is the photon mode degeneracy.
We have also mentioned that, for a dye liquid in thermal equilibrium at temperature
T, the Kennard–Stepanov scale ω ω ω∝ −ℏB B T( )/ ( ) exp( / )21 12 should be use.

The balance equation can be written in another form. Introducing the fraction of
excited molecules = ↑f M M/ dye, where Mdye is the total number of dye molecules in
the cavity, and using the simplified notation ω=n N( ), we then get [34]

κ= + − − −dn
dt

Ef n An f n( 1) (1 ) , (7.70)

where E, A and κ are the new emission, absorption and decay coefficients. This has
to be completed with another balance equation, describing the temporal evolution of
the number of excited molecules. It depends on the external pumping and loss rates
Γ↑, and Γ↓, as

= − + + − + Γ − − Γ↑ ↓
df
dt

Ef n An f f f( 1) (1 ) (1 ) . (7.71)

In equilibrium, =d dt/ 0, these equations lead to the molecule and photon number
steady-state values, =f feq and =n neq, such that

κ
κ

=
+
+ +

=
Γ

− +
Γ
Γ

↑ ↓

↑
f

A n

E n An
n f f

( )

( 1)
, (1 ) . (7.72)eq

eq

eq eq
eq eq eq

⎡
⎣⎢

⎤
⎦⎥

The evolution of the photon density towards equilibrium is illustrated in figure 7.6,
for two different values of the pumping rate coefficient Γ↑. We can see that, for a low
pump intensity, the average number of photons in the lower cavity mode stays close
to zero. In contrast, for a large pumping rate, stimulated emission dominates over
the spontaneous process, and the number of photons tends to a large saturation
value ≫n 1eq . This is a signature of photon condensation inside the cavity.

The above balance equations can also be derived from a microscopic quantum
model, describing the details of the collective photon-matter processes taking place
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in the cavity. For this purpose, we consider the system of Mdye dye molecules
interacting with the photon modes inside the spherical cavity. Photons are described
by creation and annihilation operators ν

†a and aν for each cavity mode ν, and the
two-level molecules are described by the Pauli matrices σi, for = …i M1, , dye. The
energy difference between the two relevant electronic levels is Δ, and each of them is
a ladder of rovibrational sublevels. The internal low energy transitions between these
sublevels can be seen as internal phonons, described by operators †bi and bi. The
total Hamiltonian of the system is a sum of three terms,

= + +H H H H , (7.73)ph dye int

where the photon, molecular and interaction terms are determined (in ℏ = 1 units) by

∑ ω=
ν

ν ν ν
†H a a , (7.74)ph

where ων are the mode frequencies,

∑ σ σ= Δ + Ω + +† †{ }H b b S b b
2

[ ( )] , (7.75)
i

i
z

i i i
z

i idye

where Δ is the energy difference between the two electronic levels, Ω is the
vibrational mode spacing, and S the coupling strength with the internal phonons,
and finally

∑ σ σ= +
ν

ν ν
+ † −H g a a( ), (7.76)

i,
i iint

where g is the coupling coefficient between the cavity modes and the molecules.
From here, we can establish the master equation describing the density operator

Figure 7.6. Transition towards equilibrium, described by of equations (7.70)–(7.72): (a) absence of photon
condensation, for low pumping rates, such that = =f f 0.1eq (dot-dashed) and 0.2 (dashed curve), where

⩽n 1; (b) condensation, for high pumping rate and = =f f 0.5eq , with ≫n 1.
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ρ for both photons and molecules [35]. Defining the mean photon number for the
lower energy mode n and the number of excited molecules M , as

∑ σ σ= =† + −n a t a t M t t( ) ( ) , ( ) ( ) , (7.77)
i

i i

we obtain the evolution equations

κ= + − − −d n
dt

Ef M nM A n M nM n( ) ( ) , (7.78)dye

and

= − + + − + Γ −

− Γ

↑

↓

d M
dt

E nM M A n M nM M M

M

( ) ( ) ( )

.

(7.79)
dye dye

In the semi-classical limit, the mean values of n and M can be factorised, as
≃nM n M . Furthermore, defining ≡n n , and =f M M/ dye, we are reduced

to the above balance equations (7.70) and (7.71).

7.3 Condensation in plasma
7.3.1 Compton cooling

Let us now discuss photon condensation in free space, independent of any cavity
boundaries, as it eventually occurs in a plasma. Here, the photon modes are not
discrete, but form a continuum, as described by the respective wavevectors k.
Photon condensation can be established through their interaction with the electrons,
via Compton scattering. In order to describe such a process we use the photon
balance equation, which is nothing but a quantum Boltzmann equation for the
photon spectral distribution N k( ). It takes the form

∫ ∫∂
∂

= ′ ′ + − + ′{ }N
t

c d dW f N N f N N
k

p p k k p k k
( )

( ) ( )[1 ( )] ( ) ( )[1 ( )] . (7.80)e e

Here, f p( )e represents the electron distribution function, and dW the differential
transition probability from a photon state ′k to another photon state k, through
Compton scattering. This scattering process satisfies the momentum conservation
relation, + ℏ = ′ + ℏ ′p k p k . Notice that this equation ignores any inelastic photon
absorption or emission process, and only considers momentum and energy
exchanges between the plasma and radiation resulting from single-particle
Compton scattering.

In the non-relativistic case, when ≪T m ce e
2, and assuming that the energy

transfer due to scattering is small compared with the electron thermal energy,
ω ωΔ ≡ ℏ − ′ ≪T( )/ 1e , we can use the Maxwellian distribution

π
= −f

n
m T

p
m T

p( )
(2 )

exp
2

, (7.81)e
e

e e e e

0
3 2

2⎛
⎝⎜

⎞
⎠⎟
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and expand the distributions ′f p( )e and ′N k( ) around the values p and k. This allows
us to reduce the quantum Boltzmann equation (7.80), to an expression of the form

∂
∂

= ′ + + Δ + + ′ + + ΔN
t

N N N N N N N[ (1 )] ( ) [ ” (2 )(1 )] ( ), (7.82)1 2
2I I

where we have used the notation ≡N N x t( , ), and ′ = ∂ ∂N N x/ , and introduced the
dimensionless variable ω= ℏx T/ e. The two integrals in this expression are defined by

∫ ∫ ∫ ∫Δ = Δ Δ = Δc d dW f
c

d dW fp p p p( ) ( ), ( )
2

( ). (7.83)e e1 2
2 2I I

We use σ= Ω ΩdW d d d( / )C , where Ωd is element of the solid angle, and take the
Compton differential cross section in the non-relativistic limit, as

σ
π

θ σ
Ω

≃ +d
d

3
16

(1 cos ) , (7.84)
C

T
2

⎛
⎝⎜

⎞
⎠⎟

where θ is the scattering angle, σ π= r8 /3T e
2 is the Thomson cross section, and

πϵ=r e m c/(4 )e e
3

0
2 is the classical radius of the electron. Taking equation (7.81) into

account, we obtain

δ δ σ δ σΔ = − ℏ ℏ Δ =T
m c

n
T

T
n
T

( ) (4 ) , ( ) , (7.85)e
e

e

e
T e

e

e
T1

0
2

2 2 0I I

where δ ω ω= −( )p
2 2 2 , and ωp is the plasma frequency. Finally, introducing the

Compton time τ, and the new variable κ, such that

τ σ κ δ δ
ω

= = ℏ =n T
m c

t
T

x, , (7.86)e e

e
T

e

0
2

we reduce the photon kinetic equation (7.82) to a much simpler form [37]

τ
κ

κ κ
κ

κ
κ∂

∂
= ∂

∂
∂
∂

+ +N f N
f N N

( )
( ) (1 ) , (7.87)

2
4

⎧⎨⎩
⎡
⎣⎢

⎤
⎦⎥
⎫⎬⎭

where κf ( ) is the Jacobian function, defined as

κ κ
κ ω

=
+ ℏ

f
T

( )
( )

. (7.88)
p e

2 2

This equation takes into account the specific plasma dispersion properties, namely
the existence of a cut-off ω ω= p, below which photon modes cannot exist. Steady-
state solutions satisfy the condition

κ
κ

κ ω
+

= − + ℏdN
N N

d
T( ) , (7.89)p e2

2 2

and can be written explicitly as (figure 7.7)
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κ κ κ=
−

Θ = +
κ + −Θ

−N
ze

a Tanh
a

a( )
1

1
, ( )

1
, (7.90)

a a( )

1 2 2
2 2

⎛
⎝⎜

⎞
⎠⎟

where ω= ℏa T/p e, and = κ−z e 0 is the fugacity. Notice that κ ω+ = ℏa T/ e
2 2 . We can

study the temporal evolution towards condensation, if we assume an initial
Planckian distribution, τ ω= = ℏ − −N T( 0) [exp( / ) 1]ph

1. For an electron temper-
ature lower than the initial photon temperature, <T Te ph, we observe condensation
with an accumulation of photons at the cut-off frequency, ω ω∼ p. This clearly
shows that the electrons are the cold source which provides photon condensation, as
illustrated in figure 7.8.

Figure 7.7. Photon condensation in plasma: (a) plasma as a collection of electrons and ions with global charge
neutrality; (b) Compton scattering as a cooling mechanism.

Figure 7.8. Photon condensation in plasma, as described by equation (7.87): (a) condensation is absent in hot
plasmas, when the electron temperature is larger than the initial photon temperature, =T T0.8 eph ;
(b) condensation occurs in cold plasmas, when =T T1.5 eph . Photon spectrum: Initial conditions (dashed
blue), intermediate state (in red) and final state (in black). (Courtesy of J L Figueiredo.)
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The analysis is simplified if we assume a low density plasma and neglect the influence
of the electron plasma cut-off. We get κ →f ( ) 1, and κ = x. The above photon kinetic
equation (7.87) is then reduced to the so-called Kompaneets equation [36]

τ
∂
∂

= ∂
∂

∂
∂

+ +N
x x

x
N
x

N N
1

. (7.91)
2

4 2⎜ ⎟
⎧⎨⎩

⎛
⎝

⎞
⎠
⎫⎬⎭

The solutions of this equation were discussed in detail in [38]. Steady-state solutions
are determined by the Riccati equation

+ + =dN
dx

N N
x

const.
. (7.92)2

4

Assuming that the constant is equal to zero, we then get the

=
−

=N
ze

z
1

1
, const. (7.93)

x

where z is a constant. We can take = μ−z e , where μ is the dimensionless chemical
potential, and get a Planck distribution. This can be reduced to a Bose distribution
when μ = 0.

Zel’dovich and Levich were the first to realise that the Kompaneets equation
(7.91) predicts photon condensation for >T Teph [12]. They further simplified the
equation by assuming a large occupation number, ≫N 1. This is certainly valid in
the low frequency region, when condensation is taking place. In this case, we can
also drop the second term on the r.h.s., and reduce it to a diffusion equation, of the
form

τ
∂
∂

= ∂
∂

∂
∂

N
x x

x
N
x

1
. (7.94)

2
4⎜ ⎟

⎧⎨⎩
⎛
⎝

⎞
⎠
⎫⎬⎭

Assuming further that ≫ ∂ ∂N N x/2 , we get the first-order equation

τ
∂
∂

= ∂
∂

N
x x

x N
1

( ). (7.95)
2

4 2

Multiplying this by x2, and using =f x N2 , we obtain

τ
∂
∂

− ∂
∂

=f
f

f
x

2 0. (7.96)

Integration by the method of characteristics leads to τ+ =x f F f2 ( ). Therefore the
solution takes the form

τ= −x F f f( ) 2 . (7.97)

If we start with a given function τ= =f f x( , 0), this curve will move in time along
the characteristics, and will attain the point x = 0 at τ = F f f( )/2 . Noting that the
(dimensionless) frequency x cannot be negative, we conclude that an accumulation
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of photons will occur in time at x = 0. Photon condensation will then correspond to
the formation of a shock front at zero frequency. The critical time for the formation
of a Bose condensate can then be estimated as

τ τ⩾ = T
T2

. (7.98)C
e

ph

Invariant solutions of the Kompaneets equation (7.91) can also be found for ≫N 1,
of the form [38]

τ
μ

=
− τN x

x e
( , )

1 1
[(1 ) ]

, (7.99)2

where >C 0 is a constant. A singularity occurs at a critical time, τ μ= − −* ln 1 .
For μ = T T/e ph, this is larger than the estimated value of equation (7.98).

7.3.2 Photon interactions

We have seen above that coupling with electrons via Compton scattering could lead to
photon condensation. Therefore, electron–photon coupling was considered the domi-
nant process. But, photons also interact weakly with each other, due to the nonlinear
plasma response, thus creating an alternative channel for radiation transport (figure 7.9).
In the strong radiation regime, this could eventually dominate over the Compton
process and lead to condensation without electron cooling [39]. But, even in the weak
radiation regime where Compton processes eventually dominate, these nonlinear
photon interactions allow for photon thermalisation, and for the collective behaviour
of the condensed medium. In order to understand the nonlinear photon processes, we
start with the wave equation in a plasma, which can be written as

ω
γ

∇ − ∂
∂

=
c t c

a a
1

, (7.100)p2
2

2

2

2

2

⎛
⎝⎜

⎞
⎠⎟

Figure 7.9. Nonlinear photon processes in a plasma: (a) photon–photon interactions, mediated by four-wave
mixing; (b) photon–plasmon interactions.
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where = e m ca A/ e is the normalised potential, ωp the plasma frequency, and

γ = + a1 2 the relativistic gamma-factor. Using a space Fourier decomposition,
of the form

∑≡ = ·t ia a r a k r( , ) exp( ), (7.101)
k

k

and expanding γ in power series, using the unit polarisation vector = ∣ ∣e a a/k k k , we
get to the lowest order a nonlinear equation of the form [37]

∑ω∂
∂

+ = −
′

′ ′ ′
t

a C a a a
k k

k k k
, ”

( , , ”) , (7.102)k k k k k

2

2
2

” ”

⎛
⎝⎜

⎞
⎠⎟

where the mode frequency is determined by ω ω≃ + k c/pk
2 2 2 2, and

′ = + − ′k k k k” ” . Photon coupling is provided by the factor

ω
′ = · ·′ * ′C

c
k k k e e e e( , , ”)

2
( )( ), (7.103)p

k k k k

2

2 ” ”

equation (7.102) describes a collection of coupled harmonic oscillators. After
quantisation, the photon states associated with these oscillators are described by
an Hamiltonian of the form

∑ ωˆ = ℏ ˆ ˆ + + ˆ†H a a H
1
2

, (7.104)
k

k k k int
⎛
⎝⎜

⎞
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where the interaction Hamiltonian Ĥint describes the nonlinear photon–photon
interactions, and is determined by

∑ˆ = ˆ ˆ ˆ ˆ+
†

−
†H C a a a ak p q

1
2

( , , ) , (7.105)
k p q, ,

k p q p k qint

with

ϵ ω ω
=

·
+

·+ − *( )C
m
e

k p q
e e

e e( , , )
( )

(1 )
. (7.106)e

p

k p q p

k
k q

2

0
2 2

This Hamiltonian provides a way to discuss Bose–Einstein condensation. The
photons in a plasma behave as massive particles, with energy ϵk and mass mph

determined by

ϵ
ω

= + ℏ =
ℏ

m c k c m
c

, . (7.107)p
k ph

2 4 2 2 4
ph 2

The critical temperature Tc and the chemical potential μ μ= =T T( )c cph ph , corre-
sponding to condensation, are established in analogy with the case of atoms as

π μ= ℏ =T
m

n m c, . (7.108)c e c

2

ph

2 3
ph

2
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Notice that condensation can be achieved by Compton cooling, as described,
and also eventually by photon–photon interactions [39]. In any case, even if
Compton cooling is dominant, nonlinear photon coupling is still needed to
guarantee the existence of Bogoliubov oscillations in the photon gas. This is
relevant for the possible occurrence of superfluidity, as seen later. In order to
establish the photon Bogoliubov mode dispersion, we start from the photon
number operator

∑ ∑ˆ = ˆ ˆ ≃ + ˆ ˆ
≠

† †N a a N a a , (7.109)
k k 0

k k k k0

where N0 is the number of condensed photons in the lowest energy state, =k 0.
Using this in the Hamiltonian (7.104)–(7.105), and assuming ≫N 10 , we get

ˆ = ˆ + ˆH H H , (7.110)0 1

where the condensed part of the Hamiltonian is determined by

ω μˆ = ℏ − +H N C N( )
1
2

(0, 0, 0) , (7.111)p0 ph 0 0
2

and the remaining part, which is associated with the non-condensed photons, is
given by

∑ ϵˆ = + ˆ ˆ + ˆ ˆ ˆ ˆ
≠

† †
−
†

−H g N a a g N a a a a( )
1
2

( ) , (7.112)
k 0

k k k k k k k k k1 0 0
⎡
⎣⎢

⎤
⎦⎥

where the quantity =g C Nk( , 0, 0)/k 0 is the photon interaction parameter. This
Hamiltonian description can be simplified by the introduction of a Bogoliubov
transformation, such that

α αˆ = ˆ + ˆ ˆ = ˆ † + ˆ−
†

−
†

−u a a u a a, , (7.113)k k k k k k k k k kv v

where the coefficients uk and uk satisfy the condition ∣ ∣ − ∣ ∣ =u 1k k
2 2v . Writing the

total Hamiltonian (7.109) in terms of the new operators, we are reduced to a
diagonalised form

∑ ω α αˆ = + ˆ ˆ
≠

†H E , (7.114)
k 0

k k k0

where the first term, E0, corresponds to the energy of the photon condensate, and the
non-condense part is described as a sum over a number of new modes, with
momentum k and frequency ωk, satisfying the dispersion relation

ω ϵ ϵℏ = + g N( 2 ) . (7.115)k k k k 0

These modes are not the usual photons, as can easily be realised, but correspond to
low frequency oscillations of the photon gas. These are the photon Bogoliubov
oscillations or photon bogolons, analogous to those of atomic condensates. Noting
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that we are in the limit of very low wavenumbers, →k 02 , the mode energy can be
expanded as

ϵ ω μ= ℏ + − ≃ ℏ
k c

k
m2

. (7.116)pk
2 2 2

ph

2 2

ph

This finally leads to

ω = + ℏ =k C
k

m
C

gN

m4
, , (7.117)B Bk

2 2 2
2 4

ph
2

0

ph

where CB is the Bogoliubov speed of the photon gas, and ≃ =g gq 0. This describes
low frequency oscillations of the photon density inside the plasma, and is completely
distinct from the usual plasma oscillations, plasmons and phonons. Possible
intersection between such bogolon modes and the plasmons can eventually occur,
for wavenumbers of the order of

ω
ω

≃ ℏ =
ℏ

k m
c

2 2 . (7.118)p
p2

ph

2

2

This could eventually lead to additional photon cooling, due to the conversion of
non-condensed photons into plasmons, and later dissipation of plasmons
by electron Landau damping. In order to illustrate this intersection, we represent
in figure 7.10 the bogolon and plasmon dispersion curves, represented respec-
tively by

Figure 7.10. Plasmon-bogolon intersection: normalised dispersion relations (7.119) are represented, with
plasmon dispersion (in red) and bogolon dispersion (in blue). We have used ν = 1, λ = 0.1D

2 and β = 0.32 . The
intersection between the two modes occurs at λ =k 1D

2 2 , already in the region of strong Landau damping.
Another bogolon dispersion curve, with ν = 1.52 is also shown (blue dashed), showing possible intersection at
the undamped region λ <k 1D

2 2 .
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ω

ν λ β ω
ω

λ≡ = + ≡ = +X k Y k, 1 , (7.119)
p

D
p

D
2

2

2
2 2 2 4 2

2

2
2 2

where ν = C S/B e is the ratio between the Bogoliubov speed and the electron thermal
velocity =S T m3 /e e e , the quantity λ ω= S /D e p

2 is the electron Debye length, and
β ω= ℏ m/(2 )pph is the quantum factor.

7.3.3 Photon–plasmon coupling

We have seen the complexity of photon behaviour in a plasma, due to wave and
particle processes that can take place simultaneously. Another source of complex-
ity is due to the possible interaction of the photons with plasma density
perturbations, in particular, with plasmons. We have seen that Compton scattering
gives access to cooling and to condensation. But, in our description, the electron
distribution function f p( )e appearing in equation (7.80) was assumed constant.
This is not true in general, and an electron kinetic equation should be coupled
to the photon kinetic equation. This means that we should use the Vlasov
equation for the electron distribution function fe. Formally, this is a single-particle
Liouville equation, valid in a broad range of plasma conditions, which can be
written as

∂
∂

+ · ∇ + · ∂
∂

=
t m

f
p

F
p

0, (7.120)
e

e e

⎛
⎝⎜

⎞
⎠⎟

where = mp ev is the electron momentum, and the force Fe acting on the electrons is

∫ϕ
π

ω= −∇ − ℏ ∇e
m

d
N tF

k
r

2 (2 )
( , ). (7.121)

e
k k

2

3

The first term is the electrostatic force, associated with electron plasma waves
(plasmons), and is determined by the Poisson equation

∫ϕ
ϵ

∇ = −e
f t d nr p p( , , ) . (7.122)e

2

0
0

⎡
⎣⎢

⎤
⎦⎥

Here n0 is the equilibrium density. The second term in equation (7.121) is the
radiation force or ponderomotive force term. As we can see, inhomogeneities in the
photon distribution will induce a force, which pushes the electrons out of the high
intensity regions. This is at the origin of the concept of photon charge [11]. The
medium is a mixture of two interacting fluids, the electron and photon fluids, as
described by the coupled equations (7.80) and (7.120). Other two-fluids models have
been discussed in the context of superfluidity. The influence of the electrostatic force,
associated with the plasmon potential ϕ, on the Compton cooling process has been
considered in [40]. As for the ponderomotive force term, it could be at the origin of
suprathermal acceleration of particles by photons [41]. They both would require a
more careful analysis.
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7.4 Polariton condensation
We now turn to the concept of exciton–polariton, analyse the polariton equations
and establish the analogy between polariton condensates and atomic and photonic
condensates. Semiconductor microcavities can be seen as an interface between
photons and condensed matter. See figure 7.11(a) for an illustration. A planar
semiconductor plate, which is a kind of quantum well, is located in the middle of a
microcavity delimited by two Bragg mirrors. The photon modes inside the cavity are
strongly coupled to the excitonic transitions that can occur in the semiconductor,
and this coupling leads to the creation of new modes, involving the excitation of
both light and matter. These new modes are quasi-particles of a mixed origin,
usually called polaritons. They are bosons with a very small mass, and can
condensate in the lowest quantum level of the cavity at room temperature.

The field of exciton–polaritons in these planar microcavities has received
considerable attention in recent years [42]. This is mainly due to the fact that this
field is a two-dimensional bosonic field, which can suffer phase transitions analogous
to Bose–Einstein condensation [43]. Such a condensation was first observed in 2006
by Karprzak and collaborators [44]. The main difference with respect to the usual
condensation of dilute atom vapour is that we are now dealing with a strongly
dissipated system, where the exciton losses are compensated by an external pump. In
this sense it is closer to condensation of photons in a dye cavity. Usually, the external
pump is fixed, and occupies a well-defined region of the planar cavity. But a moving
source could eventually be considered. The coupled photonic and excitonic fields,
represented by ϕ tr( , ) and χ tr( , ) respectively, can be described by the following
system of wave equations [42]

ϕ
τ

ϕ χ ϕℏ ∂
∂

= − ℏ ∇ + ℏ + ℏ Ω + +
σ

ϕ ϕ

σ σ σ σ−i
t m

i
H P

2 2 2
, (7.123)R

2
2

eff

⎡
⎣⎢

⎤
⎦⎥

Figure 7.11. Polaritons in a semiconductor microcavity: (a) structure of a planar microcavity; (b) dispersion
relation of exciton–polaritons in the cavity, as described by equations (7.129), in arbitrary units. The two
dispersion branches are shown, as well as the location of the polariton condensation.
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= − ℏ ∇ + ℏ + ℏ Ω + +
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χ χ

σ σ σ σ σ−i
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i
2 2 2
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In these equations σ = ±1 represents the two possible polarisation states, ≪ϕm me

and ⩽χm me, are the cavity photon and the quantum well photon masses (and, for
comparison, me the electron mass). Typical values are = ×ϕ

−m m5 10 e
5 , and

=χm m0.4 e. The quantities τϕ and τχ are the lifetimes of cavity photons and excitons,
with typical values τ =ϕ 10 ps and τ =χ 400 ps.

In equation (7.123), ≡σ σP P tr( , ) is the photonic pump intensity, resulting from
an external source, and tuned in quasi-resonance with respect to the lower polariton
branch, as specified bellow. The interaction constants α1 and α2 in equation (7.124)
describe the exciton–exciton interactions, with α α∣ ∣ ≪ ∣ ∣2 1 . Typically, we have
α μ= meV m0.02 /1

2 and α α= −0.22 1. Equation (7.123) also shows the in-plane
effective magnetic field Heff , coupling the two spin components σ = ±1, as due to
the photon TE–TM split. It is defined as

β β= ∂
∂

∓ ∂
∂

= ℏ −
ϕ ϕ

H
x

i
y m m

,
4

1 1
, (7.125)eff
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where =ϕ ϕm mTE and =ϕ ϕm m0.95TM and the masses of the photonic TE and TM
modes. We start with the derivation of the appropriate dispersion relations for the
photon–exciton coupled field. In a first-order approximation, we neglect the photon–
exciton coupling, the effective magnetic field coupling, the spin-coupling in the
exciton–exciton interaction terms, as well as the optical pump. The resulting
equations are

ϕ
τ

ϕℏ ∂
∂

= − ℏ ∇ + ℏσ

ϕ ϕ

σi
t m

i
2 2

, (7.126)
2

2
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χ
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ϕ α χ χℏ ∂
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= − ℏ ∇ + ℏ +
σ

χ χ

σ σ σi
t m

i
2 2

( ) . (7.127)
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We can then find solutions of the form

ϕ ϕ ω χ χ ω= · − = · −σ σ
ϕ

σ σ
χt i i t t i i tr k r r k r( , ) exp( ), ( , ) exp( ). (7.128)0 0

Replacing this in equations (7.126)–(7.127), we obtain the dispersion relations

ω γ ω α χ γ= ℏ + = ℏ + +ϕ
ϕ

ϕ χ
χ

σ
χ

k
m

i
k
m

i
2

,
2

. (7.129)
2 2

1 0
2

This defines two independent frequency (or energy) branches, for the upper
(photonic) states and the lower (excitonic) states, where a nonlinear correction for
the lower branch is retained, as well as two damping coefficients γ τ=ϕ ϕ1/2 and
γ τ=χ χ1/2 . For a given value of the wavenumber k, we have ω ω≫ϕ χ , as a result of
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the mass difference ≪ϕ χm m . As a refinement to this simple description, we can
reintroduce coupling between the photon and the exciton fields, corresponding to the
terms containing the coupling frequency ΩR in equations (7.123)–(7.124), but still
ignoring the quantities ≃H 0eff , =σP 0 and α = 02 . Using solutions of the form

ϕ χ ϕ χ ω= · −σ σ σ σ( )t i i tr k r( , )( , ) , exp( ), (7.130)0 0

we can then derive the coupled dispersion equation

ω ω ω ω− − = Ω
ϕ χ( )( )

4
, (7.131)R

2

where ωϕ and ωχ are determined by equation (7.129). Solving for ω, we get two
solutions ω±, such that

ω ω ω ω ω= + ± + + Ωϕ χ ϕ χ±
1
2

( ) ( ) . (7.132)R
2 2⎡⎣ ⎤⎦

This corresponds to the two well known ω+ polariton and ω− exciton branches,
which are represented in figure 7.11. In the linear and non-dissipative limit, they
would simply reduce to the parabolic dispersion curves ω = ℏϕ ϕk m/22 , and
ω = ℏχ χk m/22 . In typical experiments, the cavity modes are excited by a pump laser
beam. Excess of energy is dissipated through the emission of phonons, exciton
scattering and other loss mechanisms, leading to the appearance of a population of
low energy polaritons, which progressively accumulate in the lowest polariton level,
as indicated in the figure. Occurrence of a Bose–Einstein condensate of polaritons is
observed above a threshold for the pump intensity, in a way similar to that of photon
condensation in a dye cavity.

7.5 BEC–laser transition
Similarities between a photon BEC and a laser are quite striking. They both need a
pump field to excite the upper level population of atoms or molecules, and both lead
to the coherent excitation of a single photon mode. This becomes more obvious
when we compare the equations governing the photon number in these two
processes. A simple nonlinear equation can be written for the laser, equation
(6.144), in the form

γ∂
∂

= − −n
t

A n Bn( ) , (7.133)c
2

where =A D w0 represents the oscillator strength of the radiative transition, γ gives
the cavity losses, and τ=B D w2 0

2 the decay rate. We have seen in section 6.8 that,
for sufficiently high inversion of population, γ>D w/c , stimulated emission domi-
nates over the cavity losses and laser instability takes place. The number of photons
of the resonant cavity mode will grow in time, until nonlinear saturation is reached.
A similar, although not identical process occurs in a photon BEC, as shown by
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equation (7.70) of section 7.3, written here in a slight different way, to facilitate
comparison

δ κ= + − ℏ −dn
dt

B M n M n T n( 1) exp , (7.134)e g
⎡⎣ ⎤⎦

where B is the Einstein emission coefficient, Me and Mg are the mean number of
molecules in the excited and ground states. The exponential factor results from the
Kennard–Stepanov relation, where δ ω ω= −( )s is the detuning between the photon
mode frequency ω and the zero-phonon line of the molecule, and T is the dye bath
temperature. Given that the total number of molecules is constant, = +M M Me g,
the fraction of excited molecules =f M M/e will grow until it attains an equilibrium
value, as indicated by equation (7.72). In the limit of negligible losses κ → 0, we can
see from (7.134) that a Bose–Einstein distribution will be attained, such that

ω ω+ =
− ℏ −n

n

f

f T
1 (1 )

exp
( )

. (7.135)
eq

eq
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⎤
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This discussion shows the striking differences, despite the similarities, between a
photon BEC and a laser. First, the BEC state is an equilibrium state, at a given
temperature, which is the temperature of the dye solution (the room temperature).
This state depends on both spontaneous and stimulated emission, as indicated by the
presence of the +n( 1) term in this expression.

In contrast, spontaneous emission is ignored in the laser, which is a state out-of-
equilibrium, where light is concentrated in a single mode of the cavity, not
necessarily coincident with the lowest cavity frequency. The laser therefore requires
a strong pump, necessary to obtain an inversion of population >D 00 , which is not
required by photon BECs. For that reason, photon condensation is observed at
much lower pump intensity and lower frequency [33, 34, 45, 46]. Similar effects had
previously been observed in polariton condensates [47]. But the important fact is
that the same experimental configuration is able to support both regimes, and that
we can observe a transition from laser action to condensation, by decreasing the
pump power and making other small adjustments in the cavity system.

7.6 Photon kinetics
The process of photon condensation can be approached from a more general point
of view, when photons propagate in an arbitrary medium. The starting point of this
approach is the wave-kinetic equation of photons, which is discussed now in detail.
This will then coupled with the equations for the particles in the medium, neutral
atoms, molecules or electrons.

As a starting point for any description of collective photon processes, which
include Bose–Einstein condensation, we should start with a photon kinetic equation,
which can be derived in quite general conditions (see [48, 49]). We consider a system
of atoms and photons, described by the evolution equation

ρ
ρ

∂
∂

=
ℏt i

H
1

[ , ], (7.136)tot
tot
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where we define the total Hamiltonian H in the usual way, as

= + = +H H H H H H, , (7.137)a f0 int 0

where, according to the usual conventions, Hint represents the interaction between
atoms and radiation, and H0 is the unperturbed field containing the atomic part Ha

and the field part Hf described by

∑ ω= ℏ +†H a a
1
2

. (7.138)
k

f k k k
⎛
⎝⎜

⎞
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It is useful to move onto the interaction picture, where two new operators are used,
as defined by

ρ ρ= =ℏ − ℏ ℏ − ℏe e V e H e, . (7.139)iH t iH t iH t iH t
tot int

0 0 0 0

In this picture, equation (7.136) can be rewritten as

ρ ρ∂
∂

=
ℏt i

V
1

[ , ]. (7.140)

A formal integration of this equation leads to

∫ρ ρ τ ρ τ τ= +
ℏ

− −t
i

V t t d( ) (0)
1

[ ( ), ( )] . (7.141)
t

0

For each photon mode k, we define a photon number operator = †N a ak k k. It is also
useful to introduce a local photon number operator N r( )k , defined in a symmetrised
form as

∫ π
= − +† ·N a a e

d
r k q k q

q
( ) ( /2) ( /2)

(2 )
. (7.142)i

k
q r

3

In alternative, this could be written as a sum, using

∑= − +† ·N a a er k q k q( ) ( /2) ( /2) . (7.143)
k

i
k

q r

In the interaction picture, we should be able to use, in the same way as in equations
(7.139), a time-dependent operator N tr k( , , ) defined by

= ℏ − ℏN t e N er k r( , , ) ( ) . (7.144)iH t iH t
k0 0

These equations are valid for a given photon polarisation. For unpolarised light, we
should introduce a sum over the two possible states of polarisation, σ. Noting that

= +H H Ha f0 and that the atom Hamiltonian commutes with N r( )k in equation
(7.144), we can easily conclude that

∫ π
= − + ω† · −ΔN t a a e

d
r k k q k q

q
( , , ) ( /2) ( /2)

(2 )
, (7.145)i tq r( )

3
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where ω ω ωΔ = −+ −( ), with ω ω= ±± k q( /2). Here, we have assumed that ωk is a
well-defined function of the photon wavevector k, as determined by an appropriate
dispersion relation. In vacuum, we simply have ω = kck , and ω = ±± ck q/2 . At
this point, it should be noticed that, in a medium, the description of photon states is
only meaningful when the wavelength is much shorter than the photon mean free
path. This means that we should take ∣ ∣ ≫ ∣ ∣k q in the above integral. As a result, we
are led to the conclusion that the photon number operator satisfies the conservation
law

∂
∂

+ · ∇ =
t

N tr k( , , ) 0, (7.146)k⎜ ⎟⎛
⎝

⎞
⎠v

where

ω ω= ∂
∂

= Δ ·→
k q

k
k

lim , (7.147)k
k

q 0

⎛
⎝⎜

⎞
⎠⎟v

is the photon group velocity. Let us now define the photon Wigner function as the
mean value of the symmetrised photon number operator, such that

ρ=W t Tr t N tr k r k( , , ) .{ ( ) ( , , )}, (7.148)

where the density operator ρ t( ) evolves according to equation (7.140). Applying the
operator ∂ ∂ + · ∇t( / )kv to the definition of the photon Wigner function, as stated in
equation (7.145), and noting that ρ is not explicitly dependent on r, we obtain

ρ∂
∂

+ · ∇ = ∂
∂{ }t

W t Tr
t

N tr k r k( , , ) . ( , , ) . (7.149)k⎜ ⎟⎛
⎝

⎞
⎠v

Using equation (7.140), this is equivalent to

ρ∂
∂

+ · ∇ =
ℏt

W t
i

Tr V t t N tr k r k( , , )
1

.{[ ( ), ( )] ( , , )}. (7.150)k⎜ ⎟⎛
⎝

⎞
⎠v

Finally, using the property of trace invariance under a cyclic permutation of the
operators, and using a more compact notation, we obtain

ρ∂
∂

+ · ∇ =
ℏt

W
i

Tr N V
1

.{[ , ] }, (7.151)k⎜ ⎟⎛
⎝

⎞
⎠v

where N and W are functions of tr k( , , ). This is an important starting point, from
where we can attempt to derive a closed equation for the photonWigner functionW.
For such purpose, we use the formal solution of equation (7.141), and assume that
the initial state ρ(0) is diagonal in the basis of the eigenvectors of the number
operator N. This means that the first term in equation (7.141) has no contribution to
the evolution described by equation (7.13). We then get

∫ τ ρ τ τ∂
∂

+ · ∇ = −
ℏ

− −
t

W Tr N t V t V t t dr k
1

.{[ ( , , ), ( )] ( ) ( )} . (7.152)
t

k 2 0
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⎝

⎞
⎠v
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This can be transformed into a closed equation for W after some simplifying
assumptions. First, we assume that radiation is weakly coupled to the atoms in the
medium, such that the total density operator can be factorised as

ρ ρ ρ≃ . (7.153)A F

Second, that the system is Markovian, such that

ρ τ ρ− ≃t t( ) ( ), (7.154)

and we can extend the integral in equation (7.152) to infinity. Third, that the
interaction potential V t( ) results from dipole interactions with the atoms, and is
described by

∑= ·V t tp r( ) ( , ), (7.155)
a

a aE

where =r ra is the position of each atom a, and pa the corresponding dipole
operator. Finally, the electric field operator is given by

∫ ω
ϵ

= · +t i a i d h cr k r k( , )
2

exp( ) . . (7.156)
k

k
0

E

We are then led to an expression of the form

∫ ∫∂
∂

+ · ∇ = ′ ′ ′ + ⋯′
†

t
W d d K t a ak k r k k k” ( , ; , , ”) , (7.157)k k k”⎜ ⎟⎛

⎝
⎞
⎠v

plus a similar term containing ′
†a ak k” . Other terms of the form aa and † †a a are

neglected when we use the rotating wave approximation. Now, using the identity

δ= ′ − +′
†

′
†a a a ak k( ”) , (7.158)k k k k” ”

we can see that a term independent of the radiation field operators will emerge from
the missing term in equation (7.157), and represents the contribution from sponta-
neous emission. As a result, this equation will take the form

∫ ∫∂
∂

+ · ∇ = + ′ ′ ′ ′
†

t
W S t d d K t a ar k k k r k k k( , , ) ” ( , ; , , ”) , (7.159)k k k”⎜ ⎟⎛

⎝
⎞
⎠v

where the source term S tr k( , , ) represents spontaneous emission. Finally, we should
notice that the last term in this equation can be written in terms of the Wigner
function. Using equations (7.142) and (7.145), we get

∫= ′ +′
† ′− ·a a W t e dr k k r( , ( ”)/2, ) . (7.160)i
k k

k k r
”

( ”) )

We can then obtain a close form for the Wigner equation, as

∫ ∫∂
∂

+ · ∇ = + ′ ′ ′ ′ ′ ′
t

W t S t d d K t W tr k r k r k r k k r k( , , ) ( , , ) ( , ; , ) ( , , ), (7.161)k⎜ ⎟⎛
⎝

⎞
⎠v
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where the new coupling function ′ ′K tr k k k( , ; , , ”) is defined by an integral of the
previous one, over the spectrum k”. The specific form of this function depends on the
medium we consider. This could be due to photon scattering by dye molecules, as
described by the Kennard–Stepanov relation in section 7.2, or to Compton
scattering as in the case of section 7.3.

In alternative to this formal derivation, we can use a phenomenological
description of the optical medium where, instead of a collective ensemble of atoms,
photon propagation in the medium is described a generic dispersion relation. This is
a simple approach, is shown in the appendix.
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Chapter 8

Collective atomic emission

We have seen previously that a large ensemble of identical atoms can be collectively
coupled with a single photon state by the process of stimulated emission, and this is
the basis of the laser concept. Here we consider the collective spontaneous decay of
an ensemble of atoms, when stimulated emission is not present, a process called
superradiance. This was discovered by Dicke [1], for atoms contained in a small
volume, with size of the order of the radiation wavelength. The concept was
generalised later to the case of much larger volumes [2]. Historically, this can be
considered as a precursor of the laser, although based on collective spontaneous
emission. In its simplest version, this can be described as a kind of superfluorescence,
where the spontaneous radiative decay of excited atoms significantly differs from the
usual fluorescence of an uncorrelated collection of atoms.

The concept of superradiance was studied and refined by many researchers over
the years, as described in the reviews [3–5]. It inspired similar concepts and models,
as those of collective Rayleigh scattering, where in contrast with the superradiance
models, the atoms can move from their original positions, due to the electromagnetic
forces. As a result, they can eventually bunch, increasing in this way the cooperative
emission process. This was first proposed by Bonifacio and collaborators [6] (see also
[7]), as the atomic analogue of the free-electron-laser (FEL), and is sometimes called
collective atomic recoil laser (CARL).

This chapter includes a short description of cyclotron superradiance, first
proposed by O’Neil [9], where the atoms are replaced by electrons in a magnetic
field. This is based on collective cyclotron radiation, and can be used as an effective
cooling mechanism for electrons or positrons in a cavity, which is relevant for
antimatter experiments [10, 11]. Recent extensions of superradiance show that
intense radiation shock fronts can be produced, for specific particle (electron or
atom) configurations [12, 13].

It should be noted that, in recent years, another type of superradiance has been
considered in the literature. This is based on wave scattering by a rotating obstacle,
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with no obvious connection with Dicke’s superradiance. This superradiant scattering
by rotating bodies was first introduced in the astrophysical context by Zel’dovich
[14], and proposed as a means to excite low-frequency emission of radiation by black
holes [15, 16] (see for a review [17]). It has been revived in the context of nonlinear
optics and explored in optical analogue experiments of astrophysical processes [18].
In this case, the black hole could be replaced by an optical vortex as the rotating
scatterer.

8.1 Superradiance
Let us first consider the basic concepts associated with superradiance, and define its
basic geometry. For that purpose, we assume a large number of Na identical atoms,
occupying a volume V, interacting with the electromagnetic field. In analogy with
single-atom spontaneous decay, we assume that the atoms only have two internal
states, the ground state and the excited state, with energies Eg and Ee, described by
the state vectors g and e . We assume that, initially, all the atoms are excited in
the upper energy level. The collective spontaneous emission of photons with
frequency ω0, nearly equal to the resonant atomic frequency ω = − ℏE E( )/a e g ,
can significantly differ from the spontaneous decay of individual atoms, described in
chapter 4. See figure 8.1 for an illustration. The system is described by the total
Hamiltonian

ˆ = ˆ + ˆ ′ ˆ = ˆ + ˆH H H H H H, , (8.1)a f0 0

where the unperturbed terms are associated with the Na atoms and the field, as

∑ ∑ω σ ωˆ = ℏ ˆ ˆ = ˆ ˆ = ℏ ˆ ˆ +
=

†H S S H a a
1
2

, ,
1
2

. (8.2)
j

N

k1

a a z z zj f k k k

a ⎛
⎝⎜

⎞
⎠⎟

Figure 8.1. Geometry of superradiance: a large number ≫N 1a of identical two-level atoms in a volume V. If,
at time t = 0, they are all in the excited state e , they can coherently decay in time, emitting a burst of
radiation. This deviates from the spontaneous decay of an uncorrelated collection of individual atoms.
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The interaction term is given by

E E∑ σˆ ′ = − ˆ + ˆ · ⃗
=

+ −{ }H r r( ) ( ) , (8.3)
j

N

1

j j aj

a

where the electric field operators Ê±
are defined at the location of the different atoms,

=r rj, and the vector operator of each atom, σa⃗j, is defined by

Pσ σ σ⃗ = ˆ + ˆ+ −( )e , (8.4)aj a j j

with the electric dipole matrix element P , and the unit vector ea defining the
direction of polarisation of the atomic transition. Here, we have also used the
pseudo-spin operators introduced in chapter 4, defined as

σ σ σˆ = − ˆ = ˆ =+ −e e g g e g g e, , . (8.5)zj j j j j j j j j j j

Finally, the electric field operators, for positive and negative frequency parts, are

E E∑ ∑
ϵ

ˆ = − ˆ = + = ℏ+ · − † − ·i a e i a e
ck
V

r C r C C e( ) , ( ) ,
2

, (8.6)
k k

i i
k k

k r
k k

k r
k k

0

and · =e k 0k , for transverse waves. At this point, it is useful to define the
population inversion operator Ŝ r( )z , appearing in equation (8.2), and the related
atomic polarisation operator P̂± r( ), as

P P∑ ∑δ σ δ σˆ = − ˆ ˆ = − ˆ
= =

±
±S r r r r e r r( ) ( ) , ( ) ( ) . (8.7)

j

N

j

N

1 1

z j zj a j j

a a

The evolution of these operators can be described by the Heisenberg equations,
which are, for a generic operator Â, given by

ˆ
= ∂ ˆ

∂
+

ℏ
ˆ ˆdA

dt
A
t i

A H
1

[ , ]. (8.8)

Here, they take the particular form

E E P P
ˆ

=
ℏ

ˆ + −+ − + −( )dS
dt

i
( ), (8.9)z

and

P P P E Eω
ˆ

= +
ℏ

· ˆ + ˆ
+

+ + −{ }( )d
dt

i
i

Se e
2

, (8.10)a a a z
2

where P Pˆ ≡ ˆ± ±
tr( , ) and E Eˆ ≡ ˆ± ±

tr( , ). These Heisenberg equations should be
completed with an evolution equation for the electric field, which takes the form

E P
ϵ

∂
∂

− ∇ × ∇ × ˆ = − ∂ ˆ
∂

+
−

t
c

t
1

. (8.11)
2

2
2

0

2

2

⎛
⎝⎜

⎞
⎠⎟
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These are the so-called Maxwell–Bloch equations for the ensemble of Na atoms
interacting with the radiation field. It is now useful to consider radiation propagat-
ing along a given direction, with wavevector k0 and frequency ω ω≃ a0 , such that

ω=k c/0 0 . Defining with generality the z-axis in the propagation direction, we
specify the atom and field operators as

E Pω ωˆ = ˆ ± − ˆ = ˆ ± −± ± ± ±E z t i k z t P z t i k z te e( , ) exp[ ( )], ( , ) exp[ ( )], (8.12)a0 0 0 0 0

where the amplitudes ˆ±
E z t( , ) and ˆ±

P z t( , ) are slowly varying functions of z and t.
Replacing this in equations (8.9)–(8.11), taking =e ea0 , and making the appropriate
ordering of the operators, we get the slowly varying equations

P∂ ˆ

∂
=

ℏ
ˆ ˆ − ˆ ˆ ∂ ˆ

∂
=

ℏ
ˆ ˆ+ + − −

+
−S

t
i

P E E P
P
t

i
E S( ),

2
, (8.13)z

z
2

and

ω
ϵ

∂
∂

+ ∂
∂

ˆ = ˆ+ −

z c t
E

i
c

P
1

2
. (8.14)0

0

⎛
⎝⎜

⎞
⎠⎟

These are the amplitude equations, or the envelope equations, associated with the
above Maxwell–Bloch system. Using a new temporal variable τ = −t z c/ , we can
now rewrite these equations as

P
τ τ

∂ ˆ

∂
=

ℏ
ˆ ˆ − ˆ ˆ ∂ ˆ

∂
=

ℏ
ˆ ˆ+ + − −

+
−S i

P E E P
P i

E S( ),
2

, (8.15)z
z

2

and

τ
ω
ϵ

∂
∂

ˆ = ˆ+ −E
i

c
P

2
. (8.16)0

0

This last equation can be integrated, for propagation along the z-axis, to give

∫ω
ϵ

ˆ = ˆ ′ ′+ −E z t
i

c
P z t dz( , )

2
( , ) . (8.17)

z
0

0 0

This leaves us with two equations for Ŝz and ˆ+
P . In order to solve them, we need to

rewrite the definitions in equation (8.7) in terms of the new one-dimensional model.
Defining a radiation beam propagating along z with transverse waist w, we now
have

P P∑ ∑
π

δ σ τ
π

δ σˆ = − ˆ ˆ = − ˆω τ± ∓
±S z

w
z z z

w
e z z( )

1
( ) , ( , ) ( ) . (8.18)

j j

z j zj
i

j j2 2
0

Replacing this, and equation (8.17), in the envelope equations (8.15), we get

∑ ∑
τ

σ μ σ σ σ σ
τ

σ ω σ μ σ σˆ = −Γ ˆ ˆ + ˆ ˆ ˆ = ˆ + Γ ˆ ˆ
⩾ ⩾

+ − − + + + +( )d
d

d
d

i, 2 , (8.19)
j i j i

zj i j i j j j i zj0
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with the new parameters

Pω
πϵ

μ
π

λΓ =
ℏ

=
c w3

,
3

8
, (8.20)0

3 2

0
3 2

0
2

2

where λ π ω= c2 /0 0 is the wavelength, and Γ is the single-atom spontaneous decay
rate. In order to proceed further, we introduce the collective operators

∑ ∑σ σˆ = ˆ ˆ = ˆ± ±D D, . (8.21)
j j

j z zj

We then get the evolution equations for these collective operators, as

τ
μ

τ
ω μˆ = −Γ ˆ ˆ ˆ = ˆ + Γ ˆ ˆ+ − + + +

d
d

D D D
d
d

D i D D D, , (8.22)z z0

To simplify, we replace the operators by c-numbers. Notice first that these equations
conserve the quantity D, defined as

= + + −D D D D . (8.23)z
2

This conservation law allows us to use a vectorial representation, where D is the
length of a vector in a three-dimensional space. If the photons initially emitted by the
Na excited atoms is small, we can assume that N≃D (0)z , and ≃+D (0) 0. Defining
two angles θ and φ in this space, such that

τ θ τ τ θ τ= = φ τ ω τ
+

+D N D N e( ) cos ( ), ( ) sin ( ) . (8.24)z a a
i i( ) 0

These equations define a point on the surface of a sphere of radius N , usually called the
Bloch sphere, as illustrated in figure 8.2. Comparing this with equations (8.22), we obtain

φ
τ

θ
τ τ

θ= =d
d

d
d

0,
1

2
sin , (8.25)

s

Figure 8.2. (a) Bloch sphere of superradiant decay, in normalised units, τD N( )/ . The vector representing the
quantum state of the system rotates around the vertical axis, with periodic θ τ( ) and constant φ; (b) radiation
intensity as a function of time: in normalised units τI I( )/ 0, where ω τ= ℏI N /2a s0 0 , for increasing delay times,
τ τ =/ 1d s in black, τ τ =/ 3d s in blue, and τ τ =/ 8d s in red.
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where the quantity τs defines the superradiant time-scale, and is given by

τ
μ

=
ΓN
1

. (8.26)s
a

The solutions for θ and φ are therefore able to describe a closed trajectory on the
surface of the Bloch sphere. For the assumed initial conditions θ θ≡ ≃(0) 0i ,
equation (8.25) will describe the trajectory of a purely damped oscillator, moving
from a position near the point A on the figure, to point B. However, the initial value
cannot be exactly equal to zero, otherwise motion is not possible. The deviations of
θ ≠ 0i with respect to the position A can be provided by quantum fluctuations.

It is then plausible to assume that the average initial angle is inversely propor-
tional to the square-root of the number of atoms in the system, The larger this
number is, the smaller the amplitude of the fluctuations

θ =
N

2
. (8.27)i

a

Using this as an estimate of the initial conditions for the quantum system described
by equations (8.25), with θ θ=(0) i , we can easily get

θ τ θ τ
τ

= −tan
( )
2

tan
2

exp
2

. (8.28)i

s

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

Defining the radiation intensity as

τ ω
τ

ω
τ

θ τ= −ℏ = ℏI
dD
d

N
( )

2
sin ( ), (8.29)z a

s
0 0

2

we can write more explicitly that

Nτ ω
τ τ τ τ

= ℏ
−

I ( )
2

1
cosh [( ) 2 ]

, (8.30)a

s d s
0 2

where we have defined the radiation delay time, τd , as

τ τ θ τ= = N2 ln
1
2

ln . (8.31)d s i s a
⎛
⎝⎜

⎞
⎠⎟

As we can see, the delay time for superradiant decay increases logarithmically with
the number of atoms in the system, as illustrated in figure 8.2(b). For increasing
values of τd , the radiated signal evolves from the exponential decay, typical of
spontaneous decay of a collection of independent atoms, to a coherent burst of
radiation. These solutions can be improved, as follows. Going back to equations
(8.15), we assume that the solutions for these equations depend on both position z
and time τ, not just in τ. For that purpose, we use

Pθ τ θ τ φ= =+S n z P i n z icos ( , ), sin ( , )exp( ), (8.32)z a a
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where =n N V/a a is the atom density, and π=V Lw2 is the volume of the beam.
Taking the derivative of +P with respect to time, we get

P P
τ

θ θ
τ

θ∂
∂

= ∂
∂

=
ℏ

φ
+

−P
i n e

i
E ncos

2
cos , (8.33)a

i
a

2

from where we obtain an equation for the angle θ, as

Pθ
τ

∂
∂

=
ℏ

φ−E e
2

. (8.34)i

On the other hand, from equation (8.16) we also have

P
P

ω
ϵ

θ
τ

θ∂
∂

= = ℏ ∂
∂ ∂

φ φ−

z
E

c
n e e

z2
sin

2
. (8.35)a

i i0

0

2

This leads to a closed equation for the angle θ, of the form

Pθ
τ

ω
ϵ

θ∂
∂ ∂

=
ℏz

n
c

sin . (8.36)a
2 2

0

0

Using the above definition of the temporal delay time, τs, and introducing the
characteristic length of the system L, we can rewrite this equation in a more
appropriate form, as

L
θ
τ τ

θ∂
∂ ∂

=
z

1
sin . (8.37)

s

2

with

L P τ ω
ϵ

=
ℏc
N

c
. (8.38)s a

2
0

0

This is the well-known sine-Gordon equation. Now, using the normalised space and
time variables, η and ζ, defined as

L
η ζ

τ
= =z z

, , (8.39)
s

we can write this equation in its simplest form

θ
η ζ

θ∂
∂ ∂

= sin . (8.40)
2

This equation is known to satisfy soliton solutions of a particular type, the so-called
breather solutions, which display the intrinsic nonlinear properties of the super-
radiance process.

8.2 Collective recoil emission
We now turn to a different problem, and consider the influence of atomic motion on
collective radiation processes. For that purpose, we assume again that a large
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number Na of identical atoms interacts with the radiation field. But now we include
the atomic motion and the recoil effect induced by photon emission. For this reason,
the total Hamiltonian of the system depends on both the atoms position rj, as
previously, and the atoms momentum pj, and equation (8.1) is replaced by

∑ˆ = ˆ + ˆ ′ +
=

H H H
p

M
r p r( , ) ( )

2
, (8.41)

j

N

1

j j j
j

0

2
a

where H0 is still defined by equation (8.2), but we now should write the interaction
Hamiltonian as (figure 8.3)

∑′ = ′
=

H hr r( ) ( ), (8.42)
j

N

1

j j j

a

with

∑ σ σ′ = − ℏ −†
−

− · * +
+ ·{ }h i g a e g a er( ) , (8.43)

k
j j j

i
j

i
k k

k r
k k

k rj j

where the mode coupling coefficient gk is

P ω
ω

= ·
ℏ

g e( )
2

. (8.44)
a

k k
k

eg

Here, Peg is the atomic dipole moment and ek is the unit polarisation direction of field
mode k. The centre-of-mass motion of the atoms is determined by the equations of motion

∑ σ= = −∂
∂

= −ℏ +†
−

− ·{ }d

dt M

d

dt
H

g a e h c
r p p

r
k, . . . (8.45)

k

j j j

j
j

i
k k

k rj

Figure 8.3. Geometry of collective Rayleigh scattering: a large number ≫N 1a of identical two-level atoms in
a volume V. If, at time t = 0, they are all in the ground state g . The pump field with frequency ω0 much larger
than the atomic transition frequency ωa is collectively scattered by the atoms. This leads to the so-called
‘collective atomic recoil laser’ (CARL), as the atomic analogue to the free-electron laser (FEL).

The Quantum Nature of Light

8-8



On the other hand, the field operators satisfy the Heisenberg equations (Maxwell’s
equations), of the form

∑ω σ= − +
=

−
− ·da

dt
i a g e . (8.46)

j

N

1

j
ik

k k k
k r

a

j

Using the Heisenberg equations and making some simplifying assumptions, it is then
possible to arrive at the coupled equations for field and atom operators. The atom
equations can be written as

∑ ∑σ
ω σ σ

σ
= − + = − +−

−
· † − ·d

dt
i g a e

d

dt
g a e h c, 2 . . (8.47)

k k

j
a j zj

i zj i
k k

k r
k k

k rj j

Let us assume that the field spectrum is dominated by the existence of a large pump
field, corresponding to a particular wavevector k0, and mode frequency ω ω=k 0,
such that all the operators describing the system are modulated by this frequency. It
is then useful to introduce new (slowly varying) operators, ãk and σ̃−j, such that

σ σ= ˜ = ˜ω ω−
− −

· −a a e e, . (8.48)i t
j j

i t
k k

k r( )j0 0 0

Replacing this in the previous two equations, we get

∑σ
σ σ

˜
= Δ − · ˜ + ˜−

−
− ·d

dt
i

M
g a ek

p
, (8.49)

k

j j
j zj

i
k k

k k r
0 0

( ) j0⎜ ⎟⎛
⎝

⎞
⎠

and

∑σ
= − ˜ +† − − ·d

dt
g a e h c2 . ., (8.50)

k

zj i
k k

k k r( ) j0

with ω ωΔ = − a0 0 . Equation (8.46) becomes

∑ σ˜ = Δ ˜ + ˜
=

* −
− − ·da

dt
i a g e , (8.51)

j

N

1

j
ik

k k k
k k r( )

a

j0

with ω ωΔ = −k k 0, and the centre-of-mass equation becomes

∑ σ= −ℏ ˜ ˜ +†
−

− − ·{ }
d

dt
g a e h c

p
k . . . (8.52)

k

j
j

i
k k

k k r( ) j0

Let us now simplify these equations by assuming that the atoms are initially in the
ground state gj , and that the relevant field modes are all very far from the atomic
transition, ω ω≠ ak . In this case, we can assume that the population in the excited
state remains small during the process, and their contribution can be neglected. This
assumption can be stated as

σ
σ

= −
˜

≃−I
d

dt
, 0, (8.53)zj

j
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where I is the identity operator. Using equations (8.49)–(8.50), we obtain

∑σ̃ ≃ −
Δ − ·

˜−
− ·i

M
g a e

k p( )
. (8.54)

k
j

j

i
k k

k k r

0 0

( ) j0

Replacing this in equation (8.51), we get

∑ ∑˜ = Δ ˜ −
Δ − · ′

˜
=

*

′ ′
′ − ·da

dt
i a

ig

M
g a e

k p k( )
. (8.55)

j

N

1 j

ik
k k

k
k k

k k r

0 0

( )
a

j0

Going back to the momentum equation (8.52), and retaining the dominant terms,
which correspond to ′ =k k0, we can then get

∑= − ℏ −
˜

Δ − ·
˜ +

*
† − ·

d

dt
i

g g a

M
a e h c

p
k k

k p
( )

( )
. . . (8.56)

k

j

j

ik
k

k k r
0

0 0

0 0

( ) j0
⎪ ⎪

⎪ ⎪⎧
⎨
⎩

⎫
⎬
⎭

Introducing the coupling factor

=
Δ

˜
*

g
g g

a , (8.57)k 0

0
0

and neglecting the Doppler shifts in the denominator of equation (8.56), we then
arrive at the coupled equations describing the field mode operators ãk and the atom
centre-of-mass moments pj , as given by

∑= ℏ − ˜ + ˜− · † − − ·
d

dt
i g a e a e

p
k k( ){ } (8.58)

k

j i i
k

k k r
k

k k r
0

( ) ( )j j0 0

and

∑˜ = Δ ˜ −
=

′ − ·da
dt

i a ig e . (8.59)
j

N

1

ik
k k

k k r( )
a

j0

At this point, it should be useful to replace the operators by c-numbers and introduce
new dimensionless variables defined by

θ
ω

= − · =
−

=A
i

gk k r P
p

k k
( ) ,

2
, , (8.60)j j j

j

r
k0

0

with the dimensionless time variable, τ ω= t4 r , and the frequency ω = ℏr

− Mk k /20
2 3 . If the amplitude of the different scattered modes k is small, we

can assume that they interact independently with the atoms and the pump field. We
can therefore treat single mode evolution. Furthermore, if we restrict our discussion
to a one-dimensional geometry, we are reduced to the following equations

θ
τ

θ
τ

θ= = − − +
d

d
P

d

d
A i c c, exp( ) . . , (8.61)j

j
j

j
⎡⎣ ⎤⎦
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and

∑
τ

δ α θ= + −
=

dA
d

i A
N

iexp( ). (8.62)
j

N

1a
j

a

Here, δ is the dimensionless detuning parameter, and α determines the strength of
the interaction between the atoms and radiation. They are defined as

δ
ω

ω ω α
ω

= − = N g1
( ),

2
. (8.63)

r

a

r
k 0

2

2

We now follow the approach used in [19], and introduce the microscopic density of
atoms. This quantity, called Klimontovich density, is not a regular function but
allows us to establish a precise link between a dynamical description of the particle
trajectories and a statistical description of the system of particles. It is determined by
sum of Dirac delta functions, as

∑θ τ δ θ θ τ δ τ= − −
=

( ) ( )N P P P( , , ) ( ) ( ) , (8.64)
j

N

1

j j

a

where the functions θ τ( )j and τP ( )j represent the classical trajectories of the atoms
and are given by the solutions of the centre-of-mass equations of motion (8.43).
Using this density, it is then possible to rewrite the mode amplitude equation
(8.62) as

∫ ∫τ
δ α θ θ τ θ= + −dA

d
i A

N
d dP N P i( , , )exp( ). (8.65)

a

On the other hand, it can be shown using equations (8.56), that the microscopic
density satisfies the so-called Klimontovich equation [8], which is a conservation
equation in the single-particle phase space θ P( , ), of the form

τ θ
θ τ∂

∂
+ ∂

∂
+ ∂

∂
=P F

P
N P( , , ) 0, (8.66)⎜ ⎟⎛

⎝
⎞
⎠

where F is determined by

θ= − − +F A i c cexp( ) . . . (8.67)j
⎡⎣ ⎤⎦

This equation provides a microscopic kinetic description of the Na atoms system in
the presence of radiation. The only obvious problem is that the Klimontovich
density θ τN P( , , ) is singular. But this problem can be overcome if we take a
statistical average, such that

θ τ θ τ=W P N P( , , ) ( , , ) . (8.68)
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This new distribution can now be described as a regular function, if we neglect the
deviations θ τ θ τΔ = −N N P W P( , , ) ( , , ), it is described by a kinetic equation of
the form

τ
θ τ

τ θ
θ τ≡ ∂

∂
+ ∂

∂
+ ∂

∂
=d

d
W P P F

P
W P( , , ) ( , , ) 0. (8.69)⎜ ⎟⎛

⎝
⎞
⎠

In terms of this atomic distribution function, the amplitude equation (8.65) can now
be written as

∫ ∫τ
δ α θ θ τ θ= + −dA

d
i A

N
d dP W P i( , , )exp( ). (8.70)

a

We now study the evolution of the coupled equations (8.66) and (8.70), describing
the field amplitude A and the density distribution W, and show that coherent
emission of scattered radiation can eventually occur. For that purpose, we assume
perturbations of these two quantities with frequency Ω, such that

τ τ θ τ θ θ τ= ˜ − Ω = + ˜ − ΩA A i W P W P W iq i( ) exp( ), ( , . ) ( , ) exp( ). (8.71)0

It is obvious that τW P( , )0 is the unperturbed density, and that the perturbationsW̃
describe the occurrence of atomic bunching. We should notice that the force F in
equation (8.66) couples the perturbed quantities Ã and W̃ when = ±q 1, and is
responsible for the bunching process. A standard perturbative analysis of the
coupled equations then leads to a dispersion relation for perturbations in the
medium, of the form

∫ ∫α
δ

θ+
Ω +

∂ ∂
Ω −

=
N

d dP
W P

Pq
1

( ) ( )
0. (8.72)

a

0

This is equivalent to write

∫ ∫α
δ

θ θ−
Ω + Ω −

=
qN

d dP
W P

Pq
1

( )
( , )

( )
0. (8.73)

a

0
2

For a cold atomic medium, with temperature ≃T 0a , we can simply use
θ π δ= −W P N P P( , ) (1/2 ) ( )a0 0 , where P0 is the normalised momentum of the atomic

beam. In the beam frame, we have =P 00 , and using q = 1, we simply have

δ αΩ Ω + =( ) . (8.74)2

This equation can easily be solved and the unstable regimes, where the imaginary
part of Ω is positive values, can be identified. In the regime of negligible detuning
δ → 0, the resulting instability growth rate is I αΓ ≡ Ω =( ) 3 /21/3 . It increases with
the coupling parameter g, and with the atom number Na, which are both contained
in the definition of α. This regime has no threshold, and instability takes place for
any finite value of the coupling parameter. In contrast, the existence of detuning,
δ ≠ 0, introduces a finite threshold and reduces the instability growth rate, as
illustrated in figure 8.4.
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Similar results can also be found using a dynamical analysis [20]. But the interest
of the present statistical approach is that we can treat the influence of the temper-
ature of the system, Ta very easily. For instance, a thermal medium can be described

θ
π

= −W P
N

P
P P( , )

(2 )
exp( 2 ), (8.75)a

a
a0 3 2

2 2

where = ℏP MT /a a
2. This would introduce correction terms in the dispersion (8.74),

changing the thresholds and growth rates. Out-of-equilibrium distributions could
equally be described by equation (8.73).

8.3 Quantum recoil
The above statistical description is valid for very low photon energies, when
compared with the atomic kinetic energy, which corresponds to the condition
∣ ∣ ≫ ℏ∣ ∣p kj . But, when this inequality is reversed, we need to consider the momentum
exchanges between atoms and photons, and quantum recoil effects will add to the
bunching process and have to be taken into account. For that purpose, we need to
use the quantum description of centre-of-mass motion. This can be done with the
help of the quasi-probability function

∫ ψ ψ= − + · ℏW t t t e dr p r s r s s( , , ) ( 2, ) ( 2, ) . (8.76)ip s

For the present purposes, it is more useful to define the one-dimensional function

∫θ τ ψ θ θ ψ θ θ θ= − + θW P t t e d( , , ) ( 2, ) ( 2, ) , (8.77)s s
iP

s

where we use normalised variables θ τP( , , ). It is well-known that this quasi-
probability is described by a wave-kinetic equation, of the form

∫τ θ
τ∂

∂
+ ∂

∂
= ˜ Δ θi P W V q We dq( , ) , (8.78)iq⎜ ⎟⎛

⎝
⎞
⎠

Figure 8.4. Unstable region: instability growth rate Γ for a cold atomic gas, as a function of the coupling
parameter α, for δ → 0 and δ = 1.
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where ∫θ τ τ θ˜ = ˜V V q iq dq( , ) ( , )exp( ) is the Fourier transform of the potential. The
auxiliary quantity ΔW is determined by

Δ ≡ − = ±− + ±W W W W W P q[ ], ( 2). (8.79)

In order to understand the effects of a finite quantum recoil, let us assume the simple
case where the potential only contains a single Fourier component, as determined by

θ τ θ= − +V iA i c c( , ) exp( ) . ., (8.80)

with the normalised field variable τ≡A A( ). Now, if we perform a perturbative
analysis using the quantum kinetic equation, we are led to the new dispersion
relation

∫ ∫α
δ

θ θ−
Ω + − Ω −

=
N

d dP
W P

P
1

( )
( , )

[( ) 1 4]
0. (8.81)0

2

This is a generalisation of equation (8.46) when the quantum recoil effects are
included. It is useful to consider a cold atomic beam, such that

θ π δ= −W P N P P( , ) (1/2 ) ( )a0 0 . We are then reduced to

δ αΩ + Ω − − =P( )[( ) 1 4] . (8.82)0
2

In the quasi-classical limit, this new dispersion relation reduces to the above
equation (8.74). The dispersion relation is represented in figure 8.5 for a cold atomic
gas. Comparison with the quasi-classical result is also shown. We can see that
quantum recoil effects clearly reduce the value of the instability threshold. The
above one-dimensional model can be generalised to two and three-dimensions. But
the corresponding analytical solutions are more difficult to find. They can be
replaced by numerical simulations, as shown by [20]. In this case, the radiation
instability associated with collective atomic scattering leads to the formation of
atomic bunches, as illustrated in figure 8.6.

Figure 8.5. Damping rate with quantum recoil Γ as a function of α, for δ = 1 (black curve). For comparison,
the quasi-classical damping with no recoil is also shown (blue curve).
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8.4 Cyclotron superradiance
Let us now consider superradiant emission of radiation in a microwave cavity by a
non-neutral gas made of a large number Ne of electrons or positrons, confined by a
static magnetic field (see figure 8.7). No atoms are present inside the cavity.
Collective cyclotron emission could provide an effective cooling mechanism, which
is important to attain long confinement times and perform antimatter experiments.

We use a semi-classical description, where the electromagnetic field is quantised
but the electron motion is described classically. This model could be easily refined by
including a quantum description of the guiding-centre motion of the charged
particles, as we did with the atoms in the previous section. We start with the total
Hamiltonian operator, ˆ = ˆ + ˆH H Hf e, where the field term, Ĥf , and the charged

particle term (let us call it the electron term to specify), Ĥe, take the familiar forms

∑ ωˆ = ℏ ˆ ˆ +
ν

ν ν ν
†H a a

1
2

, (8.83)f
⎛
⎝⎜

⎞
⎠⎟

and

∑= + +
=

H
m

e t V tp A r r
1

2
( , ) ( , ), (8.84)

j

N

1

e
e

j j
2e ⎡⎣ ⎤⎦

where rj are the particle positions, and V tr( , ) is a generic potential that describes
possible external forces used for confinement, as well as the electrostatic fields
created by inter-particle interactions. The electromagnetic potential tA r( , )j

describes the cavity field and the magnetic confinement, and can be written as

∑= ˆ + +
ν

ν ν
†t a h cA r F r A r( , ) [ ( ) . .] ( ). (8.85)0

Figure 8.6. Numerical simulation of collective light scattering in 3D, using =N 5000a atoms: (a) initial atom
distribution; (b) atom distribution after a simulation time ω=t 0.01/ r, where ω = ℏk M/2r 0

2 is the recoil
frequency. The laser pump is propagating in the positive z-direction. (Courtesy R Ayllon.)
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Here, the quantity ν denotes the set of numbers identifying the cavity modes, and
νF r( ) contains the field polarisation vector and the form function of these particular
modes. In the case of free propagation, we could assume plane-wave modes, such
that ν ≡ k is the mode wavenumber, and we would be reduced to

= ·ν iF r e k r( ) exp( )k . In equation (8.85), the static potential is such that
∇ × =A r B( )0 0 is the confining magnetic field. The Heisenberg equations for the
field operators are

v∑ω
ω

ˆ
= − ˆ + ·ν

ν ν
ν

ν

†
†da

dt
i a

e
F r

2
( ), (8.86)

j

N

j j

e

where the electron velocity is given by

v = +
m

e tp A r
1

( , ) . (8.87)j
e

j j
⎡⎣ ⎤⎦

As for the electron equations of motion, we assume that their guiding-centre is slowly
moving as compared with the cyclotron motion, and neglect this slow motion.We also
neglect contributions from possible collective oscillations, which is justified for a dilute
gas, when the electron plasma frequency is much smaller than the cyclotron frequency,
ω ω≪p c. Therefore, each electron interacts individually with the field, and the
electrostatic potential in equation (8.83) can be ignored. We then get

v
v ∑ω ω= − × + − ˆ +

ν
ν ν ν

†d

dt
e

m
i a h ce F r( ) ( ) . . . (8.88)

j
c j z

e
j

⎡⎣ ⎤⎦

Here, the static magnetic field was assumed in the z-direction, = BB ez0 0 , and we
have used the definition of the cyclotron frequency ω = eB m/c e0 . In a plane

Figure 8.7. Collective cyclotron emission: a non-neutral electron (or positron) gas is confined in a microwave
cavity by a static magnetic field. Unperturbed cyclotron motion: θ ω=t t( ) c .
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perpendicular to the static field, we can use polar coordinates and define the velocity
associated with the cyclotron motion as v = θue . We can then define the auxiliary
unit vector ec, such that

v= + = ·θi u ie e e e
1

2
( ), 2 ( ). (8.89)c r j c j

This allows us to describe the cyclotron motion using

θ
θ= = ·

d

dt
u i e r, 2 ( ). (8.90)j

j j c j

We can then write equation (8.88) in a much simple form

ω θ= − + ˆ +ν
†du

dt
i u f a h c( ) . . , (8.91)j

c j j
⎡⎣ ⎤⎦

where only a single cavity mode was retained, and a new quantity was defined as

θ θ ω= · ν νf
e

m
e F( ) 2 [ ( )] . (8.92)

e
c

Similarly, using this quantity and the scalar particle velocity uj, we can rewrite the
Heisenberg equation as

∑ω
ω

θ
ˆ

= − ˆ − +ν
ν ν

ν

†
†da

dt
i a if u h c

1
4

( ) . . . (8.93)
j

N

j j2

e ⎡⎣ ⎤⎦

As a final step, we consider a variable transformation, into rotating-wave frame
variables, replacing ˆν

†u a( , )j by the new quantities ˜ ˜u a( , )j , such that

ω ω= ˜ ˆ = ˜ν
†u u i t a a i texp( ), exp( ). (8.94)j j c c

Equations (8.91) and (8.93) can then be transformed into

θ
˜

= ˜ +
du

dt
f a h c( ) . . , (8.95)j

j
⎡⎣ ⎤⎦

and

∑δ
ω

θ˜ = ˜ − ˜
ν

da
dt

i a
i

f u
4

( ) , (8.96)
j

N

j j2

e

where we have neglected the oscillations and used the frequency detuning,
δ ω ω= − ν( )c , assumed small. We can also define θ̃ = ˜d dt u/j j. At this point, we
introduce the electron microscopic density, such that

N ∑θ δ θ θ δ= − −u t t u u t( , , ) ( ( )) ( ( )). (8.97)
j

N

j j

e
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Using the equations of motion for θj and uj it is then possible to show that this
microscopic density satisfies the Liouville equation

N θ
θ

= ≡ ∂
∂

+ ∂
∂

+ ∂
∂

d
dt

u t
d
dt t

u F
u

( , , ) 0, , (8.98)⎜ ⎟⎛
⎝

⎞
⎠

where the force F is

θ= +F f a h c( ) . . (8.99)

This should be coupled with the field operator equation (8.96), now written in the
form

N∫ ∫δ
ω

θ θ˜ = ˜ − ˜
ν

da
dt

i a
i

d udu f u
4

( ) . (8.100)j2

Equations (8.98)–(8.100) describe the evolution of the electron population confined in
the cavity, coupled with the nearly resonant cavity mode. We can study the evolution of
this coupled system by introducing the smoothing in the electron distribution, which can
be defined as Nθ θ=W u t u t( , , ) ( , , ) , and following the procedure followed pre-
viously. It is then possible to show that this system is unstable to collective cyclotron
emission. This instability will enhance the usual uncorrelated cyclotron emission, and
will lead to amplified energy dissipation. The difference with respect to the previous
atomic model is that cyclotron electron oscillations were described classically. This is
valid as long as the electron temperature (in energy units) is much higher than the
photon cyclotron energy ω≫ ℏTe c. At low temperatures however, quantisation of the
electron cyclotron motion and the corresponding Landau levels will have to be taken in
account. To our knowledge, this has not yet been considered in the literature.
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Chapter 9

Light vortices

In this chapter, we review the basic properties of photon orbital angular
momentum (OAM), including quantum optical processes, harmonic generation
and other nonlinear effects. The existence of light vortices, twisted beams and
structured light retained considerable attention in recent years, and were consid-
ered in several areas of classical and quantum optics. Twisted laser beams can
easily be created, using holograms and phase masks, and their vorticity is due to a
finite amount of OAM. This has an important impact on the laser–matter
interaction processes.

It is well known that the electromagnetic field of a laser beam carries a finite
amount of angular momentum J. This quantity can be divided in two distinct parts,
the spin S associated with the field polarisation, and the orbital angular momentum
L, or OAM, associated with the field phase structure. Plane waves have spin but no
OAM, while twisted beams with an helical phase configuration, have angular
momentum, even in the absence of spin (linear polarisation).

Early experiments in the 1930s showed that a transfer of angular momentum
between light and matter can occur, when a polarised photon beam interacts with a
birefringent plate [1]. But the importance of photon OAM was recognised much
later, in the early 1990s, when the term optical vortices was coined [2, 3], and
it was shown that OAM states of light can be described by Laguerre–Gauss (LG)
modes [4]. This opened the way to a variety of different studies on light–matter
interaction, in optical media [5] and in plasmas [6]. Even in vacuum, twisted
laser beams show remarkable new properties such as light travelling at subluminal
speed [7]. Furthermore, superposition of different LG modes leads to the
formation of new topological structures, such as light springs [8] and fractional
vortex states [9].
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9.1 Photon OAM
It is known that the total linear momentum of the electromagnetic field, P, is given
by the volume integral of the Poynting vector ×E B( ). A similar definition can be
used for the total angular momentum J, as [10]

∫ ∫ϵ ϵ= × = × ×d dP E B r J r E B r( ) , [ ( )] . (9.1)
V V

0 0

If we assume that the field is described by a superposition of waves, with momentum
k and frequency ω = kck , it is possible to show that the total angular momentum
contains two different terms. Using

∫ π
= d

J J
k

(2 )
, (9.2)

V
k 3

the total angular momentum per mode can be written in a form such that
= +J S Lk k k, as

∑ϵ= × + × ∇* E AJ E A k( ) ( ) , (9.3)
j

k k k j jk k k0 , ,

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

where Ak represents the vector potential, and the sum is made over the field
components =j x y z, , . The first term in this expression can be easily identified as
the photon spin per mode, Sk. The second term is the orbital angular momentum.
The corresponding quantum operators can also be established. It is known that the
linear momentum operator is given by

∑= = ℏ + = ℏ +† † †a a a a a aP P P k k, ( )
1
2

. (9.4)
k

k k k k k k k k
⎛
⎝⎜

⎞
⎠⎟

As for the photon spin operator, we have

= − ℏ ×† *i a aS e e( ), (9.5)k k kk k

where ek is the unit polarisation vector. For propagation along the z-axis, we have
two independent polarisation states per mode, given by = ±± ie e e( )/ 2x y . For a
Fock state n with n identical photons in mode k, the expectation values are

≡ = ℏ + ≡ = ± ℏn n n n n nP P k S S e
1
2

, . (9.6)k k k k z
⎛
⎝⎜

⎞
⎠⎟

As for the corresponding photon OAM operator, we obtain (see [11] for details)

∑= − ℏ × ∇ −†i
a a h cL k

2
( ) . . (9.7)

j
j jk k k k, ,

Plane waves are not always the most adequate way to describe the electromagnetic
field. This is clear for laser beams where propagation takes place preferentially along a
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well-defined direction ez. Ideally, the laser beam has a transverse intensity profile ⊥I r( ),
described for instance by a radial Gaussian function, but the intensity profile can be
modified by a series of reasons. In general terms, an arbitrary function in the
perpendicular plane x y( , ) can be represented by a set of orthogonal functions. The
most popular representations in laser physics are the Hermite–Gauss (HG) and the
Laguerre–Gauss (LG) functions [12]. Here we mainly focus on the Laguerre–Gauss
functions, because they have helical phase surfaces, and each mode corresponds to a
well-defined quantum OAM state. They can be created quite easily in the laboratory,
at least for low intensity beams, starting with a Gaussian beam and using a spiral
phase plate (or, alternatively, a holographic phase mask). This increases their practical
interest (see figure 9.1 for an illustration). It is needless to say that any HG function
can be represented by a superposition of LG functions, and vice-versa. Therefore, a
single HG mode is not a pure OAM state, and for that reason are ignored here.

In order to discuss laser beams, or light beams in general, we can use the paraxial
approximation. We start with the wave equation for the electric field, ≡ tE E r( , ), for
beams propagating in vacuum, as

∇ + ∂
∂

=
c t

E
1

0. (9.8)2
2

2

2

⎛
⎝⎜

⎞
⎠⎟

We then assume propagation along the z-direction, such that

E ω= − +ikz i t c cE e exp( ) . ., (9.9)k

where E r( ) is a slowly varying amplitude, ek is the unit polarisation vector, k is the
axial momentum and ω = kc the corresponding frequency. Replacing this in the
above equation, the amplitude can be approximately described by

E∇ + ∂
∂

=⊥ ik
z

2 0. (9.10)2⎜ ⎟⎛
⎝

⎞
⎠

Figure 9.1. Twisted light: (a) surfaces of constant phase, for a LG mode l = 1; (b) electric field amplitude for a
LG mode l = 1, p = 0; (c) intensity of a short LG pulse l = 1 (right), as compared with a Gaussian pulse l = 0
(left).
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This is the so-called paraxial equation, describing the slow variations of the field.
Using cylindrical coordinates φ≡ r zr ( , , ), the paraxial wave solutions can be
represented by a linear superposition of orthogonal LG modes F r z( , )p l, , of the form

E ∑ φ= +u F r z il ikzr( ) ( , )exp( ). (9.11)
p l,

p l p l, ,

The integers p and l represent the radial and the azimuthal quantum numbers, and
the quantities up l, are the corresponding amplitudes. The radial number p
determines the number of nodes in the radial direction, and the azimuthal number
l, also called the topological charge, determines the beam vorticity. The LG mode
functions are defined as

= −∣ ∣ ∣ ∣F r z C X L X
X

( , ) ( )exp
2

, (9.12)p l p l
l

p
l

, ,
/2 ⎜ ⎟⎛

⎝
⎞
⎠

where L p
l are the associated Laguerre polynomials. Here, we have used the

normalised radial variable =X r w( / )2, where w is the beam waist, allowed to vary
slowly along the propagation axis z. The coefficients Cp l. are introduced in order to
satisfy the orthonormality condition

∫ ∫ φ δ δ=
π

φ
∞

* ′ ′
′−

′ ′rdr d F F e , (9.13)p l p l
i l l

pp ll
0 0

2

, ,
( )

where Kronecker delta symbols were used. The explicit expressions for the normal-
isation factor, and for the associated Laguerre polynomials, are

π
= + !

!
=

!
− + −C

l p
p

L X
p

X e
d

dX
X e

1
2

( )
, ( )

1
[ ]. (9.14)p l p

l l X
p

p
l p X

,

1/2⎡
⎣⎢

⎤
⎦⎥

Notice that, in the particular case of = =p l( 0, 0) we are reduced to the case of a
purely Gaussian beam. A remarkable property of the LG modes is that the z-
component of the total angular momentum per unit power is determined by [4]

σ
ω ω

≡ + = ∂
∂

+J S L
r

r
W

l
W

2
, (9.15)z z z

z
p l p l. ,

where ∝ ∣ ∣W up l p l. ,
2 is the energy density, and σ = ±1z represent the spin states

associated with (left and right) circular polarisation. For linearly polarised light,
σ = 0z , the spin term is absent. We should notice that the spin term depends in the
radial dependence of the beam intensity, and is absent for a uniform plane wave
solution. In the case of a single photon, we have ω= ℏWp l, , and the expressions for
spin and orbital angular momentum become

σ= ℏ = ℏS L l, . (9.16)z z z

The above LG wave solutions are valid in the paraxial approximation, for beam
propagation in free space, but exact wave solutions with similar properties can also
be found for beam propagation in optical fibres and cylindrical waveguides.
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To illustrate this, we consider an empty cylinder with radius a and perfectly conducting
walls. Assuming that the electric field goes to zero at the boundary r = a, and using

φ β ω∝ + −R r il i z i tE ( )exp( )l , we can reduce the wave equation (9.1) to

ω β+ − = = −⊥ ⊥( )r
d
dr

r
d
dr

k r l R k
c

0, . (9.17)l
2 2 2 2

2

2
2

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦⎥

The solutions are Bessel functions, = ⊥R r J k r( ) ( )l l , which satisfy the boundary
conditions =⊥J k a( ) 0l . This means that α=⊥k a/p l, , where αp l, is the pth zero of the
Bessel function Jl. The field solutions are therefore of the form

E ∑ φ β α= + =u F r il i z F r c J r ar( ) ( )exp( ), ( ) ( / ). (9.18)
p l,

p l p l p l p l l p l, , , , ,

The new normalisation factor cp l, is defined as

π α=−
+c aJ ( ), (9.19)p l l p l,

1
1 ,

in such a way that the orthonormal relations (9.13) are still satisfied by the new
radial functions. Similar solutions, given by combinations of Bessel functions, are
also valid for non-paraxial beams in unbounded space, as noted by [13] (see also
[14]). In this case, the quantity ⊥k appearing in the Bessel field solutions is not
quantised. Another possible configuration, where the field is not carried by a beam,
is the radiation field emitted by a point source. In this case, the appropriate field
representation is a superposition of spherical harmonics, where again quantum
photons states of the angular momentum can be specified [15].

An interesting aspect of LG modes is related to the photon (group) velocity. To
establish this quantity, we go back to the solutions for a single LG mode in the focal
region, and write the total field phase Φ tr( , ). An appropriate expression for the
phase, valid in the beam focal region, needs to take several terms into account,
as [16]

ω ω ω ζΦ = − Φ Φ = + Φ + − + +t t
r

cR z
l

c
z p l zr r r( , ) ( ), ( )

2 ( )
(2 1) ( ). (9.20)

2

Here, the radius of curvature of the beam front R z( ), and the Gouy phase η z( ), both
depend on the Rayleigh length zR, as

ζ=
+

=R z
z

z z
z

z
z

( ) , ( ) arctan . (9.21)
R R

2 2

⎛
⎝⎜

⎞
⎠⎟

The Rayleigh length characterises the size of the focal region, and the Gouy phase is
the well-known phase anomaly near focus, as explained in [17]. Equation (9.20)
allows us to determine the surfaces of constant phase, Φ =r( ) const.. The phase
velocity vph, characterising the motion of such surfaces, is determined by the
condition

δ ωδ δΦ = − ∇Φ · =t tr r r( , ) ( ) 0. (9.22)
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This leads to the expression

v
ω=

∣∇Φ ∣r( )
. (9.23)ph

Similarly, the group velocity vgr, which characterises the motion of wavepackets with
a finite spectral width δω, is determined by the condition

δ
ω

δ
ω

δ∂
∂

Φ = − ∂
∂

∇Φ · =tr r r( ) ( ) 0, (9.24)⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

which leads to

v
ω

= ∇ ∂
∂

Φ
−

r( ) . (9.25)gr

1

Using the phase function Φ r( ), given by equation (9.20), we can then show that the
group velocity of LG modes propagating, in vacuum are smaller than c. This slower
than light motion in vacuum was experimentally demonstrated [7, 16, 18], and
should not be confused with the phenomenon of slow light, which implies light
propagation in a nearly resonant medium, where a much stronger reduction of the
group velocity can be found [19]. This effect, similar to what occurs in empty
waveguides, but observed in unbounded vacuum, is not really surprising, because it
is known that any light beam with finite transverse size moves at a speed slower than
light, v < cgr . Such a property, valid even for a Gaussian beam, can easily be
understood using the position–momentum uncertainty relations applied to photon
beams.

9.2 Light springs and fractional vorticity
We have described some of the remarkable properties of light vortices associated
with LG modes propagating in vacuum and considered individually. Even more
surprising properties can be found for vortices described by a superposition of two or
more LG modes. For this purpose, we consider the superposition of an arbitrary
number of modes, and then discuss some of the configurations that have been
discussed in the literature. We start with a generic vortex field

E ∑ ϕ= ⊥ ( )t u z t F z i z tr r r( , ) ( , ) ( , )exp ( , , ) , (9.26)
j

j j j

with

ϕ φ ω= + −z t l k z tr( , , ) ( ), (9.27)j j j j

and ≡j p l( , )j j . One of the simplest but non-trivial examples is that of a light
vortex containing two distinct LG modes =j 1, 2, with the same frequency
ω ω=( )1 2 , but different vorticities ≠l l( )1 2 , and different time-varying amplitudes,

u t( )1 and u t( )2 . This case corresponds to the so-called self-torque configuration,
which was proposed for generation of extreme-UV sources with a time-varying
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OAM [20]. Assuming that =p p1 2 and ∣ ∣ ∣ ∣ ≫l l, 11 2 , the total field amplitude of the
vortex evolves according to

E φ φ∝ +t u t il u t ilr( , ) ( )exp ( ) ( )exp ( ). (9.28)1 1 2 2

The corresponding field intensity is given by

E R R φ∣ ∣ ≃ ∣ ∣ + + −{ }t E t t l lr( , ) 1 ( ) 2 ( )cos ( ) , (9.29)2
1

2 2
1 2

⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦
where R =t u t u t( ) ( )/ ( )2 1 is the relative amplitude of the two LG components. The
interest of this configuration with two modes is that the effective angular momentum
with topological charge l t( )eff seems to vary continuously in time, from l1 to ≠l l2 1,
due to the temporal variation of the two amplitudes (figure 9.2).

A quite distinct configuration with two modes can be obtained when their
amplitudes are identical, but they have different frequencies and helicities. In that
case we have δ = − ≠l l l 01 2 , δ = − ≠k k k 01 2 , and δω ω ω= − ≠ 01 2 . We get the
so-called light springs, which have been proposed to accelerate helical electron
beams [21]. The resulting intensity will vary in space and time as (figure 9.3)

E δ φ δ δω∣ ∣ ≃ ∣ ∣ + − −t E l kz tr( , ) 2 {1 cos( )}. (9.30)2
1

2

Let us now consider a different kind of light vortices, resulting from the
superposition of an infinite number of LG modes. As a result of this infinite
number, vortices with an arbitrary topological charge, or vorticity, μ, can be
generated, as first proposed by Berry [9]. To show this, let us consider the field of
an hypothetical light vortex of the form

E μθ φ= +μt R r i i z tr( , ) ( )exp ( , ) , (9.31)⎡⎣ ⎤⎦
where μ is any real number and μR r( ) a given radial amplitude. Comparing this
expression with equation (9.18), and using the orthonormality conditions (9.13), it is

Figure 9.2. Self-torque beams, resulting from the superposition of modes with the same frequency ω ω=j , but
different amplitudes u t( )j . Transition between a purely Gaussian mode = =l p( 0, 0) to a LG mode

= =l p( 2, 0) is shown.
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possible to show that such a hypothetical vortex can indeed be generated if we use a
superposition of LG modes, as in equation (9.18), with coefficients up l, defined by

μ
μ

=
−

θ
μu c

l
e I l p

4
( )

( , ), (9.32)lp lp
il

where the quantity μI l p( , ) corresponds to the integral

∫=μ μ

∞
I l p R r F r rdr( , ) ( ) ( ) . (9.33)p l

0
,

In particular, this allows us to construct vortices with fractional orbital angular
momentum, μ = n m/ where n andm are arbitrary integers. Entanglement of photons
with fractional μ was studied experimentally in [22].

An important example of fractional vortices is that of fermion vortices, where
μ = = ±s 1/2. They can be associated to fermionic spin states of light, although they
result from the superposition of an infinite number of bosonic LG modes of integer
topological charge l. A remarkable property of fermion vortices is that they
correspond to states of minimum energy E∣ ∣tr( , ) 2, among all the possible values of
μ [23]. Finally, we should mention the possible existence of a larger variety of light
vortices, which includes Möbius strips, and other exotic topological states [24, 25].

9.3 POAM in optical media
Light vortices can equally be considered in vacuum and in optical media. But, when
they propagate in a medium, several new interesting phenomena can be observed,
such as the generation of high harmonic cascades with increasingly high vorticity
[26], the formation of a vortical supercontinuum [27], or the excitation of non-
optical vortex structures, such as sound waves and wakefields [29, 30]. Furthermore,
propagation in rotating media reveals a possible new version of spin–orbit coupling,
not related to atoms but to photons. Finally, excitation of high intensity vortex
beams can be achieved in FEL configurations [28]. This will be briefly reviewed here.

Figure 9.3. Light springs: superposition of three modes and different helicities =l 13, 14, 15, (a) with different
frequencies ωl , (b) with the same frequency ω ω=l .
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We consider propagation in a medium with refractive index ωn( ), where the LG
modes maintain the same spatial structure as in vacuum, defined by equation
(9.12), but where the frequency ω satisfies a different dispersion relation, of the
form

ω ϵ ω ϵ ω χ ω= = +k
c

( ), ( ) 1 ( ), (9.34)2
2

2

where ϵ ω ω≡ n( ) ( )2 is the dielectric function, and χ ω( ) the linear susceptibility. This
quantity depends on the density of matter in the medium, and such a dependence
brings the possibility of coupling with phonons, which are density waves. This leads
to the stimulated Brillouin scattering process, as studied in optical crystals [29] and
plasmas [30]. This decay process and similar ones satisfy, not only momentum and
energy conservation conditions, which are common to all nonlinear optical
processes, but also verify angular momentum conservation.

Configurations involving a pump laser pulse with frequency and momentum
ω k( , )0 0 , scattered photons ω k( , )s s , and sound waves ω q( , )q , can be described by an
interaction Hamiltonian of the form

= ℏ +† † †H g a a b a a bk k q k k q[ ( ) ( ) ( ) ( ) ( ) ( )], (9.35)s sint 0 0

where g is the photon–phonon coupling constant resulting from the perturbations of
χ ω( ), and a k( )0 , a k( )s , and b q( ) are the annihilation operators for the pump scattered
photons, and phonons. We then have the three conservation laws, associated with
energy, momentum and angular momentum, as

ω ω ω= + = + = +( )L l L l lk k q, , . (9.36)s q s z z s q0 0 0

Here, propagation along the z-axis was assumed, with Lz the orbital angular
momentum operator component, and l the photon and phonon states. This
nonlinear process is able to excite twisted phonons in the medium. For instance,
when sound waves are initially not present and two photon beams are injected from
the outside, they can transfer vorticity to the medium, through the excitation oft
twisted sound waves.

Purely photon processes can also be considered. For this purpose, we should
replace the paraxial equation (9.9) by its nonlinear version

E E Eω χ∇ + ∂
∂

= − ∣ ∣⊥ ik
z c

2 , (9.37)2
2

2
(3) 2⎜ ⎟⎛

⎝
⎞
⎠

where χ (3) is the third-order nonlinear susceptibility. For convenience, we assume a
Kerr medium, where the second-order susceptibility is absent, χ = 0(2) . Therefore
three-photon coupling is forbidden and only four-photon coupling is allowed. They
satisfy the conservation conditions

∑ ∑ω = =
= =

k0, 0, (9.38)
j j1

4

1

4

j j
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with similar conservation conditions for the angular momentum. For paraxial
propagation along the same direction, this additional conservation relation involves
vorticity of the four interacting modes, and takes the form

∑ =
=

l 0. (9.39)
j 1

4

j

Of particular importance is the possible occurrence of an optical cascade, made of a
sequence of several four-photon processes with increasing values of vorticity. Such
beams can be generated by two pump laser pulses with frequencies ω0 and ω1, such
that secondary pulses appear due to four-wave mixing, with frequencies
ω ω ν ω= + Δν 0 , where ν is a positive or negative integer, and ω ω ωΔ = −1 0. It
was shown that, for purely Gaussian beams, these secondary beams can be used to
construct a single-cycle optical pulse in the visible [31]. For twisted beams, we should
expect high vorticity numbers, satisfying ν= + Δνl l l0 , with Δ = −l l l1 0.

When the difference frequency is equal to the initial frequency, ω ω= Δ0 , this
cascaded process leads to high harmonic generation (HHG), with ω νω=ν 0 and

ν=νl l0. This excitation of high orbital angular momentum states results from
the nonlinear conservation laws, and was demonstrated experimentally by [32].
This could be relevant to the generation of XUV vortices with very high vorticity,

≫l 1 [33].

9.4 Quantum optics with OAM
Light vortices have all the ingredients of what we call a collective photon state. Other
vortices can also be defined, such as the low frequency vortices of photon
condensates, and those of superfluid light. Although these different vortex structures
usually require the existence of a large number of photons, vorticity can still be
present at the single photon or few-photons level, as shown by quantum optics
experiments. These experiments use a parametric down-conversion, which produces
entanglement of different vorticity states. Parametric down-conversion, and the
subsequent emission of entangled photons, was first considered theoretically in [34]
and observed in [35] (figure 9.4).

Figure 9.4. Parametric down-conversion of a pump photon beam: (a) principle of the experiment;
(b) coincidence probability, as determined by equation (9.45).
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The parametric process occurs when an intense laser beam with frequency ωp,
called the pump, propagates in a nonlinear crystal, with second-order susceptibility
χ (2), and decays into two photons of lower energy, ωi and ωs, usually called the iddler
and the signal. They satisfy the energy and momentum conditions, ω ω ω= +p i s and

= +k k kp i s. This is called a spontaneous decay when no idler beam is injected from
the outside, and photons with frequencies ωi and ωs are both spontaneously excited
in the nonlinear crystal. The decay rate is obviously proportional to the nonlinear
susceptibility χ (2), and to the pump intensity. The two secondary photons form an
entangled pair and the corresponding quantum state can be described in terms of
Bell states, as seen previously. What is relevant here is the possible entanglement in
terms of orbital angular momentum states (figure 9.4).

Ignoring polarisation issues, which depend on the explicit form of the nonlinear
susceptibility, the parametric decay can be described simply, as follows. The creation
of idler and signal photons are described by the creation operators, †a k( )i and †a k( )s ,
applied to the vacuum state 0 . The quantities ki and ks represent the idler and
signal wavevectors. In the position representation, we can define the idler and signal
states, ψi and ψs , as

∫ψ = Φ †d ar r r( ) ( ) 0 , (9.40)i s i s i s i s i s, , , , ,

where the quantities Φ r( )i s i s, , determine the transverse modes associated with LG
functions, and †a r( )i s, the Fourier transform of the creation operators, as given by

∫= − ·† †a a i dr k k r r( ) ( )exp( ) . (9.41)i s,

Similarly, we define a two-photon state vector as

∫ ∫ψ = Φ + † †d d a ar r
r r

r r
2

( ) ( ) 0 , (9.42)i s p
i s

i s⎜ ⎟⎛
⎝

⎞
⎠

where Φ r( )p describes the transverse distribution of the pump. The joint probability
Φ ΦP( , )i s of finding one iddler photon in a given transverse mode Φi and one signal

photon in another mode Φs will then be determined by

∫ ∫ψ ψ ψΦ Φ ≡ = Φ Φ Φ +* *P d dr r r r
r r

( , ) ( ) ( )
2

. (9.43)i s s i i s i i s s p
i s2

2

⎜ ⎟⎛
⎝

⎞
⎠

The normalised probability can be obtained, if we divide this expression by the

square root of the product Φ ΦP P( ) ( )i s . Here, the quantities ψ ψΦ =P( )j j

2
, for

=j i s( , ), are the individual probabilities of the two secondary photons. Let us
assume that the transverse functions Φp, and Φj, are LG functions of the form

φF ilexp( )lp . Assuming that the secondary beam waists are the same, =w wj , and the
pump waist is defined as =w w W/p , we then get [36]

RπΦ Φ = + −P c l l l( , ) sin ( ) , (9.44)i s i s p
2 2⎡⎣ ⎤⎦
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with the normalisation factor

R ∫= − +
∞

F rW F r F r r
W

dr( ) ( ) exp 1
2

, (9.45)p l p l p l
l

0

2 /2
2

p p i i s s
t

⎡
⎣⎢

⎛
⎝⎜

⎞
⎠⎟
⎤
⎦⎥

with = ∣ ∣ + ∣ ∣ + ∣ ∣l l l lt p i s . It is obvious that this expression of the coincidence
probability Φ ΦP( , )i s implies the conservation of orbital angular momentum, such
that = +l l lp i s, as expected from classical theory. This shows that the OAM
properties of light persist at the single photon level, which is the lowest possible
quantum level, and can be observed in entanglement experiments involving only a
small number of photons. Notice however that a single twisted photon state results
from the superposition of an infinite number of oblique plane-wave photon states. In
that sense, it can be seen as a collective quantum state of light.
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Chapter 10

Superfluid light

The concept of Superfluidity is intimately related with that of Bose–Einstein
condensation, as noticed immediately after the first experiments on superfluid
helium performed in the 30s [1]. But it is also something different, and we can
eventually find superfluids which are not condensed fluids. This is particularly true in
the case of photons, where superfluid states of light can be achieved without the need
of condensation [2]. This is very interesting from the experimental point of view,
because you can observe typical condensate phenomena, such as Bogoliubov
excitations, in much easier experimental conditions. Furthermore, superfluid light
is an interesting approach to study quantum turbulence, and other hot topics of the
present time. These questions are analysed here, where we first review the concept of
superfluid light, and then consider the case of photon instabilities that lead to the
formation of vortex pairs and turbulence.

Superfluidity is a remarkable property of fluids, where the viscosity drops to zero.
In such conditions, a fluid can flow through an obstacle without energy dissipation.
This was originally discovered in liquid helium, with independent observations by
Kapitza [3], and Allen and Misener [4], first reported in 1938. Recent historical
accounts are given in [5, 6]. But superfluidity strongly reemerged in more recent
years after the discovery of Bose–Einstein condensation in dilute alkali vapours.

Our present knowledge of superfluity is solidly based on the theory of two fluids,
first proposed by Tisza [7], and refined later by Landau [8]. The Landau theory,
based on the concept of rotons, became a standard model for superfluidity [9, 10],
although it was soon recognised that rotons are not new particles, but simply
phonons with a modified dispersion. Rotons can indeed be excited in atomic Bose–
Einstein condensates (BEC) with non-local interactions, but they can also occur in
non-condensed laser-cooled vapours [11]. In the meanwhile, more elaborate quan-
tum theories of superfluidity have been developed [9, 12]. Our current view of the
theory of two fluids assumes that the first fluid is the condensate itself, and second
fluid is made of quasi-particles, the phonons, independently of the existence or not of

doi:10.1088/978-0-7503-2786-2ch10 10-1 ª IOP Publishing Ltd 2022

https://doi.org/10.1088/978-0-7503-2786-2ch10


roton dispersion. In the dilute condensed gas, the roton properties are absent most of
the time, but rotons can exist in atomic condensates due to enhanced dipole-dipole
interactions [13], and in photon condensates due to relativist corrections [14].

The concept of superfluid light emerged recently, through the work of several
researchers [15–18]. If superfluidity is well understood in ultra-cold matter, the
recent interest on superfluid light is related to the possible study of some of the
most relevant aspects of BEC without the need of condensation. Nonlinear
optical experiments, much simpler than those of BECs, can be conceived to study
several properties of superfluid matter, such as suppression of diffraction and
opto-mechanical deformations, drag-force cancellation and persistent currents
(see, for a short review [19]). Simple optical experiments on vortex-pair
formation and quantum turbulence excitation can also be envisaged, as described
in this chapter.

10.1 Fluid equations of light
We first show that propagation of light in a nonlinear medium can be described,
under some conditions, by a Gross–Pitaevskii equation. From there, we can derive
the fluid equations of light, formally analogous to those of a condensate. As
previously stated, this is valid in the absence of condensation. We consider light
beam propagation in a medium along the z-axis, with the electric field determined by

E ω= −⊥t z t ikz tE r r( , ) ( , , )exp( ). (10.1)

We also assume that light propagates in a nonlinear medium, with Kerr non-
linearity. The envelope amplitude E can then be described by

E E Eω δϵ χ ω∇ + ∂
∂

= − +⊥ ik
z c

2 [ ( ) ] . (10.2)2
2

2
(3) 2⎜ ⎟⎛

⎝
⎞
⎠

Here, we have used the third order susceptibility χ ω( )(3) , characterising the Kerr
nonlinearity, and a dielectric perturbation, δϵ δϵ≡ ⊥ zr( , ), which can be used to
model some local obstacle, mechanical or optical. We ignore polarisation effects,
and assume the linear dispersion relation of the medium, in the usual form

ω ϵ ω ϵ ω χ ω= = +k c ( ), ( ) 1 ( ), (10.3)2 2 2 (1)

where ϵ ω( ) is the dielectric function, and χ ω( )(1) the linear susceptibility. Let us now
use a temporal variable vτ = z/ g, where v ω= ∂ ∂k/g is the group velocity, and
introduce a new amplitude variable such that

E vτ τΨ = =⊥ ⊥ zr r( , ) ( , ). (10.4)g

Equation (10.2) can then be transformed into a two-dimensional nonlinear
Schrödinger equation, of the form

τ
τℏ ∂

∂
Ψ = − ℏ ∇ + + Ψ Ψ⊥ ⊥i

m
V gr

2
( , ) , (10.5)

2

eff

2 2
⎡
⎣⎢

⎤
⎦⎥
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with the two-dimensional Laplacian ∇ = ∂ ∂ + ∂ ∂⊥ x y/ /2 2 2 2 2. Here, the potential
τ⊥V r( , ) is due to the optical perturbation, and is defined as

v vτ
ϵ ω

δϵ τ= − ℏ =⊥ ⊥V
k

zr r( , )
2 ( )

( , ). (10.6)g g

In equation (10.5), we have also introduced an effective photon mass meff , and a
nonlinear coupling parameter g, such that

v
v

ϵ ω
χ ω= ℏ = − ℏ

m
k

g
c

k
,

2 ( )
( ). (10.7)

g

g
eff

(3)

This envelope equation (10.5) is formally analogous to the Gross–Pitaevskii equation
governing the evolution of a two-dimensional Bose–Einstein condensate. But here, in
contrast, no photon condensation exists. We should notice that the temporal variable τ
actually describes the spatial evolution along the propagation direction z. The Planck
constant ℏ is strictly not necessary in equation (10.5), but is useful for dimensional
purposes, and stresses the formal similarities with condensates. Notice also that the
use of a photon mass meff is associated here with the envelope approximation, and
that the coupling parameter g results from photon–photon interactions associated
with the nonlinearity. A focusing nonlinearity, such that χ ω >( ) 0(3) , would corre-
spond to attractive photon–photon collisions, <g 0, while a defocusing medium with
χ ω <( ) 0(3) would lead to repulsive interactions, >g 0, as it should be expected.

Let us now consider the photon fluid equations, valid in a Kerr medium. We
follow the standard procedure, introducing a Madelung transformation such that

ρ ϕΨ = iexp( ), and defining the fluid density ρ, and mean velocity v, as

E vρ ω
ϵ ω

ϕ= ∣Ψ∣ = ∣ ∣ = ∇⊥
c

,
( )

. (10.8)2 2

Replacing this into the envelope equation (10.5), we obtain the fluid equations

v
v

v v
ρ
τ

ρ
τ

ρ∂
∂

+ ∇ = ∂
∂

+ · ∇ = − ∇ + ∇ +⊥ ⊥ ⊥
g

m m
V V( ) 0,

1
( ), (10.9)B

eff eff

where V is the potential defined in equation (10.6), and VB is the Bohm potential

ρ
ρ

= ℏ ∇⊥V
m2

. (10.10)B

2

eff

2

They describe the photon fluid motion in the perpendicular plane, inside the beam
envelope, whereas propagation takes place in the z-direction (parametrised by the
‘temporal’ variable τ). According to the above definition of the fluid velocity v, for nearly
plane-wave modes it is non-zero only if the incident beam is injected at a finite angle θ ≠ 0
with respect to the z-axis. In this case, for propagation in the Oxz plane (see figure 10.1),
the mean fluid velocity v v= 0 existing in the absence of any perturbation, will be

v
θ

ϵ ω
= e

sin

( )
. (10.11)x0
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This limitation does not apply to Laguerre–Gauss beams, where a finite fluid
velocity always exists, even when θ = 0. This is due to the existence of a transverse
photon current, intrinsically associated with the helical phase properties of such
beams. For a generic LG mode, with vorticity l and amplitude E0, the equilibrium
photon density and velocity are given by [27].

E vρ
ϵ ω

= ∣ ∣ ∣ ⊥ ∣ = θF
l

r
r e( ) ,

( )
. (10.12)pl0 0

2 2
0

This is illustrated in figure 10.2, where the structure of poloidal excitations is shown
for two vortex beams, and for purely axial propagation θ = 0, in clear contrast with
the case of a Gaussian or a plane-wave beam.

The quantum fluid equations (10.9) can be used to describe photon fluid perturbations,
excited by some mechanical or optical obstacle, and to understand the transition from a
fluid to a superfluid flow. We notice that, in the absence of perturbations, the beam

Figure 10.1. Superfluid light geometry: plane wave or Gaussian configuration, with a non-zero angle of
incidence θ ≠ 0.

Figure 10.2. Bogoliubov oscillations in twisted light beam with axial propagation, θ = 0: (a) single vortex
state, l = 1—donut configuration; (b) double vortex states with equal amplitude, = =l l4, 51 2 —light springs.
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geometry imposes an equilibrium value for the flow velocity v0, as given by equation
(10.11) for plane-wave and Gaussian beams, and equation (10.12) for twisted beams. Let
us then consider a low frequency perturbation of the light intensity, with frequency

ωΩ ≪ , described by the perturbed quantities δρ ρ ρ= − 0 and v v vδ = − 0. Replacing
this in equations (10.9), ignoring the potential V, and assuming evolution in space and
time of the form τ∝ · − Ω⊥i iq rexp( ), where q is the wavevector, we obtain after
linearisation, the following dispersion equation

vΩ − · = + ℏ
C q

q
m

q( )
4

, (10.13)s0
2 2 2

2 4

eff
2

where ρ=C g m/s 0 eff is the Bogoliubov sound speed in the two-dimensional photon
gas. This quantity increases with the beam intensity, as shown by its explicit
expression

Eχ
ϵ ω

= − ∣ ∣
C

2 ( )
. (10.14)s

2 (3) 0
2

The dispersion relation (10.13) characterises the sound-like oscillations of the
perpendicular photon flow. If we take the drift velocity v0 equal to zero, this is
formally identical to the Bogoliubov dispersion of sound perturbations in a Bose–
Einstein condensate. Except that we are not in the presence of a condensate, but only
dealing with light propagation in a nonlinear medium. Another important difference
is that the sound waves in a condensate evolve both in space and time, r and t,
whereas here these sound-like waves evolve in the transverse plane along the
z-direction, described by ⊥r and by the time-like variable vτ = zg . Despite such
differences, superfluidity can nevertheless be clearly identified.

In analogy with the condensates, we can also define a healing length ξ, which
establishes the limits of validity of a fluid description. Here, this is given by

E
ξ ϵ ω

χ
= −

∣ ∣k
1 2 ( )

(3)
. (10.15)

0
2

1/2⎡
⎣⎢

⎤
⎦⎥

For small wavenumbers, ξ ≪q 1, the above dispersion reduces to that of typical non-
dispersive sound waves, Ω ≃ ∣ ∣C qs . This shows that the photon beam behaves as a real
fluid, with sound waves that capture their collective oscillations. This collective behaviour is
mediated by photon–photon interactions resulting from the nonlinear coupling. In contrast,
for large wavenumbers, ξ ≫q 1, we are reduced to Ω ≃ ℏq m/22

eff . This is what should be
expected from a free stream of non-interacting particles, with momentum ℏq and mass
meff . In this long wavenumber limit, the photon gas really behaves as a collection of free
particles. The healing length therefore sets the scale for the collective processes.

Defining the group velocity of sound waves as = ∂Ω ∂V q/g , and using the
dispersion relation (10.13), we obtain, for v = 00 , the following relation between
phase and group velocities

v = + ℏ
ΩV C

m
q

2
, (10.16)g s

2
2

eff
2

2
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where v = ΩΩ q/ is the phase velocity. This expression, which has been confirmed by
a number of recent experiments [20–22], clearly identifies two regions: the non-
dispersive region of long scale perturbations where collective interactions dominate
and v ≃ΩV C( )g s

2, and the dispersive region of short scale lengths, where quasi-
particle free streaming is observed, and v ∝ΩV q( )g

2.
Let us now look at the way these photon sound or Bogoliubov waves can be

excited. When the potential V describing a given obstacle is included in our analysis,
the fluid equations show that a range of Bogoliubov perturbations will be excited,
when the flow velocity is larger than the wave phase velocity, or v<Cs 0. This is a
particular form of Cherenkov emission. The energy carried away by these perturba-
tions corresponds to beam dissipation. This is similar to what occurs in a normal
fluid flow, but in the case of a photon fluid it can also be identified with diffraction,
given that these are just light intensity oscillations created around an obstacle.

Surprisingly, this Cherenkov emission of photon sound waves, or light diffrac-
tion, and its corresponding dissipation of energy, can only exist at low intensities and
disappears for high intensity beams, when the Cherenkov condition cannot be
fulfilled, and v⩾Cs 0. This is the celebrated Landau criterium, which is nothing but a
particular form of Cherenkov criterium, according to which superfluid flow will
occur for high beam intensities satisfying

v vρ ρ⩾ ⩾ ≡C
m

g
, . (10.17)s 0 crit

eff
0

Suppression of Cherenkov cones could then be an undeniable signature of superfluid
light. The absence of Bogoliubov waves excited by an obstacle, means that no energy
transfer between light and the medium will occur, and therefore beams will
propagate with no losses in the presence of an obstacle. Superfluidity could also
be described as the absence of viscosity of the photon fluid. As an example, we
consider a local dielectric perturbation, described by the potential (10.6), with

δϵ δϵ
σ

= −⊥
⊥z

r
r( , ) exp

2
, (10.18)0

2

2

⎛
⎝⎜

⎞
⎠⎟

where δϵ0 is the maximum amplitude of a perturbation located at some position
=⊥r 0, and width σ, much smaller than the beam width. This could be caused by the

nonlinear perturbation of an additional laser beam with much shorter beam waist.
The result is illustrated in figure 10.3, showing simulations of light beam propagat-
ing in a nonlinear medium. Suppression of Cherenkov cone associated with the
photon flow through the local obstacle occurs for beam intensity above the threshold
Icrit, in agreement with the Landau criterion (10.17). In the specific example of this
figure, the medium nonlinearity is provided by a 4-level atomic system [23]. Apart
from numerical simulations, a number of experiments have confirmed the existence
of superfluid light phenomena. The dispersion relation of Bogoliubov waves,
equation (10.2) was demonstrated in a number of experiments, as mentioned. And
suppression of diffraction and drag-force cancelation above an intensity threshold
were also observed [24].
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Let us show how the Cherenkov process can be described. For that purpose, we
go back to the fluid equations (10.9). In the fluid frame of reference, the obstacle is
moving with some constant velocity v0, and is described by the potential

vτ τ= −⊥ ⊥V Vr r( , ) ( )0 . We perform a perturbative analysis, such that ρ ρ ρ˜ = − 0,
is the density ripple created by the obstacle, and we obtain

ρ
τ

ρ
ρ∂

∂
− ∇ + ℏ ∇ ˜ = ∇⊥ ⊥ ⊥C

m m
V

4
. (10.19)s

2

2
2 2

2

eff
2

4 0

eff

2
⎛
⎝⎜

⎞
⎠⎟

We assume with generality that the flow velocity is along some direction Ox in the
perpendicular plane. It is now useful to make a variable transformation from τx( , )
to ξ t( , ), with vξ τ= −x( )0 and τ=t . Taking the static condition ∂ ∂ =t/ 0, valid in
the fluid frame of reference, we obtain

v ρ
ρ

ξ· ∇ − − ℏ ∇ ∇ ˜ = ∇⊥ ⊥ ⊥ ⊥C
m m

V y( )
4

( , ), (10.20)s0
2 2

2

eff
2

2 2 0

eff

2
⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

where we have ξ∇ = ∂ ∂ + ∂ ∂⊥ y( / / )2 2 2 2 2 . Let us now use a Fourier transformation
such that

∫ ∫ρ ρ
π

ξ ξ
π

˜ = ˜ · =⊥ ⊥i
d

V y V q iq y
dq

q r q
q

( ) ( )exp( )
(2 )

, ( , ) ( , )exp( )
2

, (10.21)y y
y

2

with ξ≡⊥ yr ( , ). We then get

v ρ
ρ

· − + ℏ ˜ =C q
m

q
m

q Vq q q( )
4

( ) ( ). (10.22)s0
2 2 2

2

eff
2

4 0

eff

2
⎪ ⎪

⎪ ⎪⎧
⎨
⎩

⎛
⎝⎜

⎞
⎠⎟
⎫
⎬
⎭

Figure 10.3. Simulations of Superfluid light in nonlinear medium: (a) Cherenkov cone produced by an
obstacle, for <I Icrit, and (b) their suppression, for >I Icrit. (Courtesy Nuno A Silva.)
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Using θ=ξq q sin , we can see that the density perturbation is maximum at an angle
θ, defined by the condition

v
θ ≡ = ≡ξq

q
C

M
sin

1
, (10.23)s2

2

2

2

0
2 2

where v=M C/ s0 is the Mach number. This corresponds to the Mach (or
Cherenkov) cone, observed in the simulations. On this cone, the perturbation
attains its extreme value (which is actually a minimum of the total density, for a
positive potential perturbation), which can be estimated as

ρ ρ˜ ∼ −
ℏ

V
m
q

4 , (10.24)C 0
eff

2
min
2

where ∼q L1/min
2 2, and L is the size of the system. Let us now assume the one-

dimensional problem associated with the case = =y k( 0, 0)y . Equation (10.22)
reduces to

v
ρ

ρ
˜ =

− + ℏ
q

m
q V q

C q m q
( )

( )
[( ) ( /4 ) ]

. (10.25)
s

0

eff

2

0
2 2 2 2

eff
2 4

Using an inverse Fourier transformation, we obtain the new equation

v
ξ ξ

ρ
ρ

ξ
ξ− ∂

∂
+ ℏ ∂

∂
˜ = ∂

∂
=C

m m
V y( )

4
( , 0). (10.26)s0

2 2
2

2

2

eff
2

4

4
0

eff

2

2

⎧⎨⎩
⎫⎬⎭

This can be reduced to a forced oscillator equation, of the form

ξ
κ ρ ξ∂

∂
+ ˜ = U ( ), (10.27)

2

2
2

⎛
⎝⎜

⎞
⎠⎟

with

vκ ξ ρ ξ= −
ℏ

= =
ℏ

C
m

U V y
m

( )
4

, ( ) ( , 0)
4

. (10.28)s
2

0
2 2 eff

2

2 0 0
eff
2

From here we conclude that the oscillations in the ξ variable can only take place if
v > Cs0

2 2, or κ > 02 , which is nothing but an explicit statement of Landau criterium.
Furthermore, these oscillations have a purely diffraction origin, because they vanish if we
take the limitℏ → 0. This means that they are intrinsically associated with the undulatory
nature of the fluid particles. An appropriate solution of these equation is given by

∫ρ ξ ξ κ ξ ξ ξ˜ = ′ − ′ ′
ξ

∞
q U q d( , ) ( , )sin [ ( )] . (10.29)y y

This is valid for arbitrary shapes of the obstacle. The simplest example is that of a
point perturbation, as described by ξ δ ξ=U q U q( , ) ( ) ( )y y0 . In this case the solution is

ρ ξ κξ˜ =q U q( , ) ( )cos ( ). (10.30)y y0
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Using equation (10.28) and the definition of the Mach number, v=M C/ s0 , we can
write it in more explicit terms as

ρ ξ ξ˜ =
ℏ

−q U q
m

C M( , ) ( )cos
2

1 . (10.31)y y s0
eff 2

⎛
⎝⎜

⎞
⎠⎟

Another useful example is that of a Gaussian potential, as defined by

ξ ξ
σ

= − +
V y V

y
( , ) exp

2
. (10.32)0

2 2

2

⎛
⎝⎜

⎞
⎠⎟

The Cherenkov–Bogoliubov emission given by the solution (10.29) then leads to

∫ρ ξ ξ
σ

κ ξ ξ ξ˜ = − − ′ ′σ
ξ

−
∞

y V e d( , ) exp
2

sin [ ( )] . (10.33)y
0

/2
2

2

2 2
⎛
⎝⎜

⎞
⎠⎟

This result is illustrated numerically in figure 10.4, for two different values of the
potential width σ, which determines the size of the obstacle. In the limit of a very
small size (as compared with κ1/ ) this will approach the result of equation (10.31).
These analytical solutions are in good qualitative agreement with the simulations of
figure 10.3, and with the observations. Apart from these linear waves, theory and
simulations also show the formation of nonlinear structures, such as vortices, shock
fronts and solitons. In particular, it can be shown, using the nonlinear fluid
equations (10.9), that the Mach cone behaves as a one-dimensional dark soliton
[17]. But the existence of dark solitons in superfluid light can be discussed in more
general terms, using a Korteweg–de Vries (KdV) equation, as shown in [26].

The above theoretical discussion was based on the classical equation for the
electric field, equation (10.2), and the apparent quantum properties of the light fluid
were only present due to the analogy between this equation and the GP equation of

Figure 10.4. Cherenkov–Bogoliubov waves excited by a Gaussian obstacle, as given by equation (10.33), for
two different sizes σ = 2 (in black) and σ = 3 (in red), with κ = 1.
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Bose–Einstein condensates. As a result, our description was equivalent to the mean-
field approximation of a condensate, which neglected quantum fluctuations and only
stays valid for a large number of photons. A purely quantum description, valid for
an arbitrary number of photons and arbitrarily low beam intensities, can never-
theless be established if we use the quantum version of the GP equation, which can
be written in the form [27]

β
β ω ω∂

∂
ˆ = − ∇ ˆ + ∂

∂
ˆ − Δ − ˆ ˆ ˆ⊥ ⊥

†i
z

E E
t

E
c

n z
c

n E EEr
1

2 2
( , ) , (10.34)

0

2 2
2

2 2

where ˆ ≡ ˆ ⊥E E z tr( , , ) is the optical field envelope, ∇ ≡ ∂ ∂⊥ ⊥r( / ) is the gradient in the
plan perpendicular to the propagation direction z, Δ ⊥n zr( , ) gives the spatial profile
of the refractive index of the medium n, and n2 is the Kerr nonlinear coefficient. For
a given position z along propagation, the electric field operators satisfy, the bosonic
commutation relations

ϵ
ω δ δˆ ˆ ′ ′ = ℏ − ′ − ′⊥

†
⊥ ⊥ ⊥E z t E z t

nc
t tr r r r[ ( , , ), ( , , )]

2
( ) ( ). (10.35)

0

Such an approach would then be able to confirm the validity, and to establish the
limitations, of the mean-field field description.

10.2 Superfluid turbulence
Turbulence in quantum fluids, and possible deviations from classical turbulence is
considered nowadays as an important physical problem [28]. It was first approached
in liquid helium [29], and more recently in Bose–Einstein condensates of dilute
vapours [30]. In this context, experiments using superfluid light could be useful to
explore quantum turbulence phenomena, and to understand how quantum turbu-
lence regimes can be achieved.

Here we focus on the processes that can lead to the formation of quantum turbulence.
In particular, we show that beam instabilities can be achieved in superfluid light, and that
quantum turbulence emerges as a result of the nonlinear instability saturation process.
The two-stream instability has been studied in BECs, using both kinetic and fluid
dynamics approaches [31, 32]. Generation of a broadband turbulent spectrum, and the
excitation of vortex-pairs with opposite vorticity, have been demonstrated by numerical
simulations of the superfluid light [33]. The process of vortex-pair formation can also be
illustrated by a simple analytical model, which confirms the simulation results.

In order to study the two-stream instability, we assume that the total field E results
from the superposition of two light beams with amplitudes Ej, and wavevectors kj , for

=j 1, 2, propagating in nearly opposite directions. For practical reasons, we assume that
the two beams have the same frequency, ω ω=j 0. Going back to the GP equation (10.5),
and using two distinct wavefunctions Ψj, we get two coupled equations of the form

τ
ℏ ∂

∂
Ψ = − ℏ ∇ + Ψ + Ψ Ψ Ψ⊥i

m
g g

2
. (10.36)j j j

2

eff

2 2
1 2

⎡
⎣⎢

⎤
⎦⎥
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Here we ignore the potential V, which plays no role in the instability process, and
assume the same photon mass for both beams. Coupling between the two GP
equations comes from the nonlinear coupling, which contains the cross-field term
Ψ Ψ1 2 . We then use Madelung transformations, as before, defined by

ρ ϕΨ = iexp( )j j j . This will lead to two pairs of fluid equations, as

v

v
v v

ρ
τ

ρ

τ
ρ ρ ρ

ρ

ρ

∂
∂

+ ∇ =

∂
∂

+ · ∇ = − ∇ + + ∇ ℏ ∇

⊥

⊥ ⊥
⊥( )g

m m

( ) 0,

2
.

(10.37)

j
j j

j
i i j

j

jeff
1 2

2

eff
2

2

Comparing this with equations (10.9), we see that beam coupling is due to the
product ρ ρ1 2. Let us consider the geometry represented in figure 10.5(a), where the
velocities associated with the two beams point to nearly opposite directions.
Defining the perturbed densities, δρ ρ ρ= − /2j j 0 , and the perturbed velocities,

v vδ =1 1 and v v vδ = −2 2 0, assuming a space-time evolution of the form
τ· − Ω⊥i iq rexp( ), and performing a perturbative analysis of the above fluid

equations, we are able to derive a dispersion relation of the form

v
−

Ω −
+

Ω − · −
=C q

q H qq
1

1
2

1
/4

1
( ) /4

0, (10.38)s
2 2

2 4
0

2 2 4

⎡
⎣⎢

⎤
⎦⎥

where = ℏH m/2 eff is the quantum parameter. It should be noticed that, for v = 00

this expression reduces to equation (10.13). Solution of this two-stream dispersion
equation shows the existence of two branches, determined by

β β β βΩ = ± + + ± + +± qC q C q C
1
2

2 2 1 2 , (10.39)s s s
2 2 2 2 2 2 2⎡

⎣⎢
⎤
⎦⎥

Figure 10.5. Two-stream instability: (a) physical geometry of two interacting laser beams in a Kerr medium;
(b) stability diagram.
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where we have used the stream parameter vβ = C/ s0 . This shows that
unstable modes can be excited in the transverse plane, when I Ω >( ) 0. This is
illustrated in figure 10.5(b). Once the sound mode is excite, it grows and saturates by
decaying nonlinearly into other modes, thus generating turbulence. Of particular
interest is the decay into pairs of vortices with opposite vorticity, as shown in
numerical simulations [33] and illustrated in figure 10.6.

What is relevant in quantum turbulence is that its statistical properties differ from
those of classical turbulence. In photon fluid turbulence, a detailed analysis of the
turbulent spectrum can detect these differences. In classical turbulence, incompres-
sible flow usually exhibits a remarkable energy spectrum, with the typical momen-
tum power law of −q 5/3. This is the celebrated Kolmogorov spectrum, resulting from
successive mode cascades. In contrast, the quantum regime can take place in the
high momentum range of the spectrum, shows a much faster decay, as −q 4.
Simulation experiments performed by [34] seem to confirm these two distinct decay
ranges.

10.3 A tale of two fluids
Following the ideas of Landau and Tisza, but using the wave-kinetic model, we now
show that superfluid light can be generically described by a mixture of two fluids,
where one is the superfluid itself, and the other is the turbulent fluid. The simplest
form of a turbulent fluid is to describe it as a gas of Bogoliubov excitations, the
bogolon gas. This can exist in photon condensates at finite temperature, as well as in
superfluid light. It will be shown that the two co-existing fluids, the perfect superfluid
and the bogolon fluid, can be described by similar wave-kinetic equations.

We have seen that superfluid light was described by a nonlinear Schrödinger
equation, formally identical to the GP equation for a two-dimensional condensate.
Such a description is valid in the mean-field approximation, where quantum fluctuations
are negligible. It means that it is valid for beams of light containing a large number of
photons. This is precisely the regime where nonlinear optical effects become relevant.

Figure 10.6. Turbulence generated by the two-stream instability of fluids of light, as described by equation
(10.5): three different steps of the process of instability growth, saturation and vortex formation. (Courtesy:
João D Rodrigues.)
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We now use a different but equivalent description, where the nonlinear Schrödinger
equation is replaced by a wave-kinetic equation, of the form [25]

v ∫ ∫τ
τ

π
ℏ ∂

∂
+ · ∇ = − ·⊥ − +i W V W W i

d
q q r

q
( , ) [ ]exp( )

(2 )
, (10.40)

3
⎜ ⎟⎛
⎝

⎞
⎠

where τ≡ ⊥W W u r( ; , ) is the Wigner function, or quantum quasi-distribution, and u is
the photon group velocity in the transverse plane. This function is related to the wave
function τΨ ⊥r( , ), by a Fourier transformation of the field correlation function, as

∫τ = Φ − Φ + − ·⊥ * ⊥ ⊥W t t i du r r s r s q s s( ; , ) ( /2, ) ( /2, )exp( ) , (10.41)

where the auxiliary vector s, and the photon momentum = ℏmq u/eff , are both
defined in the transverse plane. In equation (10.40), we use the Fourier transform of
the external potential, τV q( , ), and define ≡ ± ℏ±W W mu q( /2 )eff . From the wave-
kinetic equation (10.40), we can derive a set of fluid equations describing the
evolution of the mean density ρ, and velocity v of the photon fluid, which coincide to
equations (10.9), using the definitions

v v v∫ ∫ρ τ
ρ

= =⊥W d W t dr u u r u( ; , ) ,
1

( ; , ) . (10.42)

On the other hand, we can describe a turbulent spectrum of bogolon oscillations
as the fluid of quasi-particles. This spectrum can also be described by a wave-kinetic
equation, similar to that of the photon fluid, as shown below. We start with the
quantum fluid equations (10.37), and linearise them with respect to density
perturbations ρ ρ ρ˜ = − 0. We obtain

τ
ρ∂

∂
− ∇ + ℏ ∇ ˜ =⊥ ⊥C

m4
0. (10.43)s

2

2
2 2

2

eff
2

4
⎛
⎝⎜

⎞
⎠⎟

Here we find again the Bogoliubov sound speed, ρ=C g m/s 0 eff . This is the wave
equation for sound waves in the photon fluid. For perturbations evolving as

· − Ω⊥i i tq rexp( ), it leads to the dispersion relation (10.13) in the fluid reference
frame, v = 00 .

At this point, we should notice the existence of their different time-scales: (i) the
fast time-scale of the photon field, which is nothing but the inverse of the photon
frequency ω∼t 1/ ;1 (ii) the slow time-scale of the sound waves, which is the inverse of
the bogolon frequency ∼ Ωt 1/ ;2 and (iii) an even slower time-scale, dictated by a
possible evolution of the equilibrium density, as defined by ρ ρ∼ ∂ ∂t t(1/ ) /3 . The
physical meaning of this third time-scale will become clear below. In order to
accommodate this new time-scale, we replace ρ0 by ρ ρ+ ′ ⊥ tr( , )0 , where ρ′
represents that slowly varying part. In such conditions, the dispersion relation
(10.13) becomes a local relation, and the sound speed changes as

τ ρ ρ τ= + ′⊥ ⊥C g Mr r( , ) ( / )[ ( , )]. (10.44)s
2

0
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The quantity ρ′ ⊥ tr( , ) can be associated with long wavelength density perturbations
of the second sound. It should be stressed that equation (10.43), can be also reduced
to a wave-kinetic equation, formally identical to equation (10.40). For that purpose,
we introduce a new Wigner function W′, formally identical to equation (10.41), as

W ∫τ ρ τ ρ τ′ = ˜ − ′ ˜ + ′ − ′ · ′ ′⊥ * ⊥ ⊥ i du r r s r s q s s( ; , ) ( /2, ) ( /2, )exp( ) . (10.45)

This is the Wigner function for the turbulent spectrum. Starting from equation
(10.43), it is possible to derive a second wave-kinetic equation, similar to equation
(10.40), but now referring to sound waves, or phonons, and not to photons. It takes
the form

W

W W

v ∫

∫
ω π

ω
π

ρ ω ω

∂
∂

+ · ∇ ′ = − ′

× ′ ′ ′ − ′ · − ′

⊥

′− ′+
⊥

t
i g

m
d

d
i i t

k

k r

2 (2 )

2
( )[ ]exp( ),

(10.46)
q

eff
3

⎜ ⎟⎛
⎝

⎞
⎠

where vq is the group velocity of sound waves. Here, we have used the Fourier
components of the spectrum of density fluctuations, as given by

∫ ∫ρ τ
π π

ρ′ = Ω′ ′ Ω′ − Ω′d d
i tr

q
( , )

(2 ) 2
( )exp( ), (10.47)2

where the frequencies ω′ describe the slow evolution of the background. It should be
emphasised that ρ′ is distinct from the density perturbations associated with
phonons, ρ̃. These two equations, (10.43) and (10.46), provide a consistent kinetic
description for the superfluid turbulence in the theory of two fluids. They describe,
using two similar wave-kinetic models, the evolution the superfluid (photon) and the
turbulent (phonon) fluids. Using these two equations is then possible to show that a
new kind of very-long wavelength and very-slow oscillations can be excited in the
turbulent superfluid. They satisfy a more general dispersion relation [35], of the form

ρ
Ω − Ω Ω − =( ) u q

g
m

C
q( )

2
, (10.48)q

s2 2 2
th
2 2

eff

2

0

2

where we have used the quantities

Ω = + ℏ =C q
q

m
c

gn

m4
, , (10.49)q s s

2 2 2
2 4

eff
2 0

2 0

eff

and

Wv∫ π
= ·u

d
u q

q
( ) ( )

(2 )
. (10.50)qth

2
th 2

The dispersion relation (10.48) describes generalised sound waves, resulting from
the coupled oscillations of two fluids, the photon fluid and the turbulent one, where
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the latter is nothing by a phonon gas. Coupling between these two fluids is
provided by the term on the r.h.s. Furthermore, on the l.h.s., we recognise the
existence of two different modes. One is the usual phonon mode, which exits in
pure superfluids, when the turbulent spectrum is not present. It is described by the
dispersion relation Ω − Ω =( ) 0q

2 2 , as previously discussed. The other mode can be
called the second sound, and corresponds to coupled oscillations of both photons
and shorter wavelength phonons. It is described by the new dispersion relation
Ω − =u q( /3) 02

th
2 2 . We therefore conclude that, in general, the first and the second

sound are coupled by the quantity on the l.h.s. of equation (10.48), and can only be
considered separately in the limits of very-short wavelength (normal sound) and
very-long wavelengths (second sound). This generalised dispersion is illustrated in
figure 10.7.

10.4 Superfluid currents
Let us consider the transport properties of a superfluid, taking the contributions of
the two different fluids (the condensate and the phonon fluid) into account. We can
first define the total mass density ρ, as

ρ = + ≡M n n Mn( ) , (10.51)x0

where n0 is the density of the condensed phase, = −n n nx 0 is the density of the
thermal fluid, and n the total density. It is plausible to assume that nx is proportional
to the density of phonons nth, because phonon are the constituents of the thermal
gas. The above definition of ρ derives from our assumption of two fluids, which were
considered above on equal grounds, and described by similar wave-kinetic equa-
tions. We can then define, α=n nx th, where α is a constant of proportionality still to
be determined. Now, if we add the continuity equations for both these two fluids

Figure 10.7. Dispersion relations of the generalised sound waves in a superfluid. The upper branch
corresponds to normal sound waves, and the lower branch to second sound. The two decoupled solutions
are also represented in black-dashed.
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condensate and the phonon gas we obtain a global equation of conservation for the
total system, of the form

ρ∂
∂

+ ∇ · + =
t

J J( ) 0, (10.52)0 th

where

v α= =Mn nJ J u, , (10.53)0 0 th th th

where v is the mean velocity of the condensate, and uth the mean velocity of the
thermal fluid. Obviously, we can define a total current, or total mass flow, as

= +J J J0 th. Using the definition of uth, the thermal mass flow can be described in
terms of the phonon quasi-distribution W , as

Wv∫α
π

= M
d

J q
q

( )
(2 )

. (10.54)qth 2

But, at the same time this thermal current can also be calculated as with the
momentum associated with the phonons. We can then write

W∫ π
= ℏM

d
J q q

q
( )

(2 )
, (10.55)th 2

where ℏq is the momentum of individual phonon quasi-particles. On the other hand,
we can use group velocity as defined by equation (10.48), leading to

Wv∫ π
= M

d
J q

q
( )

(2 )
. (10.56)q qth 2

The new quantity Mq, represents an effective bogolon mass, and is determined by

= ℏΩ
+ ℏ

M
c q M

q( )
( /2 )

. (10.57)
s

q 2 2 2

It obviously depends on the momentum q of the corresponding bogolon or phonon
mode, and weights the contribution of each quasi-particle to the total momentum of
the system. But this quantity is somewhat misleading, because the bogolon
dispersion shows that these quasi-particle have no finite rest mass, because their
energy ℏΩ q( ) tends to zero when their momentum tends to zero, ∣ ∣ →q 0. We
therefore conclude that the effective bogolon mass is indeed a kinetic mass,
associated with a finite momentum, and not a rest mass.

Equating the two expressions established for the thermal mass flow Jth, equations
(10.54) and (10.56), we obtain an expression for the quantity α, of the form

Wv∫α
π

≡ =n
n n Mu

M
du

q
q

( )
(2 )

. (10.58)x
q q

0 th
2 2

This is the constant of proportionality between the density of thermal fluid, and the
bogolon density. It is useful to consider the small wavenumber regime, where
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collective effects are dominant, and the quantum corrections to the bogolon
dispersion containing q4 can be neglected. In this case, the expressions for the
phonon mass and group velocity, become

v≃ ℏ∣ ∣ ≃
∣ ∣

M
c

c
q q

q
, . (10.59)

s
sq q

As a result, the thermal mass flow (10.54), or thermal current, reduces to

W∫α
π

≃
∣ ∣

M c
d

J
q
q

q
q

( )
(2 )

. (10.60)sth 2

The constant of proportionality α is of the order of ℏ Mu/ , as shown by equation
(10.58). In the presence of dissipation, this current will eventually decay in time, due
to the absorption of phonons, and the reduction of the integral over the phonon
distribution W q( ). But, in a pure superfluid, with no thermal component, the total
current is just given by J0, and will persist indefinitely.

Another important question is related with the ratio between the thermal and the
condensed density, n n/x 0, or n n/th 0. This can be studied with the above wave-kinetic
formalism. In analogy with the Cherenkov emission of radiation by moving electric
charges, we can say here that photons can emit or absorb bogolons, thus increasing
n n/x 0, if their (transverse) velocity v, matches the bogolon phase velocity Ω ∣ ∣q/q . The
balance between such emission and the reverse absorption process will depend on the
details of the photon quasi-distribution, and will eventually lead to Landau damping
or growth of bogolons, in a way similar to Landau damping of bogolons in atomic
Bose–Einstein condensates.

References
[1] London F 1938 The λ-phenomenon of liquid helium and the Bose-Einstein degeneracy

Nature 141 643–4
[2] Chiao R Y and Boyce J 1999 Bogoliubov dispersion relation and the possibility of

superfluidity for weakly interacting photons in a two-dimensional photon fluid Phys. Rev.
A 60 4114–21

[3] Kapitza P 1938 Viscosity of liquid helium below the λ-point Nature 141 74
[4] Allen J F and Misener A D 1938 Flow of liquid helium II Nature 141 75
[5] Balibar S 2007 The discovery of superfluidity J. Low Temp. Phys. 146 441–70
[6] Griffin A 2009 New light on the intriguing history of superfluidity in liquid He4 J. Phys.:

Condens. Matter 21 164220
[7] Tisza L 1938 Transport phenomena in helium II Nature 141 913
[8] Landau L 1941 The theory of superfluidity of helium II Phys. Rev. 60 356–8
[9] Leggett A J 2006 Quantum Liquids (Oxford: Oxford University Press)
[10] Khalatnikov I M 2000 Introduction to the Theory of Superfluidity (New York: Westview Press)
[11] Terças H, Mendonça J T and Guerra V 2012 Classical rotons in cold atomic traps Phys. Rev.

A 86 053630
[12] Hohenberg P C and Martin P C 1965 Microscopic theory of superfluid helium Ann. Phys.,

NY 34 291–359

The Quantum Nature of Light

10-17

https://doi.org/10.1038/141643a0
https://doi.org/10.1103/PhysRevA.60.4114
https://doi.org/10.1038/141074a0
https://doi.org/10.1038/141075a0
https://doi.org/10.1007/s10909-006-9276-7
https://doi.org/10.1088/0953-8984/21/16/164220
https://doi.org/10.1038/141913a0
https://doi.org/10.1103/PhysRev.60.356
https://doi.org/10.1103/PhysRevA.86.053630
https://doi.org/10.1016/0003-4916(65)90280-0


[13] Giovanazzi S and O’Dell D H J 2004 Instabilities and the roton spectrum of a quasi-1D
Bose-Einstein condensed gas with dipole-dipole interactions Eur. Phys. J. D 31 439–45

[14] Mendonça J T and Terças H 2017 Bose-Einstein condensation of photons in a plasma Phys.
Rev. A 95 063611

[15] Pomeau Y and Rica S 1993 Nonlinear diffraction C. R. Acad. Sci., Paris 317 1287–92
[16] Hakim V 1997 Nonlinear Schrödinger flow past an obstacle in one dimension Phys. Rev. E

55 2835–45
[17] Khamis E G, Gammal A, El G A, Gladush Yu G and Kamchatnov A M 2008 Nonlinear

diffraction of light beams propagating in photorefractive media with embedded reflecting
wire Phys. Rev. A 78 013829

[18] Leboeuf P and Moulieras S 2010 Superfluid motion of light Phys. Rev. Lett. 105 163904
[19] Carusotto I 2014 Superfluid light in bulk nonlinear media Proc. R. Soc. A 470 20140320
[20] Vocke D, Roger T, Marino F, Wright E M, Carusotto I, Clerici M and Faccio D 2015

Experimental characterization of nonlocal photon fluids Optica 2 484–90
[21] Fontaine Q, Bienaimé T, Pigeon S, Giacobino E, Bramati A and Glorieux Q 2018

Observation of the Bogoliubov dispersion in a fluid of light Phys. Rev. Lett. 121 183604
[22] Fontaine Q, Larré P-E, Lerario G, Bienaimé T, Pigeon S, Faccio D, Carusotto I, Giacobino

E, Bramati A and Glorieux Q 2020 Interferences between Bogoliubov excitations in
superfluids of light Phys. Rev. Res. 2 043297

[23] Silva N A, Mendonça J T and Guerreiro A 2017 Persistent currents of superfluid light in a
four-level coherent atomic medium J. Opt. Soc. Am. B 34 2220

[24] Michel C, Boughdad O, Albert M, Larré P-E and Bellec M 2018 Superfluid motion and
drag-force cancellation in a fluid of light Nat. Commun. 9 2108

[25] Mendonça J T and Terças H 2013 Physics of Ultra-cold Matter (New York: Springer)
[26] Ali S, Mendonça J T and Kourakis I 2022 Dark Solitons in Paraxial Superfluid Light (to be

published)
[27] Larré P-E and Carysotto I 2015 Propagation of a quantum fluid of light in a cavityless

nonlinear optical medium: general theory and response to quantum quenches Phys. Rev. A
92 043802

[28] Barenghi G F, Skrbek L and Sreenivasan K R 2014 Introduction to quantum turbulence
Proc. Natl Acad. Sci. 111 4647–52

[29] Skrbek L, Schmoranzer D, Midlik S and Sreenivasan K P 2021 Phenomenology of quantum
turbulence in superfluid light Proc. Natl Acad. Sci. 118 e2018406118

[30] Madeira L, Cidrim A, Hemmerling H, Caracanhas M A, dos Santos F E A and Bagnato V S
2020 Quantum turbulence in Bose–Einstein condensates: present status and new challenges
ahead AVS Quantum Sci. 2 035901

[31] Terças H, Mendonça J T and Robb G R M 2009 Two-stream instability in quasi-one-
dimensional Bose-Einstein condensates Phys. Rev. A 79 065601

[32] Abad M, Recati A, Stringari S and Chevy F 2015 Counter-flow instability of a quantum
mixture of two superfluids Eur. Phys. J. D 69 126

[33] Rodrigues J D, Mendonça J T and Terças H 2020 Turbulence excitation in counterstreaming
paraxial superfluids of light Phys. Rev. A 101 043810

[34] Silva N A, Ferreira T D and Guerreiro A 2021 Exploring quantum-like turbulence in a two-
component paraxial fluid of light Results Opt. 2 100025

[35] Mendonça J T 2013 Second sound in a laser cooled gas Phys. Lett. A 377 1961–5

The Quantum Nature of Light

10-18

https://doi.org/10.1140/epjd/e2004-00146-7
https://doi.org/10.1103/PhysRevA.95.063611
https://doi.org/10.1103/PhysRevE.55.2835
https://doi.org/10.1103/PhysRevA.78.013829
https://doi.org/10.1103/PhysRevLett.105.163904
https://doi.org/10.1098/rspa.2014.0320
https://doi.org/10.1364/OPTICA.2.000484
https://doi.org/10.1103/PhysRevLett.121.183604
https://doi.org/10.1103/PhysRevResearch.2.043297
https://doi.org/10.1364/JOSAB.34.002220
https://doi.org/10.1038/s41467-018-04534-9
https://doi.org/10.1103/PhysRevA.92.043802
https://doi.org/10.1073/pnas.1400033111
https://doi.org/10.1073/pnas.2018406118
https://doi.org/10.1116/5.0016751
https://doi.org/10.1103/PhysRevA.79.065601
https://doi.org/10.1140/epjd/e2015-50851-y
https://doi.org/10.1103/PhysRevA.101.043810
https://doi.org/10.1016/j.rio.2020.100025
https://doi.org/10.1016/j.physleta.2013.05.035


Part III

Quantum vacuum



The third part of this book concerns the physics of quantum vacuum, as presently
explored by ultra-intense lasers. In contrast with the low energy version of quantum
electrodynamics (QED), considered in the previous two parts, where quantum
vacuum states only concern photons, here we consider the high energy branch of
QED, where electron–positron states are included.

These topics are usually absent from quantum optics books, which concentrate on
low energy quantum phenomena. But the analogies between low and high energy
QED are very strong, and the recent inclusion of both topics in laser–matter
interaction studies justify its inclusion here. In particular, QED vacuum can be seen
as a special case of quantum optics where the optical medium is vacuum, but where
similar nonlinear quantum photon processes also take place. Furthermore, photons
are sensitive to static electric and magnetic fields in vacuum, leading to the
occurrence of optical birefringence and photon splitting. If we further assume that
these quasi-static fields are time-dependent, then time-refraction will also take place.

We mainly concentrate on moderately intense fields, much lower than the
Schwinger limit, such that electron–positron pair creation is negligible and only
virtual states are considered. But, the problem of emission of particle-pairs and
vacuum disruption are becoming more relevant to the ultra-intense laser sources that
are now available around the world, and will also be discussed.

In the last chapter, we abandon QED and enter the area of quantum chromody-
namics (QCD), considering hypothetical particles called axions. We describe the
origin of this concept, and its eventual relation with the problem of dark matter. We
discuss axion interactions with photons and plasmons, and the formation of mixed
states that can be called axion-polaritons. The possible use of intense laser beams to
excite axions, the existence of axion–photon instabilities, and the challenging search
for dark matter will conclude this Part III.
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Chapter 11

Basic QED concepts

In the quantum formalism that we have considered so far, photons cannot interact
with each other in vacuum. However, this is only strictly true at low intensities,
because a more complete version of QED shows that electron–positron (e-p) pairs
can be excited by intense electromagnetic fields in vacuum. This opens the door for
possible nonlinear optical effects in vacuum, which include photon–photon scatter-
ing and particle-pair creation.

In the present chapter, we review the basic QED theory, in a more complete
version valid for intense fields, where effects associated with virtual and real e-p pairs
are taken into account. This could be called relativistic QED. We first introduce the
Klein–Gordon equation, which is able to describe massive relativistic particles with
no spin. It anticipates the Dirac equation and can be used to describe charged
particles when spin effects are negligible. Despite the name, the Klein–Gordon
equation was first considered by Schrödinger, and nearly after proposed by Klein [1]
and Gordon [2] to describe relativistic quantum particles.

We discuss the Dirac equation, first introduced in 1928 [3–5], which is valid for
relativistic particles with a semi-integer spin, and discuss its basic properties. We also
quantise the Dirac field, and show that it can be decomposed into electron and positron
states, and introduce the Volkov states, which are exact solutions of the Dirac equation
for charged particles in the presence of an electromagnetic wave [6]. They can be useful
to describe the energy exchange between photons and charged particles in vacuum, such
as those related to Compton scattering. Volkov solutions have recently been generalised
to the case of plasmas, where the photon mass introduces qualitative changes and allows
for additional Volkov states associated to electrostatic waves [7, 8].

Another important piece of relativistic QED is the so-called Euler–Heisenberg
effective Lagrangian [9]. We consider it in the limit of weak fields (for an interesting
historical account see [10]). This limit can be used to describe QED effects induced
by ultra-intense lasers in vacuum. Starting from this Lagrangian, it is possible
describe vacuum as a nonlinear optical medium. Such an approach is valid when the
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electric field associated with intense light pulses is very large, but stays bellow the
Schwinger field [11]. This field would be sufficiently intense to produce vacuum
disruptions, but is still far from our present experimental capabilities. Possible
strategies leading to the Schwinger field, and to the breakdown of the weak-field
approximation, have nevertheless been discussed in the literature [12–14]. The
vacuum nonlinearities described by the Heisenberg–Euler Lagrangian can be
associated with the excitation of virtual electron–positron pairs. Intense photon
beams propagating in vacuum are able to create a kind of virtual plasma state, made
of e-p virtual pairs, where nonlinear optical phenomena take place. In a later
chapter, we will discuss a variety of optical processes associated with the nonlinear
vacuum. This opens the way to promising studies of QED vacuum, using the ultra-
intense laser systems that are being developed around the world.

11.1 Klein–Gordon equation
This equation describes relativistic quantum particles with no spin, as first proposed
by Schrödinger, and soon after by Klein and Gordon. It is a straightforward
generalisation of the Schrödinger equation, and at the same time, a generalisation of
the wave equation for massive fields. In many different problems where spin effects
are not relevant, it can be used in alternative to the more difficult, but also more
accurate, Dirac equation. Similarities and differences between these two equations
will become apparent in this chapter.

In classical relativistic mechanics, the energy of a particle is determined by the
relation = +E c m cp2 2 2 2 4, where p is the particle momentum. If, in this expression,
we replace the energy and momentum, E and p, by their quantum operators, ℏ∂i( )t
and − ℏ∇i( ), and apply the resulting operator to the particle wavefunction ψ, we
obtain a relativistic wave equation of the form

ψ ψℏ ∂
∂

= ℏ ∇ −
c t

m c[ ] . (11.1)
2

2

2

2
2 2 2 2

In contrast with the Schrödinger equation, this so-called Klein–Gordon, or KG
equation, contains a double time derivative, which has important physical con-
sequences. The KG equation satisfies a continuity equation, and can be used as a
wave equation for relativistic quantum particles under certain conditions. First of
all, it contains no information about the spin, and can strictly only be used for spin-
zero particles, such as the π-meson or the Higgs boson. We can nevertheless use it as
a simplified model for electrons and positrons, to describe processes where spin
effects are irrelevant. Second, this equation satisfies negative energy solutions, which
means that the resulting density function is not positive definite, and its meaning can
only be clarified by field quantisation.

Let us first write the equation in covariant form. For that purpose, we introduce
the 4-position =μx ct r( , ), where =x ct0 is the time variable, and =x x y x( , , )i for

=i 1, 2, 3 are the Cartesian components of the vector position r. We also use the 4-
momentum, =μp E c p( / , ), where the μ = 0 component gives the particle energy

γ=p m c0 , where γ = − c1/ 1 ( / )2 2v is the relativistic gamma factor. The

The Quantum Nature of Light

11-2



corresponding covariant components are obtained using the Minkowski metric
tensor = + − − −μνg diag ( 1, 1, 1, 1), such that = = −μ μν

νx g x ct r( , ), and = =μ μν
νp g p

−E c p( / , ). We notice that the modulus of the 4-momentum is an invariant, and its
value is determined by the particle mass, =μ

μp p m c2 2. We can then rewrite equation
(11.1) as

ψ∂ ∂ + =μ
μ k 0, (11.2)C

2⎡⎣ ⎤⎦
where = ℏk mc/C is the Compton wavenumber. This is obviously Lorentz invariant. In
order to understand themeaning of this equation, wemultiply it byψ *. After subtracting
its complex conjugateandmultiplyingbya factor,− ℏi m/2 ,weget the continuity equation

ρ∂
∂

+ ∇ · =
t

J 0. (11.3)

The density ρ, and the current J, are defined by

ρ ψ ψ ψ ψ ψ ψ ψ ψ= ℏ ∂ − ∂ = ℏ ∇ − ∇* * * *
i
mc im

J
2

( ),
2

( ), (11.4)t t2

with ∂ = ∂ ∂t/t . Notice that J is defined in the same way as with the Schrödinger
equation. However, the density ρ is not positive definite, and cannot be identified
with a probability density. Furthermore, the KG equation satisfies plane-wave
solutions, with positive and negative energies, of the form

ψ ψ= · ℏ − ℏ = ± +± ± ±t i iE t E c m cr p r p( , ) exp ( / / ), , (11.5)2 2 2 4

where ψ± are constants. This means that the energy spectrum is not bounded from
below.

Our aim in this chapter is to understand the possible coupling between charged
particles and photons. This means that we have to discuss the implications of the
presence of an electromagnetic field. If we describe the field using scalar and vector
potentials, V and A, the energy of the particle E, in a classical description, becomes

− = + +E eV e c m cp A( ) ( )2 2 2 4 . For electrons, the charge will be = −∣ ∣e e , and for
positrons, = ∣ ∣e e . If we now apply the corresponding operator to the particle
wavefunction ψ, we get

ψ ψℏ∂ − = ℏ∇ − +
c

i eV i e m cA
1

( ) [( ) ] , (11.6)t2
2 2 2 2

which generalises equation (11.1). It is sometimes useful to introduce dimensionless
scalar and vector potentials, U and a, as defined by

= =eV
mc

e
mc

a
A

, . (11.7)
2

U

We can write the KG equation in covariant form, as

ψ∂ − − =i ak k[( ) ] 0, (11.8)C C
2 2
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where the four-potential =a a( , )U , and the four-derivative ∂ = ∂ ∇c( / , )t , were used.
An alternative, and more common, version of the KG equation can also be obtain,
using natural units, ℏ = 1 and c = 1. Equation (11.6) is then reduced to

ψ∂ − − =i ea m[( ) ] 0. (11.9)2 2

The interest of this relativistic wave equation, in any of its equivalent forms, will be
exemplified later.

11.2 Dirac equation
In contrast with the Klein–Gordon equation, we now consider a single time-
derivative equation, formally identical to the Schrödinger equation, but containing
a different Hamiltonian operator. We assume an equation of the form

ψ ψ α βℏ∂ = = ⃗ · +i H H c mcp, , (11.10)t
2

where α ⃗ and β are 4 × 4 vector and scalar matrices, and ψ is a vector wavefunction,
called a spinor (or more appropriately, a bi-spinor). It can easily be seen that, if we
want the Hamiltonian operator H to be Hermitian, we need to assume that α ⃗ and β
are also Hermitian. This guarantees that, in contrast with the Klein–Gordon case,
the new probability density associated with ψ will be a positive definite quantity. If,
on the other hand, we apply the operator H twice, we get an equation that can be
directly compared with Klein–Gordon’s, as

ψ α β ψ−ℏ ∂ = − ℏ ∂ +( )c i mc , (11.11)t
j

j
2 2 2 2

where α j, with =j 1, 2, 3, are the components of α ⃗. This will be identical to
equation (11.1) if we assume that

α α α α δ α β βα α β+ = + = = =′ ′ ′I I2 , 0, ( ) , (11.12)j j j j jj j j j 2 2

where I is the identity matrix. From this, we conclude that the eigenvalues of α j and
β can only be equal to ±1. Multiplying equation (11.10) by ψ† and subtracting the
hermitic conjugate, we obtain a continuity equation, formally identical to (11.3), but
where the new definitions of probability density ρ, and probability current J, are
now given by

ρ ψ ψ ψ αψ= = ⃗† †cJ, . (11.13)

We can also introduce a four-vector current, =μJ J J( , )i0 , and write the continuity
equation in a covariant form, as

∂ ≡ ∂ + ∂ =μ
μJ

c
J J

1
0. (11.14)t i

i0

A particularly useful choice of the matrices α ⃗ and β is given by

α σ
σ

β= =
−

I
I

0
0

, 0
0

, (11.15)j
j

j

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥
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where σ j are the Pauli matrices, and I is the 2 × 2 identity matrix. This provides the
so-called standard representation of the Dirac equation. Generalisation of equation
(11.10) in order to include electromagnetic potentials is straightforward, using the
new Hamiltonian operator

α β= ⃗ · − + +H e c mc eVp A( ) . (11.16)2

It is also possible to write the Dirac equation in a covariant form. For this purpose,
we multiply it by β and define new 4-matrices γ μ such that

γ β γ βα σ
σ

= = =
−

, 0
0

. (11.17)j j
j

j
0

⎡
⎣⎢

⎤
⎦⎥

We then get

γ ψℏ∂ − − =μ
μ μ( )i eA mc 0. (11.18)⎡⎣ ⎤⎦

It is now useful to introduce the kinetic momentum π ⃗ = − ep A. Assuming that ψ
can be decomposed into two different vectors φ and χ, such that

ψ
φ
χ= , (11.19)

⎡
⎣⎢

⎤
⎦⎥

we obtain the following coupled equations

φ σ π χ φ
χ σ π φ χ

ℏ∂ = ⃗ · ⃗ + +
ℏ∂ = ⃗ · ⃗ − −

i c mc eV

i c mc eV

( ) ( ) ,

( ) ( ) .
(11.20)t

t

2

2

In the weak-field regime, the dominant term on the r.h.s. of these equations is mc2.
We can then assume solutions of the form

φ φ ω χ χ ω= ¯ − = ¯ −i t i texp( ), exp( ), (11.21)C C

where ω = ckC C is the Compton frequency, and φ̄ and χ̄ are slowly varying
amplitudes. Replacing this in equations (11.20), we obtain

φ σ π χ φ
χ σ π φ χ

ℏ∂ ¯ = ⃗ · ⃗ ¯ + ¯
ℏ∂ ¯ = ⃗ · ⃗ ¯ − − ¯

i c eV

i c mc eV

( ) ,

( ) (2 ) .
(11.22)t

t
2

Assuming that the scalar potentials are small, ∣ ∣ ≪eV mc2, we get a typical
amplitude for these two vector functions, valid for weakly relativistic particles

χ σ π φ φ¯ ≃ ⃗ · ⃗ ¯ ≪ ¯
mc2

. (11.23)

This means that the vector function φ̄ becomes dominant in the weakly relativistic
limit. Using this limit in the first of equations (11.22), we then get

φ σ π φℏ∂ ¯ = ⃗ · ⃗ + ¯i c
m

eV
1

2
( ) . (11.24)t

2
⎡
⎣⎢

⎤
⎦⎥
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Noting that

σ π π σ π π π⃗ · ⃗ = ⃗ + ⃗ · ⃗ × ⃗ = ⃗ − ℏ
i

e
c

B( ) ( ) , (11.25)2 2 2

where = ∇ ×B A, we finally obtain the Pauli equation

φ σ φℏ∂ ¯ = − − ℏ
⃗ · + ¯i

m
e

e
mc

eVp A B
1

2
( )

2
. (11.26)t

2
⎡
⎣⎢

⎤
⎦⎥

It is known that the spinor function φ̄ in this equation describes the evolution of a
charged particle (electron or positron) with spin 1/2. The two extra-dimensions of
the Dirac wavefunction ψ are associated with the positive and negative energy
solutions. Neglecting the Pauli term containing σ ⃗, we would be reduced to the
Schrödinger equation. This shows the close connection between the Dirac equation
and the well-known wave equations of non-relativistic quantum mechanics. See
figure 11.1 for an illustration.

11.3 Volkov states
In order to understand the connections between the particle states (electron and
positron), and the quantum states of light, it is useful to discuss a particular class of
solutions of the Dirac equation. These are exact solutions, found by Volkov in 1936
[6], which are valid for particles in the field of an electromagnetic wave. For
simplicity, we discuss them using the Klein–Gordon equation, but a comment will be
added concerning its extension to the Dirac equation.

We assume an electromagnetic wave in vacuum, described by the normalised
vector potential a, with = 0U . The four-potential will just be =a a(0, ), and its
square = −a a2 2. In the Lorentz gauge, we also have the condition ∇ · =a( ) 0.
Equation (11.8) will then be transformed into

ψ∇ − ∂ − · ∇ − + =ik a ka[( ) 2 ( ) (1 ) ] 0. (11.27)t C C
2 2 2 2

Figure 11.1. Table of the different wave equations of quantum mechanics.
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We now assume that the vector potential a describes an electromagnetic wave
propagating along an arbitrary z-direction, with wavenumber k and frequency
ω = kc. We can then write

τ τ
ω

= = −t f t
kz

a r a( , ) ( ), , (11.28)0

where a0 is the wave amplitude and τf ( ) a function to be specified. For a simple
monochromatic wave, we simply have τ ωτ=f ( ) cos( ). In order to solve equation
(11.27) and obtain the particle wavefunction ψ in the presence of this potential, we
assume a solution of the form

ψ τ= Ψ − ·t i p xr( , ) ( )exp[ ( )], (11.29)

where · = − ·p x p c t p r( ) 0 , with particle energy =E p c0 and momentum p to be
specified. These quantities are not arbitrary, because they should comply with the condition

≡ − = = ℏp p m c kp( ) . (11.30)C
2

0
2 2 2 2 2 2

Replacing this assumed solution in equation (11.27), we derive an equation for the
function τΨ( ), of the form

τ ψ· Ψ′ + Ψ · − =i p k F k a p ka2 ( ) ( ) 2 ( ) 0, (11.31)C C
2 2

where τΨ′ = Ψd d/ , and

τ ω= ℏ · +F a p k ka( ) [( ) ]. (11.32)C C
2 2

At this point it should be noticed that, due to the transverse nature of electromagnetic
wave, we have · =a e( ) 0z . We also notice that · = − ·a p a p( ) ( ). Integration of this
equation, and the use of equation (11.29), then lead to the final solution

ψ τ=x u iS( ) exp[ ( )], (11.33)

where u is a constant, and the phase τS( ) is determined by

∫τ τ= − · + ·
·

+
·

τ
S p x

e a p
p k

k
k

p k
d

a
( ) ( )

( )
( ) 2( )

. (11.34)C
C

2 2⎡
⎣⎢

⎤
⎦⎥

If, instead of the Klein–Gordon equation we had used the Dirac equation, we would
get a similar solution, but where the function ψ is replaced by a bi-spinor, and a new
exponential factor associated with spin would appear.

11.4 Quantisation of the Dirac field
For constant electromagnetic potentials, V and A, and therefore no electromagnetic
waves, we have positive and negative energy solutions of the Dirac equation, of the form

ψ ω
ψ ω

= · ℏ −
= − − · ℏ +

+

−

t u i i t

t i i t

r p p r

r p p r

( , ) ( )exp( / ),

( , ) ( )exp( / ),
(11.35)

p

p

( )

( ) v
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where, for a given value of the particle momentum p, we have wavefunction
amplitudes u p( ) and −p( )v corresponding to positive and negative energy solutions,
as we can define a positive quantity ω= ℏE p, defined by the relation

= + − +E eV e c m cp A( ) . (11.36)2 2 2 4

Quantisation of the Dirac field then leads to the following field operator

∑ψ̂ = ˆ + ˆω ω· ℏ−
−

†
−

− · ℏ+x b u e d e( ) , (11.37)
s p,

s s
i i t

s s
i i t

p p
p r

p p
p r

,
/

, ,
/p p

⎡⎣ ⎤⎦v

where the positive and negative energy states ω±ℏ p are defined in accordance with
equation (11.36), and s specifies the two possible up ( = ↑s ) and down ( = ↓s ) spin

states. The operators ˆ†
bsp and b̂sp are the creation and annihilation of electron states,

while the operators ˆ †
dsp and d̂sp are creation and annihilation of positron states. The

formal analogy with the quantised photon field is striking, if we notice that the
antiparticle of a photon is also a photon with the same frequency and momentum.
Therefore, for photons, the difference between particles and anti-particles vanishes,
and b̂sp and d̂sp are replaced by a single operator. On the other hand, spin s plays the
same role for the Dirac field as polarisation plays for the photon field.

Rearranging the terms inside the sum in equation (11.37), we can write it in
another form, as

∑ψ̂ = ˆ + ˆω ω− † + · ℏx b u e d e e( ) . (11.38)
s p,

s s
i t

s s
i t i

p p p p
p r/p p

⎡⎣ ⎤⎦v

The creation and annihilation pairs of operators, † †b d( , ) and b d( , ), satisfy the anti-
commutation relations

π δ δ π δ δˆ ˆ = − ′ ˆ ˆ = − ′′ ′ ′ ′ ′ ′{ } { }b b d dp p p p, (2 ) ( ) , , (2 ) ( ) , (11.39)s s ss s s ssp p p p
3 3 3 3

where ˆ ˆ = ˆ ˆ + ˆ ˆa b ab ba{ , } . Again, this is formally similar (but contrasts with) the case
of photons, or bosons in general, where these anti-commutation relations are
replaced by commutation relations of the form ˆ ˆ = ˆ ˆ − ˆ ˆa b ab ba[ , ] , as seen before.
In the presence of static and uniform potentials, the spinors ↑u p and ↓u p, and their
corresponding antiparticle spinors, are determined by

π
π

π
π

=
+

=
−
+

=

−
+

= +↑ ↓ ↑ ↓u
E m

u

E m

E m
E m

1
0

0

,

0
1
0 , 0

1
0

,

0

0
1

, (11.40)p p p p

⎡

⎣

⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥

⎡

⎣

⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥

⎡

⎣

⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥

⎡

⎣

⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥
v v

where π= + +E eV m2 2 , with π = − ep A( ), and the charge is = ∓∣ ∣e e for
positive or negative energy states.
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11.5 Euler–Heisenberg Lagrangian
The Euler–Heisenberg Lagrangian is an approximate Lagrangian density of vacuum,
valid for an electromagnetic field configuration that stays constant over distances larger
that the electron Compton wavelength, λ = ≃ × −h mc/ 2.4 10C

12 m. Because this scale
length is much sorter than usual laser wavelengths, it becomes a very useful approx-
imation for laser experiments. This Lagrangian density is equal to the usual classical
electromagnetic one, ϵ= −0 0L F , plus a nonlinear quantum correction, δL, of the form

δ= + ( , ), (11.41)0L L L F G

which depend on two quantities, F and G. These are Lorentz invariants, defined by

= = − = ˜ = ·μν
μν

μν
μνF F c B E F F c E B

1
4

1
2

( ),
1
4

( ). (11.42)2 2 2F G

Here, μνF is the electromagnetic field tensor, ϵ˜ =μν μναβ
αβF F(1/2) its dual, and ϵμναβ is

the antisymmetric unit tensor, which changes sign under the interchange of any pair
of indices. The nonlinear quantum correction δ δ≡ ( , )L L F G is determined by the
expression [9, 15]

∫δ
π

= − + − −
∞

−e
e abs

eas ebs
e s

a b
ds
s

1
8 tan( )tanh( ) 3

( ) 1 . (11.43)m s
2 0

2 2 2 2
2 2

3
e
2
⎡
⎣⎢

⎤
⎦⎥L

This is the celebrated Euler–Heisenberg Lagrangian, which results from the Dirac
action [5, 9, 11]. The quantities a and b are defined as

= + − = + +( ) ( )a b, . (11.44)2 2
1/2

2 2
1/2

F G F F G F

This Lagrangian is valid for fields that are constant over a distance larger than the
Compton wavelength, λC , and over a time-scale longer than the Compton time
τ λ= c/C C , where we have

λ τ λ= ≃ × = ≃ ×− −h
m c

m
c

s s3.8 10 , 1.3 10 . (11.45)C
e

C
C13 21

Given the extremely small values of these Compton quantities, the Euler–Heisenberg
Lagrangian stays valid for most laser and XUV experiments performed nowadays. It
can also be seen that the quantities appearing in equation (11.43) are such that

− = − =a b ab2 , . (11.46)2 2 2F G

It is important to note that the nonlinear correction δL is complex, and that its imaginary
part reveals the possible occurrence of particle-pair creation due to the presence of fields in
vacuum. These fields are represented by the two quantities a b( , ), or by the invariants
( , )F G . The persistence amplitude probability of the vacuum state is determined by

∫ δ= { }i d x a b0 0 exp ( , ) . (11.47)a b( , )
4 L
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Therefore, the probability for vacuum decay can be written as

= − = − −P a b w( , ) 1 0 0 1 exp( ), (11.48)a b( , )
2

where

δ=w a b2 [ ( , )], (11.49)LI

is the vacuum decay rate. Of course, for ≪w 1, we have ≃P a b w( , ) . By definition,
the imaginary part of the nonlinear Lagrangian satisfies the relation

δ δ δ= − *a b
i

a b a b[ ( , )]
1
2

[ ( , ) ( , )]. (11.50)L L LI

Looking at the expression of this Lagrangian in equation (11.43), we notice that its
integrand is real, and that its imaginary part can only result from the contribution of
the poles. These poles are associated with the tangent in the denominator. Let us
then focus on the quantity

=eas
eas

eas
eas

eas
tan( ) sin( )

cos( ). (11.51)

The poles are located at the points π=eas n( ) , where n is an integer. Using the
Cauchy theorem, and summing over all the poles, it is then possible to obtain

∑δ
π

π
π

π= −
=

∞

a b
ea

n
bn a

bn a
n

m
ea

[ ( , )]
( )
8

1 ( / )
tanh( / )

exp . (11.52)
n 1

e
2

3 2

2⎛
⎝⎜

⎞
⎠⎟LI

This quantity is proportional to a2, and therefore only non-zero for a non-zero
field, such that ≠a 0. In order to illustrate the importance of this result, let us
consider the special case where the magnetic field is absent =B 0 and we are
reduced to a static electric field, = ∣ ∣a E and b = 0. Noting that →z z( / tanh ) 1,
when π≡ →z bn a( / ) 0, we can write the probability w for vacuum decay, equation
(11.49), as

∑
π

π= −
∣ ∣=

∞

w
e

n
n

m
e

( )
8

1
exp . (11.53)

n 1

e
2

3 2

2⎛
⎝⎜

⎞
⎠⎟

E
E

This is the celebrated result for particle-pair creation in a constant electric field
E , usually known as the Schwinger formula. In the exponent of this expression,
we recognise the so-called critical field, defined as = m e/c e

2E , or in explicit
units, as

=
ℏ

= ×m c
e

V m1.3 10 / . (11.54)c
e
2 3

18E

Notice that this is a non-perturbative result, because we cannot expand equation
(11.53) in power series of the electric field E .
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The Quantum Nature of Light
From photon states to quantum fluids of light

J T Mendonça

Chapter 12

Particle pair creation

In this chapter we discuss the creation of matter, more particularly of electron–
positron (e-p) pairs, from intense electric fields in vacuum. The processes can be useful
to study quantum vacuum effects with ultra-intense laser pulses. We first consider the
historical Klein paradox, which is associated with the interaction of a charged particle
with a scalar potential step. We also use canonical quantisation of the Dirac field to
explore the temporal equivalent to the Klein model. This is based on step-wise vector
potential discontinuity in time, in contrast with the traditionalKleinmodel based on a
scalar potential space discontinuity. We then extend the model by introducing a time-
scale for the potential variation. This allows to study the transition from a singular
electric field spike, with infinitesimal duration, to the other extreme case of a constant
field with infinite duration, typical of the Schwinger configuration. Our results are
intrinsically non-perturbative. Explicit expressions for pair creation as a function of
the potential time-scales are given. Finally, we discuss the processes of e-p pair
emission from photons, and not from static or quasi-static fields.

12.1 Klein paradox
The Klein paradox is one of the oldest problems associated with the Dirac equation,
and can be explained by the creation of electron–positron (e-p) pairs at a potential
boundary [1–3]. The original model is based on a sharp discontinuity of the scalar
potential, which creates a local electric field responsible for particle pair creation.
This model has been explored in many different ways along the years, not only in
quantum vacuum [4–6] (figure 12.1). In order to illustrate the Klein paradox, we
consider a particle of mass m and charge e, with momentum p and energy

= +E p m2 2 , moving in the empty region <z 0, where no fields are present,
and interacting with a potential step located at z = 0, as described by the

=V z V H z( ) ( )0 where z( ) is the Heaviside function. The corresponding electrostatic
potential is ϕ = V e/0 0 . We assume an incident electron state assumed in a well-
defined spin state ( = ↑s ), as described by
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ψ ψ α≡ =
+

↑ z p
E m

ipz( )

1
0

0

exp( ), (12.1)ip

⎡

⎣

⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥

where α = +E m p( )/ is the normalisation factor. With generality, we can assume
that the reflected particle is described by a superposition of up and down spin states,
as described for <z 0 by the spinor

ψ α α= −
+

+
+

−↑
−

↓z r p
E m

e r p
E m

ipz( )

1
0

0

0
1

0

exp( ). (12.2)r
ipz

⎡

⎣

⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥

⎡

⎣

⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥

Figure 12.1. The Klein paradox: (a) incident particle with momentum p and energy = +E p m2 2 , interacts
with a step potential V0 at z = 0. (b) Reflection and transmission coefficients κR( ) and κT ( ) show that, for large
potentials, the transmission coefficient can be negative.
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These are states corresponding to positive energy solutions. Similarly, the trans-
mitted positive energy states are described, in the region >z 0 where the potential V
is nonzero, by the spinors

ψ α α= ′ ′
− +

+ ′ − ′
− +

− ′↑
′

↓z t p
E V m

e t p
E V m

ip z( )

1
0

0

0
1

0

exp( ), (12.3)t
ip z

0 0

⎡

⎣

⎢⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥⎥

⎡

⎣

⎢⎢⎢⎢⎢

⎤

⎦

⎥⎥⎥⎥⎥
where the new normalisation factor is α′ = − + ∣ ′∣E V m p( )/0 . In this region, the
momentum associated with the incident energy E, is given by

′ = − −p E V m[( ) ]0
2 2 1/2. These solutions need to satisfy a continuity condition at

z = 0, such that

ψ ψ ψ+ =(0) (0) (0). (12.4)i r t

From here, we derive the reflection and transmission coefficients appearing in
equations (12.2) and (12.3). First of all, we can immediately see that =↓r 0 and

=↓t 0, which means that no spin coupling is observed. We therefore drop reference
to spin in the following. From the continuity condition we also conclude that

α α α α α
α

+ = ′ − = ′
′

r t r t(1 ) , (1 ) . (12.5)

This can also be written as

κ
κ

κ
κ

= −
+

=
+

r t
1
1

,
2

1
, (12.6)

where we have defined the quantity

κ = ′ +
− +

p
p

E m
E V m

. (12.7)
0

We see that, for incident particles at low energy, such that ∣ − ∣ <E V m0 , the
momentum ′p is imaginary. This means that the spinor wave is evanescent in the
potential region >z 0, and transmission through the potential step is prevented, as
one would expect from classical theory. However, for large potentials, such that

⩾ +V E m0 , particle transmission becomes possible, even if the energy of the
incident particle is smaller than the energy of the potential barrier, <E V0. This
paradoxical result is sometimes called Klein tunnelling. Using the above formulas,
we can also write the transmission and reflection coefficients T and R, as

κ κ
κ

κ κ
κ

= ∣ ∣ = −
+

= ∣ ∣ =
+

R r T t( )
1
1

, ( )
4

(1 )
, (12.8)2

2
2

2

⎛
⎝⎜

⎞
⎠⎟

from where we conclude that κ κ+ =R T( ) ( ) 1. We should note that, for a high
potential barrier, ⩾ +V E m0 , the quantity κ is negative, which means that the
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transmission coefficient in this case is also negative, κ <T ( ) 0. The reflection
coefficient will be larger than one, κ >R( ) 1, which is a signature of particle pair
creation. As can easily be seen, the probability for pair creation is determined by the
transmission coefficient, as κ= ∣ ∣P T ( )pair . However, the case of an infinite potential
step is unphysical, and a potential barrier with a finite widthΔz should be considered
instead [3].

12.2 Temporal Klein model
We now turn to the temporal problem, where the spatial step of a scalar potential is
replaced by the temporal step of a vector potential [7]. In the previous model, an
electric field located at the boundary z = 0 and with infinite duration was created by
a scalar potential discontinuity described by =V z V H z( ) ( )0 , and =A 0 was
assumed. Now, we consider an electric field with infinitesimal duration, located at
t = 0, and uniformly distributed in space, as described by =t H tA A( ) ( )0 , and V = 0.
This is very similar to time-refraction, already discussed before. In the case of
quantum optics, a temporal discontinuity of the refractive index would lead to the
emission of photon-pairs. Here, a temporal discontinuity of the vector potential, will
lead to the emission of e-p pairs (figure 12.2).

In a constant potential, the positive and negative energy solutions ψ± x( ), of the
Dirac equation (11.18) are

vψ ψ= = − −μ
μ

μ
μ+ −x u ip x x ip xp p( ) ( )exp( ), ( ) ( )exp( ), (12.9)

where =μp E p( , ) is the 4-momentum. For simplicity, we use natural units, ℏ = 1
and c = 1. We know that the energy E and momentum p satisfy a relation of the form

σ= ¯ · − +E e mp A[ ( )] . (12.10)2 2

We assume that = AA e3, in the z-direction. In this configuration, the transverse
momentum ⊥p can be integrated in the mass and therefore ignored. Quantisation of
the Dirac field leads to

v∑ψ = +− † + · ℏx b u e d e e( ) , (12.11)
s p,

s s
iE t

s s
iE t i

p p p p
p r/p p⎡⎣ ⎤⎦

as shown in the previous chapter. The corresponding energy states Ep are defined
in accordance with equation (12.9), and the index s defines the up ( = ↑s ) and
down ( = ↓s ) spin states. The explicit expression for the spinors in this field
operator, are given by equations (11.40), with π replaced by = −k p eA( )z , and

= +E k m2 2 .
The Dirac equation remains valid for all times and, in the presence of a

potential discontinuity at t = 0, this implies the existence of continuity relations
such that

ψ ψ ψ≡ = = ˜ ==
− +x t tr r( ) ( , 0 ) ( , 0 ). (12.12)t 0
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Using equation (12.11), this can be written more explicitly as

v v∑ ∑+ = ˜ ˜ + ˜ ˜† · ℏ † · ℏb u d e b u d e , (12.13)
s sp p, ,

s s s s
i

s s s s
i

p p p p
p r

p p p p
p r/ /⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

where the new quantities are valid for ⩾t 0. The momentum p remains unchanged,
but the energy changes from E to Ẽ . Following the procedures of non-perturbative
field theory [7, 8], we can establish a Bogoliubov transformation, between the old
( = −t 0 ) and the new ( = +t 0 ) pairs of operators †b d( , ) and ˜ ˜†b d( , ). Simplifying the
notation, this takes the form

˜ = + ˜ ˜ = − +† † †b Ab Bd d Bb Ad, , (12.14)

Figure 12.2. Temporal Klein model: (a) initial and final quantum states, for a vector potential discontinuity at
time t = 0; (b) probability for particle pair creation ˜ ˜P(1, 1) as a function of the potential amplitude =a eA m/ ,
as given by equation (12.22).
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where the coefficients of the transformation satisfy the fermionic relation
∣ ∣ + ∣ ∣ =A B 12 2 . Similarly, we get, for the spinors

v v˜ = + ˜ = − +u Au Bv Bu A, . (12.15)

Writing the spinors vu( , ) and v˜ ˜u( , ) in normalised form, we then get

αα αα= ˜ +
˜

+ ˜+
= ˜

˜
˜+

−
+

A
kk

E m E m
B

k
E m

k
E m

1
( )( )

,
( ) ( )

, (12.16)
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

with the normalisation factors α and α̃ given by

α α= +
+ +

˜ =
˜+

˜ + ˜+

E m

k E m

E m

k E m( )
,

( )
. (12.17)2 2 2 2

The corresponding expressions for the energy are = +E k m2 2 , and
˜ = ˜ +E k m2 2 , where = +⊥k p pz

2 2 and ˜ = + −⊥k p p eA( )z
2 2 . Let us now

consider the transformation of vacuum states. We can define the unperturbed
vacuum as a superposition of e-p pair states 0, 0 . This particle pair corresponds to
an electron with spin and momentum s p( , ), and positron with spin and momentum

′ ≠ −s s p( , ). The occurrence of a sudden potential transition, at t = 0, transforms the
initial pure vacuum into a condensate vacuum made of e-p pairs, such that

=
+

˜ ˜ + ˜ ˜
φe

B A

B
A

0, 0
1 ( / )

0, 0 1, 1 , (12.18)
i

2
⎜ ⎟⎛
⎝

⎞
⎠

where φ is an arbitrary phase. The probability for e-p pair creation at t = 0, is then be
given by

˜ ˜ = ˜ ˜ =P B(1, 1) 0,0 1, 1 . (12.19)2 2

Using equations (12.16) and (12.17), we then get

αα˜ ˜ = ˜
˜

˜+
−

+
P

k
E m

k
E m

(1, 1) . (12.20)
2⎛

⎝⎜
⎞
⎠⎟

For particles created with zero momentum, we have ≃ ≃k E m( 0, ) and

˜ = ˜ = +k am E m a, 1 , (12.21)2

where =a eA m/ is the normalised potential. The probability for e-p pair creation
becomes

=
+ + +( )

P
a

a a
(1)

1 1
, (12.22)p

2

2 2
2

where =a eA m/ represents the potential amplitude. This result is illustrated in
figure 12.2(b). For each spin state s, this probability is of the order of 1/2, for
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moderately high potential amplitudes, ⩾a 2, which means that it is nearly equal to 1
for the two available spin states. But, as noted before, an absolutely sharp potential
step is unrealistic and, for more practical situations with a finite rise time, the
probability for electron–positron pair creation for each quantum state is strongly
reduced, as shown next.

12.3 Time-varying fields
Let us now consider a more general situation where the potentials, and therefore the
fields, can vary with time. The case of oscillating fields was first considered by [9]
and, in more recent years, time-varying field configurations were studied by several
authors [10–13]. Space-time variation has also been approached [14].

An arbitrary temporal variation of the vector potential tA( ), can be described by
an infinite number of infinitesimal temporal Klein steps. The field operators valid
before and after each of these elementary steps are related by discrete Bogoliubov
transformation, as defined in equation (12.14). Summing over all these steps, we
arrive at a temporal Bogoliubov transformation between the initial operators

†b d(0), (0) and those valid at an arbitrary time t, of the form

A B A B= + = −† † †b t t b t d d t t d t b( ) ( ) (0) ( ) (0), ( ) ( ) (0) ( ) (0), (12.23)

where the coefficients of the transformation are given by the expressions

A B= =t r t t r t( ) cos[ ( )], ( ) sin[ ( )]. (12.24)

The quantity r t( ), which defines the rate of the transformation and can be called the
squeezing parameter, is defined as

∫ φ= ′ ′ ′r t R t i t dt( ) ( )exp 2 ( ) , (12.25)
t

t

p
0

⎡⎣ ⎤⎦
where the amplitude R t( ) is determined by

= +
+

−
+

∂R t
E

E E m
E m

k
E E m

k( )
1

2
2 ( )

1
( )

, (12.26)t

2

2

⎡
⎣⎢

⎤
⎦⎥

and the phase function is given by the time integral ∫φ = ′ ′t E t dt( ) ( )
t

. The energy

depends on the potential, according to = +E k m2 2 , with = −k p eA t[ ( )]z , as we
have seen. Notice that the new transformation still obeys the fermionic condition
∣ ∣ + ∣ ∣ =A t B t( ) ( ) 12 2 , valid at all times. The probability for pair particle creation can
then be written as

B= = ∣P t t r t( ) ( ) sin [ ( ) ]. (12.27)2 2

For small values of ∣ ∣ ≪r t( ) 1p , this probability becomes

∫ φ= ′ ′ ′P t R t i t dt( ) ( )exp [2 ( )] . (12.28)
t

0

2
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This is valid for arbitrary-time-varying potentials, and can also be stated as

∫ ∫ ω ω ω φ= ′ − ′ + ′P t dt d R i t i t( ) ( )exp[ 2 ( )] , (12.29)
t

0

2

where ωR( ) is the Fourier transform of the function R t( ). Noting that, for particles
at rest, the phase function behaves as φ ∼t mt( ) , we can see from this expression that
particle pair creation will be mainly due to the Fourier components ω ≃ m2 . For
instance, in a standing wave oscillating at frequency ω0, this would give ω ≃ m0 . It
means that two counter-propagating photons with frequency (energy) equal to the
rest mass (rest energy) of the particles will be able to create pairs. Furthermore, the
function R t( ) varies nonlinearly with the applied potential. This also shows that
multiphoton pair creation can occur for ω ≃n m2 , where integer ≫n 1. Let us now
focus on a particular example, which is a straightforward generalisation of the
temporal Klein model, and is described by

τ
= +t

t
A A( )

1
2

1 tanh . (12.30)0 ⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠
⎤
⎦⎥

In this model, an electric field with duration τ is applied to vacuum and, if the
potential is uniform, no magnetic field is present

E = − ∂
∂

= ∇ × =t
t

tA B A( ) ( ), 0. (12.31)

This example is able to connect two important and apparently unrelated cases. One
is the case of infinitesimal duration, τ → 0, which is nothing but the temporal Klein
configuration already discussed in the previous section. The other is the case of
infinite duration, τ → ∞, which corresponds to a (nearly) constant electric field, and
coincides with the Schwinger–Sauter configuration, already considered in the
previous chapter. For τ⩾t , the probability (12.28) can be transformed into the
following expression

E
E

π≃ −P a F a( ) ( ) exp , (12.32)c2
⎡
⎣⎢

⎤
⎦⎥

where E = m e/c
2 is the Schwinger field, Eτ= =a eA m e m/ 2 /0 is the reduced potential

amplitude, and E is the maximum electric field as given by equation (12.31), with the
auxiliary function

∫ α

α α α
=

+ + + +− ( )
F a

d
( )

1
2

1 1 1
,

(12.33)a

a

2 2 2
2 1/2⎡

⎣⎢
⎤
⎦⎥

and the variable α τ= a t/ was used. This approximate result shows that the
temporal Klein model with a finite temporal width contains the exponential
Schwinger factor, multiplied by a form function that depends on the field duration
τ. The function F a( ) is formally similar to that obtained in the temporal Klein model
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of the previous section. But, for E E≪ c, the Schwinger exponential factor is always
dominant and considerably reduces the probability for pair creation. See figure 12.3
for an illustration.

12.4 Nonlinear trident process
Let us now discuss single photon processes leading to pair production. In 1936, Breit
and Wheeler were able to demonstrate theoretically that two gamma-ray photons
could produce an e-p pair, due to the nonlinear properties of vacuum, if their energy
was larger than the rest energy of the electron, ωℏ ⩾γ m ce

2 [15]. Obviously, the
photons of a typical laser are not sufficiently energetic to participate in such process.
However, given the large number of low energy photons existing in a laser beam, we
can imagine a multiphoton version of the Breit–Wheeler process, fulfilling the energy
gap between the rest energy of the created particles and the energy of two individual
photons. This was considered in the early days of laser developments, by Reiss [16]
and by Nikishov and Ritus [17].

With the advent of high-intensity laser beams, it became clear that γ ray photons
can be emitted by energetic electrons created by laser–matter interaction processes.
Bremsstrahlung emission, or nonlinear Compton scattering of laser photons by
electron energy tails, then lead to the formation of gamma-ray photons, which are
added to the original low energy photons. The modern nonlinear version of the
Breit–Wheeler (BW) process includes two steps, one where a gamma-ray photon is
emitted by an energetic electron, and the other where the gamma-ray interacts with
several low energy photons. These two steps can be represented as:

ω γ γ ω+ → + + →−
− − +e e N e e, . (12.34)

The direct BW process involving just two high energy photons has not been observed
so far. But its modern, multiphoton and nonlinear, version was observed in 1997 at
SLAC [18], when an electron beam with energy 46.6GeV, produced by a linear

Figure 12.3. Temporal Klein model with a finite duration, τ: (a) potential and field configurations;
(b) probability P a( ) for τ⩾t , given by equation (12.32), for E E =/ 10c (in red), and E E =/ 5c (in blue).
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accelerator, was made to collide with a tera-watt laser pulse in the visible, at a
wavelength of 527 nm. This sequence of events, where first one high energy photon is
emitted and then mixes with several low energy photons to produce pairs, can be
seen as a kind of trident process, by with an electron in the presence of the intense
laser field decays into another electron and an e-p pair, as illustrated in figure 12.4.

Energy conservation requires that the total energy of the interacting photons will
be larger than the rest energy of the created particle pair. Noting that the rest mass is
modified by the background laser field, energy conservation will depend on the laser
amplitude, as

ω ωℏ + ⩾ +γ N mc a2 1 . (12.35)0
2 2

Here, ωγ and ω0 are the frequencies of high and low energy photons,N is the number
of low energy photons, and E ω=a e mc/0 0 is the dimensionless laser field amplitude.
In the original Breit–Wheeler process we would have ω ω=γ 0, N = 1, and
renormalisation of the electron mass would be ignored, a = 0. It is obvious that
the minimum number of photons N satisfying energy conservation grows with the
laser amplitude. For a process involving N low energy photons, the probability for
pair creation would be proportional to a N2 . In the SLAC experiment, the minimum
value would be N = 6. However, the observed scaling corresponds to a10, which
indicates that a non-perturbative behaviour is observed, even at low intensities,

≃a 0.3 [19].
The interaction of charged particles and fields can be characterised by a

relativistic invariant, which is defined in dimensionless form by

χ = = − μν
ν( )

E

E mcE
F p

1
, (12.36)e

s S

pr 2

Figure 12.4. Basic mechanisms of e-p pair creation by intense lasers beams: (a) photon spontaneous emission;
(b) photon decay into e-p pairs; (c) trident process.
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where μνF is the electromagnetic field tensor, pν is the particle four-momentum, Epr is
the electric field in the particle proper frame, and = ℏE m c e/( )S

2 3 is the Schwinger
field. If the field is that of a plane wave in vacuum, this will reduce to

χ γ= −E
E

p

mc
, (12.37)e

S

⎜ ⎟⎛
⎝

⎞
⎠

where γ is the relativistic gamma factor. Similarly, we can define a dimensionless
quantum parameter for photons. This is important for the nonlinear BW process,
where a gamma photon propagates in the presence of an intense field. In that case,
we replace pν by ωℏ ≡ ℏν γ γk k( , ), and we get

v vχ
ω

=
ℏ

− + · − ·γ
γ

γ γ( ) ( )
mc E

cE B E / , (12.38)
S

2

2 2 2

where v ω=γ γ γk / . In the case of a plane wave, this would reduce to

χ ω= − ℏ
γ γ( )E

E
k c

mc
. (12.39)

S
2

We can see that for parallel propagation, we have χ =γ 0, while for antiparallel
propagation we have a maximum

χ
ω

≃
ℏ γE

E mc
2

. (12.40)
S

max 2

The probability for pair production by the BW process can be given in terms of the
parameter χγ, by

α
ω

χ=
ℏ γ

γW
c

r
mc

b
2
3

( ), (12.41)
e

BW

2 2

where α is the fine-structure constant, πϵ=r e mc/(4 )e
2

0
2 is the classical electron

radius, and χγb( ) is a complicated function of the quantum parameter χγ (see [20, 21]
for details). In the quasi-classical limit of χ ≪γ 1 this function is approximately given
by

χ χ
χ

≃γ γ
γ

b( ) 0.34 exp
8

3
, (12.42)

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

and, in the quantum regime of χ ≫γ 1, by

χ χ≃γ γb( ) 0.57 . (12.43)2/3

In both cases, the pair production rate is solely determined by the value of the
quantum parameter χγ.
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Chapter 13

Nonlinear vacuum

The study of vacuum effects by intense laser pulses became very popular in recent
years [1–4]. Not only are laser systems with increasing power being developed in
many laboratories around the world, but also intense and ultra-short electric field
spikes can be created by an accumulation of high-harmonics, using the existing laser
facilities [5, 6]. In parallel, new experimental configurations have been proposed. For
instance, it was shown recently that such high-harmonic pulses can excite super-
radiant emission of photons in quantum vacuum [7].

An interesting aspect of quantum electrodynamics (QED) vacuum is the
emergence of two distinct vacuum properties. They are both described by the
same theoretical approach, based on the Dirac equation and the resulting
Lagrangian structure. These two properties are: first, the possible emission of
particle-antiparticle pairs by electromagnetic fields. These fields can be static, like
in the Schwinger–Sauter process, or dynamical, as those associated with laser beams.
This means that, although indirectly, photon beams can emit electron–positron (e-p)
pairs. But, a single photon or a plane electromagnetic wave cannot emit these
particle pairs. Particle emission processes were described in the previous chapter.

Second, the quantum vacuum is a birefringent and nonlinear optical medium. The
property of birefringence is manifested in the presence of a static electric or magnetic
field and can, in principle, be demonstrated by polarimetric techniques [8].
Furthermore, photon coupling with static fields, can be observed as photon
scattering. This is the case of Delbrück scattering [9], which is associated with
scattering of gamma rays by the Coulomb field of heavy nuclei, and first observed in
1933. A related process is photon splitting in a static electric field, first observed in
2002 [10]. This is the decay of a photon into two different photons, mediated by the
static field. Photon splitting in a plane wave, such as an intense laser beam, can also
be conceived [11], but not has yet been observed. Photon scattering and photon
splitting processes are illustrated in figure 13.1.
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Many other nonlinear optical processes can be considered in vacuum, from four-
wave mixing to harmonic generation. Photon acceleration and time-refraction in a
non-stationary cavity vacuum are also possible. However, these effects are extremely
small, and are still awaiting for experimental proof. Due to the advent of ultra-
intense laser systems, at the multi-PetaWatt level [12], this became a very active area
of research in recent years, where spectacular new results can be expected [13]. This
will be the object of the present chapter.

13.1 Vacuum birefringence
We start with the Heisenberg–Euler Lagrangian, as discussed in chapter 11. This
approximate Lagrangian form is valid for field amplitudes much smaller than the
Schwinger field Ec, and for times much shorter than the Compton time-scale, ω1/ C .
These limitations are not very stringent, because this approximation stays valid for
the most laser fields produced nowadays in the laboratory, and for frequencies up to
the x-ray domain. Furthermore, this Lagrangian only depends on the relativistic
invariants F and G, as we have seen. The new Maxwell’s equations in vacuum,
associated with that Lagrangian take the usual form if we define the displacement
and induction fields, D and B as

ϵ μ= + = +D E P B H M, ( ). (13.1)0 0

Vacuum effects are described by the vacuum polarisation P and a magnetisation M
fields, as if vacuum was some sort of material medium. Their explicit expression is

F G F Gζ ζ= + = − +c c cP E B M B E2 (4 7 ), 2 (4 7 / ). (13.2)2

Here, we have used the nonlinear parameter

ζ α
ϵ= ℏ
m c

2
45

, (13.3)
e

2 0
2 3

4 5

Figure 13.1. Quantum vacuum: (a) photon scattering (Delbrück scattering) in the electric field of heavy nuclei;
(b) photon splitting in a static field.
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and α ϵ= ≃e hc/2 1/1372
0 is the fine structure constant. This gives physical substance

to quantum vacuum, which is ultimately due to the electron and positron field
fluctuations. The resulting wave equation is

μ∇ − ∂ = ∂ + ∇ ∇ ·
c

cE J P
1

[ ( )], (13.4)t t
2

2
2

0
2

⎛
⎝⎜

⎞
⎠⎟

with the nonlinear current

= ∂
∂

+ ∇ ×
t

J
P

M. (13.5)

Let us consider the existence of externally applied electric and magnetic fields, Ee

and Be in the region of empty space where the electromagnetic waves propagate. If
the fields associated with these waves are Ẽ and B̃, and evolve in space and time as

ω· −i i tk rexp( ), where k is the wavevector and ω ≃ kc the frequency, we obtain a
dispersion relation of the form [14]

ω λ= −± ±kc Q1
1
2

. (13.6)2
⎛
⎝⎜

⎞
⎠⎟

Here, the vector Q represents the effect of the external fields and is determined by

= × + × ×c kQ n E k B( / ), (13.7)

where = kn k/ is the unit vector along the direction of propagation. This describes the
so-called vacuum birefringence [15]. The coefficients λ± corresponding to the two modes
of propagation are given by λ ζ=+ 14 and λ ζ=− 8 . These two modes correspond to
two orthogonal polarisation states. The dispersion relation (13.6) shows that the phase
and group velocities in vacuum are slightly lower than c, and are independent of the
frequency. However, they depend on the direction of propagation with respect to the
static fields, through the value of ∣ ∣Q . This makes the usual comparison of QED vacuum
with a virtual electron–positron plasma somewhat inaccurate, because in a plasma the
phase velocity would be larger than c. Notice that, if the fields in equation (13.7) were
those of the wave mode itself, the unit vector n would be perpendicular to both E and B,
and the quantity Q would be identically zero. This shows that a plane wave cannot be
nonlinearly perturbed by its own field, and a photon represented by this wave in vacuum
cannot split into two photons. The same is not exactly valid for a focused beam, which
necessarily contains oblique photons.

Of particular importance is the magnetised vacuum, where =E 0e and
≡ ≠B B 0e 0 is a static magnetic field. In this case, equations (13.2) take the form

ζ ζ= − ˜ − ˜ · = + ·c B c BP E E B B M B B B B2 [2 7( ) ], 4 [ 2( ) ]. (13.8)2
0
2

0 0
4

0
2

0 0

Noting that, for photon propagation along the direction of k, we have · ˜ =k E( ) 0,
and ω= × ˜B k E( )/ , we can easily get

v
ω χ ω= +k
c

k[1 ( , )], (13.9)2
2

2
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where the susceptibility of the magnetised vacuum is given by

vχ ω μ ζ= · + · ×c
k

k e B e B
k

( , ) 14( ) 8 , (13.10)0
4

0
2

0

2

⎜ ⎟
⎪ ⎪

⎪ ⎪⎧
⎨
⎩

⎡
⎣⎢

⎛
⎝

⎞
⎠
⎤
⎦⎥

⎫
⎬
⎭

with the unit vector = ˜ ∣ ˜ ∣Ee E/ . We can also define the refractive index as

v vω χ ω χ ω= + ≃ +N k k k( , ) 1 ( , ) 1 ( , )/2, which depends on the photon polar-
isation state. For polarisation parallel and perpendicular to the static magnetic field,
we obtain

μ ζ α μ ζ α= + = +⊥N c B N c B1 7 sin , 1 4 sin , (13.11)0
4

0
2 2

0
4

0
2 2

where α is the angle between the static field B0 and the wavevector k. Notice that, for
propagation along the static field we are reduced to = =⊥N N 1, which means that
Faraday rotation is strictly forbidden. But, for a perpendicular field, such as that of
figure 13.2, this can eventually bemeasured. For instance, taking amagnetic field as large as

=B 100 Tesla, this gives a magnetic birefringence of ζΔ = − = ≃ ×⊥
−N N N B3 4 100

2 22

would be expected. For a propagation distance L, this corresponds to a phase shift of
φΔ = Δk NL. If the wave is initially polarised linearly, so that the parallel and

perpendicular components have equal amplitudes, this phase difference will generate an
elliptic polarisation at the end, proportional to the propagation distance L and to the
amplitude of B0. This is the well-known Cotton–Mouton effect. Given the smallness of the
nonlinear vacuum parameter ζ, this effect is extremely small, but the phase difference can be
amplified using an optical cavity. The amplification factor is proportional to the quality
factor of the cavity, which can be very large. Until now, optical cavity experiments have
been unable to detect vacuum birefringence in the laboratory [8], but some indirect evidence
has already been claimed from polarimetric observation of neutron stars [16].

We now consider the case of a rotating magnetic field =t B tB b( ) ( )e 0 with
constant amplitude B0, but with a rotating direction. In this case, the unit vector tb( )
rotates with an angular frequency ω0 in the plane perpendicular to the wavevector k.

Figure 13.2. Birefringence in a magnetised vacuum: (a) Cotton–Mouton configuration; (b) normalised
birefringence ζΔN B/3 0

2, as a function of the angle between the wavevector k and the static magnetic field B0.
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In other words, it rotates in the plane of wave polarisation. Let us examine the
influence of the first order terms of P and M, proportional to the rotating field
amplitude, and use

F Gω ω ω= − ∣ ∣ = ∣ ∣c B B t cE B tsin( ), ( ) cos( ). (13.12)2
0 0 0 0

Equations (13.2) show that the magnetic field rotation will couple waves with
frequency ω ω ω= +j njn 0, where =j 1, 2 and = ± ± …n 0, 1, 2, . We then solve the
wave equation for a field of the form

∑ ω ω= · −t i i tE r E k r( , ) ( )exp( ), (13.13)
j n,

jn jn jn

where ωE( )jn are slowly varying amplitudes. In this nonlinear analysis we use the
linear dispersion for each mode, ω=k c/jn jn . Assuming that the modes are polarised
in the same direction ≡ = ∣ ∣Ee e E /jn jn jn , and using equation (13.4), we can derive
evolution equations for the amplitudes, involving the different Fourier components
of P and M. Assuming that the dominant mode has frequency ω, vacuum effects
lead to the excitation of secondary fields with frequencies ω2 and ω ω+( )0 , described
by the coupled equations

v ω ω ω ω
ϵ

ζ ω ω ϕ∂ + · ∇ + = − + *E i
c

B B E i( ) ( ) ( )
2

(2 ) ( )exp( ), (13.14)t 11 0 0

3 2

0
0

v ω ω
ϵ

ζ ω ω ω ϕ∂ + · ∇ = − + −*E i
c

B B E i( ) (2 )
2

( ) ( )exp( ), (13.15)t 20

4 2

0
0

where the phase mismatch ϕ is determined by

ϕ = Δ · = − − ·k r k k k r( ) . (13.16)20 11

This phase factor results from the lack of momentum carried by the rotating (but
spatially uniform) magnetic field, thus leading to a lack of total momentum in the
nonlinear coupling. In principle, if we appropriately choose the angle between the
different modes, we can reduce this phase mismatch to zero. It is the case of waves ω
and ω2 propagating along the same z-direction, with wave ω ω+( )0 propagating at
an angle β, such that β ω ω ω= +cos /( )0 . It can easily be seen that, for a negligibly
small value of ω ω/0 , the phase ϕ tends to zero as β ω ω≃ 2 /0 . For practical reasons,
it is useful to consider propagation of the three interacting modes in the z-direction.
The coupled mode equations (13.14)–(13.15) become

τ
ω ω ω ϕ

τ
ω ω ω ϕ

+ = − ′

= − ″ + −

d
d

E iw E i

d
d

E iw E i

( ) (2 )exp( ),

(2 ) ( )exp( ),
(13.17)

0

0

where τ = −z ct, and the coupling coefficients are

ω ω
ϵ

ζ ω ω
ϵ

ζ ω′ = + ″ =* *w
c

B E w
c

B E( )
2

( ),
2

( ), (13.18)0

4

0
0

4

0
0
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with the phase mismatch

ϕ ω π ω
ω λ

= − = −
c

z
z

2 . (13.19)0 0

Here, λ is the wavelength of the fundamental wave mode. This phase mismatch can
be neglected for relatively small propagating distances, such that λ ω ω≪z ( / )0 . In
this case, the coupled mode equations lead to

τ
ω ω+ Ω + =d

d
E( ) 0, (13.20)

2

2
2

0

⎛
⎝⎜

⎞
⎠⎟

where the nonlinear frequency Ω, determined by the vacuum properties, is given by

ϵ
ζ ωΩ = ′ ″ = ∣ ∣ ∣ ∣w w

c
B E

2
( ) . (13.21)2

8 2

0
2

2
0

2 2

From here we obtain the following solutions,

ω ω τ ω τ ω τ ω τ+ = − Ω
′

Ω = ΩE E
w

E E( , ) (2 , 0) sin( ), (2 , ) (2 , 0)cos( ). (13.22)0

This is compatible with the initial conditions ω ω+ =E( ) 00 for τ = 0, which means
initial absence of a sideband signal. Given the smallness of the QED vacuum
parameter ζ, it is useful to consider the case τΩ ≪ 1, which is valid even for very
large interaction distances. We then get the final sideband amplitude

ω ω τ ω
ϵ

ζ ω ωτ∣ + ∣ = ∣ ∣ ∣ ∣∣ ∣E E
c

B E( , ) (2 , 0)
2

( ) . (13.23)0

4

0
0

In this derivation we have assumed that the amplitude of the fundamental photon
mode ω∣ ∣E( ) remained constant during the interaction process. This parametric
approximation is justified for a very weak nonlinearity, which is the case here. This
solution for the sideband at frequency ω ω+( )0 implies the presence of a seed signal at
the second harmonic frequency, ω ≠E(2 , 0) 0. Such a solution could be useful for
possible test experiments using ultra-intense lasers. Alternatively, we could consider
the excitation of harmonics, but using now a seed field with the sideband frequency,

ω ω+ ≠E( , 0) 0. The present analysis could even be extended to a more general case
where sidebands ω ω+ n( )0 are coupled to the harmonic fields ω+n( 1) , for >n 1.

13.2 Photon acceleration
Instead of static or rotating external fields, we can consider the case of external fields
E0 and B0, that are associated with a strong laser pulse with frequency ω0,
propagating along some given direction = kn k /0 0 0. In this case, any probe photon
propagating along some other direction n, would be affected by the vacuum
nonlinearity associated Q. The photon dispersion relation would then be locally
perturbed, in the region occupied by the laser beam, leading to possible reflection
and refraction effects. These effects are indeed extremely small, but can be amplified
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in some configurations, such as those leading to photon acceleration. This effect is
well-known in plasmas and optics, and is described in detail in the book [18]. In the
present case, pertinent to pure vacuum, the probe photon is allowed to interact for a
very long time (or over a very long distance) with the rear or the front of the intense
pulse [17]. We can write the dispersion relation for the probe pulse as

ω ϵ λ= − ±kc f tn n E r1
1
2

( , ) ( , ) . (13.24)0 0 0
2

⎡
⎣⎢

⎤
⎦⎥

The value of λ± is determined by the photon polarisation state, and the geometric
factor f n n( , )0 is defined by the expression

= − · − · · − ·f n n n e n n e n n( , ) 2 ( ) [ ( )] 2( ), (13.25)0 0
2

0 0
2

0

and = Ee E /0 0 0 is the unit polarisation vector of the intense pulse. In equation
(13.24), the intense field amplitude vary in space and time, according to the assumed
pulse shape. The simplest way to describe the test photon behaviour in is to use the
ray equations which can be written in canonical form as

ω ω= ∂
∂

= − ∂
∂

d
dt

d
dt

r
k

k
r

, , (13.26)

where the frequency ω, is given by equation (13.24). Given its dependence on time t,
we can immediately conclude that the photon frequency will vary along propaga-
tion. Let us assume a specific geometry. The intense pulse propagates along the z-
axis, and the probe photon propagates at an angle θ, such that θ· =n n( ) cos0 .
Neglecting effects associated with perpendicular propagation, we assume

θ= =⊥ kk sin const., and describe the parallel photon momentum as =k pz . The
ray equations are then reduced to

η η
η

η= ∂
∂

= − ∂
∂

d
dt p

h p
dp
dt

h p( , ), ( , ), (13.27)

where η = −z ut, and ≃u c is the group velocity of the intense pulse, and ηH p( , ) is
the new Hamiltonian

η λ θ η= − −*H p kc f I g up( , ) 1
1
2

( ) ( ) , (13.28)0
⎡
⎣⎢

⎤
⎦⎥

where I0 is the laser pulse intensity and ηg( ) the pulse shape function. Here, we have
introduced the quantities λ λ= ℏ* ± c4 / and θ θ θ= − −f ( ) 2(1 cos ) sin2 . The angle θ is
not constant and evolves along propagation, because the parallel photon momentum p
changes, while the perpendicular momentum ⊥k stays constant. Notice that the new
Hamiltonian ηH p( , ) is another constant of motion. From there we conclude that, given
an initial frequency ω ω≡ =t( 0)i of the probe photon, and an initial injection angle
θ θ≡ =t( 0)i , the above ray equations will determine a photon frequency shift given by

ω
ω

δ
δ

θ δ
θ δ

= −
−

− −
− −

t N
N t

N
t N t

( ) (1 )
[1 ( )]

(1 cos )
[1 cos ( ) ( )]

, (13.29)
i

i i i
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where δ λ θ η= *N t f I( ) ( ) ( ) represents the nonlinear refractive index perturbation
associated with the intense beam. We can see that, when in the course of the interaction
of the probe photon with the intense beam, the propagation angle is such that
denominator in this expression tends to zero, which corresponds to

θ δ→ −t N tcos ( ) 1 ( ), a significant frequency shifts will occur in vacuum. Integration
of the above ray equations confirms that this can indeed occur, if the probe photon
interacts long enough with the rear or the front of the intense pulse. The rear interaction
with lead to a positive frequency shift (acceleration) and the front interaction to a
negative shift (deceleration). This is illustrated in figure 13.3. However, the ray equations
also show that large propagation distances will be needed to create observable shifts.

13.3 Photon–photon scattering
Let us now examine the case of four-wave mixing in vacuum, associated with the
possible occurrence of photon–photon scattering in vacuum. This can be also
described by the nonlinear polarisation and magnetisation fields, defined in equation
(13.2).The third-order nonlinearity in P and M allows the coupling of four different
fields, which can be either static fields or wave fields. Let us consider the case of
purely wave fields, with no static components. The wave equation (13.4) will then be
used describe the interaction of four photon states, associated with plane waves with
electric fields tE r( , )j , evolving in space and time according to different frequencies
ωj and wavevectors kj, with =j 1, 2, 3, 4. This nonlinear interaction will satisfy the
usual energy and momentum conservation relations, which are

ω ω ω ω+ = + + = +k k k k , . (13.30)1 2 3 4 1 2 3 4

These so-called phase matching conditions can be easily satisfied in vacuum, due to
the complete absence of dispersion. In the presence of three intense beams associated
with the first three fields, =j (1, 2, 3), we can then predict the appearance of a
fourth field at ω k( , )4 4 , created by the nonlinear vacuum properties. This is usually

Figure 13.3. Probe photon interacting with an intense pulse in vacuum: (a) photon acceleration at the rear of
the intense pulse, ω′ >t( ) 0 ; (b) photon deceleration at the front, ω′ <t( ) 0.
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called the scattered field. Observation of this fourth photon field in a laboratory
experiment will eventually confirm the accuracy of our understanding of quantum
vacuum. The total electric field can be represented as

∑ ω= · − +
=

t t i i t c cE r E r k r( , )
1
2

( , )exp( ) . . , (13.31)
j 1

4

j j j
⎡⎣ ⎤⎦

where tE r( , )j are slowly varying amplitude envelopes. Only the terms contained in P
and M that are associated with products of the form *E E E1 2 3 and * *E E E1 2 3 will contribute
to the fourth field mode, E4. Retaining these terms, assuming that the amplitude of the
three intense beams =j (1, 2, 3) is constant, and using the wave equation (13.4), we get
a solution for the scattered field, valid far away from the interaction region, as

∫ζ
π

= ′ω− * =
− · ′E t

k
r

e E E E e dr r( , ) ( ) . (13.32)ik r t

V
t t

ik rk r r
4

4
2

1 2 3 ( )
( / )

R
4 4 4 4

where = − ∣ − ′∣t t cr r /R . This will be the scattered field. The total number of scattered
photons can estimated using the relation ϵ ω= ∣ ∣ ℏN E /44 0 4

2
4, and integrating it over the

entire solid angle. Its value can be estimated by the following practical formula [19]

α μ
λ μ

= Π =N
m L

m

P

PW
1

1 1
, (13.33)g j

j
4

4

3

1
3

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

where αg is a geometric factor and Pj the power of the three intense beams. We can
see from here that ω∝N P4

3 3, where the power of the three injected beams are nearly
order ≃P Pj . This can go above the threshold value for detection in a single shot
experiment, =N 14 , if the injected power is above 1 PetaWatt and the light frequency
corresponds to the near UV.

A possible geometry of this 4-wave interaction is represented in figure 13.4. The
particular interest of this three-dimensional geometry is that the scattered photon

Figure 13.4. Photon–photon scattering due to 4-wave interactions in vacuum: (a) three-dimensional config-
uration; (b) two-dimensional configuration: total intensity E2 of two counter-propagating pulses with the same
frequency, near focus.
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propagates in a direction different from that of the injected beams, thus accessible to
direct detection. However, alternative two-dimensional geometries have also been
proposed, and the simplest example is that of a standing wave (or two counter-
propagating beams), as represented in figure 13.4(b). Notice that, when we replace
one of the photon modes by a static field, then three-wave mixing configurations will
be allowed, because one static field will work as a kind of provider for three-photon
mixing processes. This accounts for the photon splitting effect, mentioned before.

Another interesting wave-mixing process is that of harmonic generation. This is
another popular topic in the laser QED literature. For instance, generation of a
second harmonic can occur by three-wave mixing in the presence of a static magnetic
field [20]. In this case, we return to the wave equation (13.4) and consider the
following solutions

∑ ω ω= · −
=

t n i in tE r E k r( , ) ( )exp( ), (13.34)
n 1,2

n

where ωnE( ) are slowly varying amplitudes for a wave with frequency ω and its
second harmonic ω(2 ). Exact phase matching (or exact momentum conservation)
will imply that the different waves propagate along the same direction. We also
assume that both waves have the same polarisation state e, in order to maximise the
nonlinear coupling. Performing a perturbative analysis, we obtain an equation for
the second harmonic, as

v ω μ ω ω ω∂ + · ∇ = − − × ·i
c

E
c k

P
k

M e
2

( ) (2 ) 2 (2 )
1

(2 ) (13.35)t2 0
⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠
⎤
⎦⎥

with v = c kk/ . Here, we use the Fourier components of the first order vacuum
polarisation fields P and M at the second harmonic frequency, as given by

F Gω ζ ω ω ω ω= + cP E B(2 ) 2 [4 ( ) ( ) 7 ( ) ( )] (13.36)(1) (1)

F Gω ζ ω ω ω ω= − +c cM B E(2 ) 2 [4 ( ) ( ) 7 ( ) ( )/ ] (13.37)2

with the quantities

F Gω ω ω ω= − · = ·c cB B E B( ) ( ) , ( ) ( ) . (13.38)2
0 0

Considering wave propagation along the z-direction, we obtain the evolution
equation

τ
ω ω

ϵ
ζ ω= − ˆ ·d

d
E i

c
E e B(2 ) ( )( ). (13.39)

0

2
0

Assuming that initially we have a strong field at the fundamental frequency and a
negligible harmonic signal, ω ω≫E E( ) (2 ), and noting that the nonlinear coupling is
extremely small, we obtain

ω ω
ϵ

ζ ω τ θ∣ ∣ ≃ ∣ ∣E
c

E B(2 ) ( ) cos , (13.40)
0

2
0
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where θ is the angle between the wave field ωE( ) and the static magnetic field B0.
This effect could be pertinent to ultra-intense laser experiments in the multi-
PetaWatt regime.

13.4 Vacuum undulator
We now examine the case of a magnetised vacuum where the static magnetic field is
modulated in some direction, thus creating a kind of photon undulator. If an intense
photon beam propagates in such vacuum, a different kind of photon scattering will
eventually occur. The total electric and magnetic fields associated with this geometry
can be written as

= + = + +E E E B B B B, , (13.41)s e s0 0

where scattered radiation is described by the fields Es and Bs, and The intense beam
is described by the field

η ω= · − +⊥t i i t c cE r E r k r( , ) ( , )exp ( ) . . (13.42)0 0 0 0

with a similar expression for tB r( , )0 . We assume propagation along the z-direction
and use the variables variable η = −z ct( ), with v0. Similarly, we define = +P P Ps0
and = +M M Ms0 , where the dominant terms P0 and M0 are quadratic with respect
to the intense field E0, while the quantities P̃ and M̃r are quadratic with respect Be,
and proportional to the scattered field Es. We use = B zB r e( ) ( )e e z, and the wave
equation becomes

μ η∇ − ∂ = ∂ ⊥
c

E J r
1

( , ), (13.43)t s t
2

2
2

0

⎛
⎝⎜

⎞
⎠⎟

where the current responsible for the emission of scattered radiation is determined
by

ζ η⃗ = − ∂⊥J c E Br b2 ( , ) ( ), (13.44)z e0
2

0
2

where we have defined the auxiliary vector

=
∣ ∣∣ ∣

· − ·
B B

b B B e B B
1

[2( ) 7( ) ], (13.45)
e

e e
0

0 0 0

with = ∣ ∣Ee E /0 0 0 . We solve the above wave equation for a simple wiggler field
=B z B k z( ) sin( )e e w , where kw is the wiggler wavenumber. Using a double Fourier

transformation of the scattered field, in ⊥r and time, we can derive an expression for
field scattered in the z-direction as [21]

∫π η δ ω ω η= − −ω ω
η

⊥
−∞

∞
− ±

±E z a B
k
k

e E e dk( ) ( )
2

( ) ( ) , (13.46)e
w ikz i k k

0
2 ( )w

where we have used the amplitude

∫ζμ= ·ω ω⊥ ⊥
− ·

⊥⊥ ⊥a c f e dk b e r r( ) 2 ( ) ( ) , (13.47)ik r
0
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where f r( ) is a given transverse profile function, for instance a Gaussian. The
frequencies appearing in equation (13.46) are given by

vω β β= ± =± k k c c( ) , / , (13.48)w 0

where v ≃ c0 is the group velocity of the intense beam. Even if propagating in
vacuum is considered, we always have β ∼ 1but smaller than one, because the group
velocity of a photon beam always stays slightly below c, due to the finite beam waist,
and we only have β = 1 for a plane wave. It should also be noticed that the
wavenumber k depends on the frequency, through the relation ω= − ⊥k c k/2 2 2 2.
This allows us to replace the above expression by

ω β
β θ

=
−±

k
(1 cos )

, (13.49)w

where θ = −
⊥k ktan ( / )1 is the angle between the direction of propagation with respect

to the static field. This is very interesting, because it shows an unexpected relation
with the frequency emitted by a beam of electrons in a wiggler field. Such an analogy
becomes more visible when we consider propagation at small angles, θ ≃ 0, where
this expression can be written in the form

ω γ γ
β θ

≃ ≃
−

k c2 ,
1

1 cos
. (13.50)w0

2
0 2 2

This shows that the natural wiggler frequency ω = k cw w is multiplied by a factor
γ ≫2 10 , thus leading to high frequency emission of radiation in vacuum. Here, γ0 can
be seen as an effective gamma factor of the intense laser beam. It replaces the
gamma factor of the relativistic electron beam in a magnetic wiggler (figure 13.5). As
for the amplitude of the scattered radiation, it can be estimated as

π≃ω ωE a
k
k

B E
2

. (13.51)w
e 0

2

Figure 13.5. Photon undulator geometry: an intense photon beam with frequency ω0 propagates along the axis
of a magnetic wiggler, in vacuum, creating a scattered field at frequency ω, given by equation (13.50).
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Another interesting version of this magnetic wiggler leads to the possible emission of
electromagnetic vortices from quantum vacuum [22]. This is related to the transverse
structure of the magnetic field, which was ignored above. As before, we assume
propagation of an intense beam along the magnetic axis Oz, with = kk ez0 0 and laser
frequency ω = k c0 0 . But now, we assume a more general wiggler field, with a generic
radial structure, as described in cylindrical coordinates θ= r zr ( , , ), by the expression

∫ π
= ⊥B k ik z

dk
B r b r( ) ( , )exp( )

2
, (13.52)w w w w

w

where Bw is a constant field amplitude, kw is the wiggler wavenumber, and the
quantity ⊥ kb r( , )w is a function of the transverse coordinates. This vector function,
can be represented by orthogonal Laguerre–Gauss (LG) functions F r( )lp , and we can
generally state that

∫∑ θ
π

= +r k F r ik z il
dk

B r e( ) ( , ) ( )exp( )
2

, (13.53)
l p,

w lp w lp w
w

where F r( )lp are normalised and orthogonal, as we have seen in chapter 9. A typical
example is the Stanford wiggler [23], with just two values of = ±k kz w, and two
azimuthal components l = 0 and l = 2. For simplicity, we consider a single LGmode,
such that

θ= +B F r ik z ilB r e( ) ( )exp( ). (13.54)w z z lp w

When an intense Gaussian laser pulse propagates in vacuum, in the presence of this
field, the nonlinear quantum properties of vacuum will induce a scattered field,
represented by the electric and magnetic fields E B( , )s s . Solving the wave equation
for the scattered field then leads to the following final expression, for a given wiggler
kw mode component,

∫ω ω η= − η

−∞

∞
−E cB k R f e( ) ( ) ( ) ( ) , (13.55)lp w w

i k k
0

( )w

where ωR( ) is a dimensionless factor, determining the nonlinear vacuum response to
an intense photon beam with intensity a2 and frequency ω, defined by

ω α ω= ℏ
R

mc
a( )

45
, (13.56)

2

2
2⎜ ⎟⎛

⎝
⎞
⎠

where α is the fine structure constant, and ω=a eE mc/0 is the normalised beam
amplitude. In the particular case of a Gaussian laser pulse envelope with duration
σ c/ , we obtain

ω π σ ω σ= − −E cB k R F r
k

( ) 2 ( )( ) ( ) ( )exp
2

. (13.57)lp w w lp0

2 2⎛
⎝⎜

⎞
⎠⎟

The scattered field is proportional to the intensity of the laser pulse, a0
2, and to the

magnetic wiggler field Bw. It also increases with the product σkw , and is maximum
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for σ ≪k 12 2 . The space-time description of the scattered field, corresponds to a
twisted field that can be described as

π σ ω θ ω= − + −t k cB R F r ikz il i tE r( , ) 2 ( )( ) ( ) ( )exp( ), (13.58)ls w w lp0

where the frequency is determined by equation (13.48). The number of photons
associated with this LG field l p( , ), is then equal to ϵ ω= ∣ ∣ ℏN E /4s0

2 . The emission
efficiency of the different LG modes is mediated by the dimensionless quantity ωR( ),
as defined by above. This is an important quantity, because it determines the
emission efficiency of the quantum vacuum process. The dependence of ωR( ) with
respect to the energy of the incident laser photons is illustrated in figure 13.6.

Polarisation of the emitted radiation will be maximum along the directions of the
electric and magnetic fields of the incident laser pulse, for · ≃ω

*e e( ) 10 or
· ≃ω

*e b( ) 10 . For practical estimates, we can assume that ∼B 1Teslaw , and
=a 100 , which leads to

σ ω∣ ∣ ≃ × ℏ−E
cB

k
mc

4 10 ( ) . (13.59)s

w
w

2 0
2

2
⎜ ⎟⎛
⎝

⎞
⎠

This estimate remains valid for any wiggler field structure l p( , ), including the
wiggler with no helicity, and shows that emission of twisted photons in quantum
vacuum seems possible. The potential advantage of using helical wiggler config-
urations in QED experiments is that they could reduce the noise level, given the
absence of twisted light sources of noise in these experiments.

13.5 Superradiant vacuum
Recent advances in laser technology have shown that a sequence of very short
electric field spikes could be produced by intense laser-target interactions. This is due
to an accumulation of a large number of harmonics of the incident field, in a way
similar to that used in laser mode-locking. However, instead of a superposition of a
large number of laser cavity modes, with nearby frequencies, as described in section

Figure 13.6. Vacuum efficiency factor ωR( ), defined by equation (13.56), for a = 10 (blue) and a = 30 (red), as
a function of the normalised photon energy ϵ ω ω= ℏ mc( ) / 2.
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6.5, here we have a superposition of harmonics of the laser frequency, ω ω= nn 1, for
= …n N1, 2, , h, as

E∑ φ= +t in c cE r e r( , )
1
2

( )exp ( ) . ., (13.60)
n

h n n

with the phase function φ ω= · − i tk r( )1 1 . Assuming that all the harmonics have the
same amplitude, polarisation and spatial distribution, such that E E=r r( ) ( )n 1 and

=e en 1, we obtain a sequence of pulses of the form

E φ φ=t
N

iN Sinc
N

E r e r( , )
2

( )exp ( /2)
2

, (13.61)h
h

h
h

1 1 1
⎜ ⎟⎛
⎝

⎞
⎠

where we have used the sine-cardinal function =Sinc x x x( ) (sin / ). This defines a
series of ≠N Nh consecutive electric field spikes, with amplitude Nh and duration
δ ω∼t N1/( )h 1 , occurring at φ νπ= 2 , for ν integer. The interval between consecutive
spikes is determined by the fundamental field frequency, and the number of spikes
can be large for a sufficiently large duration of the high-harmonic pulse ωΔ ≫t 1/ 1.
When ≫N 1h , we can simply describe the high-harmonic field as

E ∑π φ δ φ πν= −
ν

t iNE r e r( , ) ( )exp ( /2) ( 2 ). (13.62)h h1 1 1

Let us then assume that this field collides with an intense laser pulse with field
tE r( , )0 , oscillating at the frequency ω0, as illustrated in figure 13.7. The resulting

scattered field, emitted at a frequency ω, is determined by [7]

E ∑ω σ ω
ω

ω νθ= −
ν

E i k R i( ) 4 ( ) ( ) exp( ), (13.63)s z
0

1
1 0 mix

where σ ≃ Δc tz is the width of the incident pulse, the vacuum factor ωR( )0 is defined
by equation (13.56), and the mixing angle θmix is given by

θ ω ω ω λ= + −N
c

2
2

, (13.64)h
mix 0 1

1⎜ ⎟⎛
⎝

⎞
⎠

Figure 13.7. Superradiance in vacuum: (a) collision of an intense laser field E0, with a high-harmonic pulse
with frequencies ω ω= n ;n 1 (b) dependence of the scattered energy ω∣ ∣E ( )s

2 (in arbitrary units) on the number of
electric field spikes N, at resonance θ π= 0, 2mix (in red), and off-resonance, θ = 6mix .
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where λ1 is the wavelength of the first harmonic field. We can see that the scattered field
is proportional to the intensity a0

2 of the incident field, and to the amplitude E1 of the
harmonic field, as expected, with the vacuum conversion factor R. What is new here is
the existence of an interference between terms associated with the different spikes ν.
Interference becomes constructive when the mixing angle becomes θ π≃ n2mix , with n
integer. This occurs for frequencies such that ω ω ω= + −N n2 ( /2 )h0 1. In this case, the
sum in equation (13.63) is equal to N, and the scattered energy attains its maximum
value. In this case all the spikes emit in phase and the overlapped scattered signal
behaves as ω∣ ∣ ∝E N( )s

2 2, which is typical of superradiance. This is also illustrated in
figure 13.7.

Superradiant scattering can therefore amplify the nonlinear scattered process by a
factor of ≫N 12 . A closer analysis of the phase matching condition shows that
superradiance indeed occurs for ω ω= 2 0 and = −k k2 0, which corresponds to second
harmonic backscattering. It is also interesting to see that a large number of four-wave
processes due to vacuum nonlinearity can lead, by field superposition, to an effective
three-wave process where a second harmonic backscattered signal is produced.
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Chapter 14

The axions

In this chapter we discuss the possible existence of axions, and their coupling to
photons. Although speculative, this problem has attracted a growing attention of
researchers in different fields, and is interesting for a series of reasons. First, the
concept of axion was introduced in theoretical physics in order to solve the so-called
strong charge-parity (CP) problem of quantum chromodynamics (QCD) [1].
Second, because of the smallness of its mass and weak interaction with matter,
the axion is a good candidate for dark matter [2]. The proof of its existence could
therefore solve simultaneously two of the major problems of contemporary physics,
the QCD problem and the cosmological problem. Finally, the recent development of
ultra-intense lasers could eventually help to discover the axion or other axion-like
particles.

The axion concept resulted from a theoretical proposal made by Peccei and
Quinn in 1977, to solve a contradiction found in QCD, which concerns the non-
existence of dipole moment for the neutron [3]. The problem is due to a QCD
Lagrangian term, which changes sign under a CP transformation, thus violating the
CP invariance of the theory. Such a violation would lead to a finite electric dipole
moment of the neutron, which is denied by experiments. Their proposal was then to
include a new field in the Lagrangian, with pseudoscalar symmetry, in order
eliminate this incongruence. Quantisation of this new field, then implies the existence
of a new particle, the axion [4, 5]. According to more recent views, this hypothetical
elementary particle would have a very small mass (possibly in the meV or micro-eV
range) and couples very weakly with quarks, leptons and photons. For this reason
axions could be very good candidates for the explanation of the large amount of
dark matter observed in the Universe [6].

Dark matter is one of the enigmas of our present understanding of the cosmos,
and an essential problem in modern cosmology (see an interesting historical account
in [7]). The observation of clusters of galaxies, star rotation in spiral galaxies and
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galaxy stability models, led to an accumulation of evidence that a large amount of
non-observed mass must exist in the Universe [8, 9]. Our present understanding,
based on microwave survey maps [10], shows that nearly 23% of all matter is dark
matter today, that is to say, matter of unknown origin, and was more than 63% some
13.7 billion years ago in the far past. To the fundamental question: what is dark
matter, many different answers have been advanced, from weakly interacting
massive particles (WIMPS) to weakly interacting slim particles (WISPS). But, to
our knowledge, the axions and axion-like particles (ALP), seem to be a very good
candidate for dark matter. Several experiments and projects of different sort are
presently in operation, trying to observe this hypothetical particle. They include
passive astrophysical observations and active laboratory experiments.

In this chapter, we review some of the basic properties of axions, and discuss the
basic axion–photon coupling mechanisms. These mechanisms can be used in passive
as well in active devices. First, they can be used as passive instruments to detect
axions coming from solar or other astronomical sources. Second, as active instru-
ments to create and excite the axion field in the laboratory. For these two purposes
we can use, not only the static magnetic fields as initially conceived [11, 12], but also
intense laser beams propagating in vacuum [13, 14].

The possible creation of axions in the laboratory, and their extremely weak
interaction with matter, was at the origin of an interesting concept called light
shinning through wall experiment [16]. Examples of passive experiments include the
Cern Axion Solar Telescope (CAST), which is basically a canon-type optical
telescope with a strong magnetic field pointing to the Sun [17], and the Axion
Dark Matter Experiment at the University of Florida (ADMX), which is based on a
magnetised microwave cavity [18]. Laboratory experiments are typically of the type
shinning through wall experiments, such as the ALPS at DESY in Germany [19],
where the axions are (supposedly) created by a laser beam in the active part of the
device and then detected in the passive part, after crossing the wall chamber, which
absorbs the laser photons but is transparent to axions. But other device config-
urations can be envisaged, as discussed here.

The axion–photon coupling mediated by a magnetic field, initially conceived in
vacuum, can be extended to plasmas due to the existence of axion–plasmon decay
interactions, first noted by [20], and to dynamical coupling with plasma oscillations.
It has been shown recently, that this axion–plasmon coupling mechanism leads to
the formation of a polariton state [21], similar to those considered in condensed
matter. This would enhance the axion coupling with matter by several orders of
magnitude. Intense laser-plasma interactions, and the formation of electrostatic
wakefields, could be used as active sources of axions in the laboratory [22]. This
would lead to the new concept of plasma shinning through wall experiment, proposed
in [23].

14.1 Axion–photon coupling
The axions are the elementary excitations of a pseudoscalar field, a. They are
coupled to the electromagnetic field by an interaction Lagrangian of the form
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= − ˜ = ·γ μν
μν

γg F F a g aE B
1
4

( ) , (14.1)a aintL

where μνF is the electromagnetic field tensor, ˜ μνF its dual, and γga is the coupling
constant, to be determined. The Lagrangian intL couples axions and photons,
described by the fields a and E, in the presence of a static magnetic field B. This is a
triangular process, known as Primakov process, which also couples other low mass
bosons, such as pions or gravitons, with photons in an external field. The above
Lagrangian remains constant under a charge-parity transformation, because E is a
polar vector and B is an axial one. As a result the product ·E B( ) is a pseudoscalar.
Due to the existence of this Lagrangian term, the axion field is described by a Klein–
Gordon equation with a source term, as

∂ − ∇ + = ·γm a g E B( ) ( ). (14.2)t a a
2 2 2

On the other hand, Maxwell’s equations are modified, in such a way that the electric
field E is replaced by + γg aE B( )a , and the magnetic field B by − γg aB E( )a , The
resulting wave equation (using c = 1) is

∂ − ∇ = − ∂γg aE B( ) , (14.3)t a t
2 2 2

where ma is the axion mass, still to be found. For field perturbations oscillating with
frequency ω and propagating in a direction z perpendicular to the static magnetic
field B0, we can describe the coupled axion–photon field with

ω + ∂ + ¯ =M E
a( ) 0, (14.4)z

2 2 2 ⎡
⎣⎢

⎤
⎦⎥

where we have used the mass matrix

ω¯ =
− Ω

Ω −
Ω = ·γ γ

γ
γ γM

m

m
g e B, ( ) . (14.5)

a

a a
a a

2
2 2

2 2 0

⎡
⎣
⎢⎢

⎤
⎦
⎥⎥

Here, the quantity Ω γa plays the role of a coupling frequency. Note that we have
introduced an effective photon mass mγ, representing the possible transverse
dimensions of the photon mode, as ∇ = − γ⊥E m E2 2 , which can be due to waveguide
propagation or to a plasma background. The first would be relevant to detection
devices [12], the second to astrophysical environments [24, 25]. But plasma effects
can also be used to improve detection [26]. The mass matrix can be diagonalised
using a rotation angle θ, such that

θ =
Ω
−

γ

γm m
1
2

tan(2 )
2

( )
. (14.6)a

a

2

2 2

This angle sets the scale for energy oscillations between the photon and the axion
mode. The resulting frequency eigenvalues are

ω = + ± − + Ωγ γ γ± ( ) ( )m m m m
1
2

1
2

4 , (14.7)a a a
2 2 2 2 2 2 4
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and the corresponding eigenfrequencies

ω = +± ±m k , (14.8)2 2 2

The probability for axion conversion into a photon, at a given energy (frequency) ω
is determined by

θ= −γ + −P z k k
z

( ) sin (2 )sin ( )
2

. (14.9)a
2 2⎡⎣⎢

⎤
⎦⎥

The conversion rate, after a distance L, can then be estimated as (figure 14.1)

≃γ γP L g B L( ) , (14.10)a a
2

0
2 2

The same theoretical description is valid if, instead of using the axion–photon
coupling to detect axions arriving from the Sun and from distant astronomical
sources, we consider active sources of axions, where an intense laser field E is the
source of axions. In this case, the probability for axion excitation, will be also be
proportional to the laser pulse energy, as discussed later.

14.2 Axion polariton
In the above description of axion–photon coupling the eventual existence of a
plasma background leaded to the introduction of a photon mass, but did not affect
the basic vacuum model. However, the axion–plasma processes are much more
interesting, because of the existence of longitudinal photons, the plasmons, and the
possible occurrence of axion instabilities. These new processes will be described in
the subsequent sections of this chapter. First, we examine the axion–plasmon
coupling, which is considerably different from the axion–photon coupling. The
reason is the intersection of the axion and the plasmon dispersion curves, which
leads to the formation of a kind of axion polariton. For that purpose, we go back to
Maxwell’s equations. When the axion coupling is included, they can be stated as

Figure 14.1. Basic geometry of axion–photon interactions: (i) a photon beam propagates in vacuum across a
static magnetic field B0, with electric field E polarised along the static field; (ii) the resulting axions are emitted
along the direction of the photon beam. The same geometry can be used for detection: axions emitted from a
distance source (e.g. the Sun) are transformed into photons by the reverse process.

The Quantum Nature of Light

14-4



∇ · − = ∇ × − = ∂
∂

+ +γ γ γg a g a
t

g aB E B E E B J( ) 0, ( ) ( ) , (14.11)a a a

ϵ
ρ μ∇ · + = ∇ × + = − ∂

∂
− +γ γ γg a g a

t
g aE B E B B E J( )

1
, ( ) ( ) , (14.12)a a a

0
0

where the axion field a is still described by equation (14.2), and the charge ρ and
current J density distributions are determined by the plasma response. For
simplicity, we focus on high frequency oscillations, with frequencies of the order
of the electron-plasma frequency ω ω∼ p

2 2, and neglect the ion response. In that case,
we have ρ = −e n n( )e0 and = −enJ ev, where e is the electron charge (absolute
value), n0 is the ion density assumed constant, and the electron density and velocity
are determined by the non-relativistic fluid equations

∂
∂

+ ∇ · = ∂
∂

+ ∇ · = − + × − ∇n
t

n
n
t

e
m

P
n m

E B( 0, ( ) , (14.13)e
e

e

e

e

e e

⎜ ⎟⎛
⎝

⎞
⎠v v v v

where Pe is the electron pressure. We assume the usual equation of state,
∇ = ∇P T n3e e e, where Te is the electron temperature. The ion motion is neglected,
but could be important for low frequency electrostatic oscillations, such as the ion
acoustic modes. However, these modes usually have a very small electric field and
their coupling with axions is negligible. Low frequency electromagnetic modes, such
as Alfven waves, could eventually be interesting for axion detection, but have not yet
been considered. Relativistic effects, in contrast, are important and will be included
later. We apply this simple model to a magnetised plasma, and assume wave
propagation with frequency ω and wavevector k along the static magnetic field

= BB ez0 0 . We therefore have E k B0. Linearising the above electron equations, we
arrive at a pair of coupled equations for the electron density and axion perturba-
tions, ˜ = −n n ne 0 and ã, of the form

ω ω ω− − ˜ = ˜ − ˜ − ˜ = − ˜γ( )S k n ig
eB
m

kn a m k a ig
eB
k

n, ( ) , (14.14)p e
e

a a
2 2 2 2 0

0
2 2 2 0

where =S T m3 /e e e is the electron thermal velocity, and ˜ = + γm m g Ba a a
2 2

0
2 is an

effective axion mass, modified by the static magnetic field. Non-trivial solutions of
these equations imply that

ω ω ω ω− − − Ω =( )( ) 0, (14.15)a
2

pl
2 2 2 4

where we have defined the frequencies

ω ω ω ω= + = ˜ + Ω = γS k m k g B, , . (14.16)p e a a a ppl
2 2 2 2 2

0

Equation (14.15) clearly states that the two independent modes, with frequencies
ω ω= pl and ω ω= a, become coupled by the existence of a Rabi frequency, Ω. This
gives rise to two frequency branches, ω mp , which are determined by
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ω ω ω ω ω= + ± − + Ω± ( ) ( )1
2

1
2

4 . (14.17)a a
2 2

pl
2 2

pl
2 2 4

These are mixed oscillations of the axion and plasmon (electrostatic) field, which are
very similar to the polariton branches in condensed matter, and by that reason can
be called polariton modes. These two polariton branches are illustrated in figure 14.2.
We should also call the attention to the formal analogy between equation (14.17)
valid for plasmons, and equation (14.7) valid for photons. But, despite this strong
analogy, intersection of the two independent axion and plasmon branches is possible
due to the low value of the electron thermal velocity ≪S c/ 1e , and never occurs for
the two independent axion and photon branches. Therefore, the dispersion changes
of the plasmon mode are much more dramatic than those of the photon mode, and
can eventually be directly observed.

14.3 Axion beam instability
We now consider the mechanisms that can excite the above axion–plasmon modes
from noise level to observable amplitudes. The unstable mechanisms needed to
excite these modes are relativistic electron beams, and intense laser beams. Let us
first consider the electron-beam case. In order to describe it, we assume a relativistic
electron beam with density nb0, moving along the applied magnetic field B ez0 . In
order to describe the electron beam, we need to and beam fluid equations to the
above axion and plasma equations. We then get, for the electron density
perturbation

ω ω∂ − ∇ + ˜ = − · ∇ − ˜γ( )S n g
en
m

a nB , (14.18)t e p e a
e

e
p b

2 2 2 2 0
0

2

where ñb is the perturbation induced in the beam density. A similar equation
describes the evolution of ñb, of the form

Figure 14.2. Dispersion curve of axion–plasmon polariton: frequency square ω ω( / )p
2, versus momentum

square ωck( / )p
2, for ωΩ =( / ) 0.5p

2 , and ω =m( / ) 0.3a p
2 . Upper-plasmon branch (in black) and lower-axion

branch (in red). The independent plasmon branch, is shown for comparison (dashed).
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ν
γ

ω ν
γ

ω∂ + · ∇ + ˜ = − · ∇ − ˜γn g
en
m

a nu B( ) . (14.19)t
b

p b a
b

e

b
p e0

2

0

2 0
0

0
3

2
⎡
⎣⎢

⎤
⎦⎥

Here, we have neglected beam temperature effects, and assumed a relative beam
density ν = n n/b b e0 0, moving at relativistic speed = uu ez0 0 . The corresponding

relativistic factor is γ = − u1/ 10 0
2 . For perturbations with frequency ω, propagat-

ing in the z-direction, we obtain the dispersion relation

ω ω ω ω ω ω ω
ω
ω

− − − = +( )( ) 1 , (14.20)b a g c
b2

pl
2 2 2 2 2 2

2

2

⎡
⎣⎢

⎤
⎦⎥

where we have introduced the beam frequency ωb, the electro-cyclotron frequency
ωc, and the axion-coupling frequency ωg, defined by

ω ν
γ

ω ω
ω

ω ω=
−

= = γku
eB
m

g n m
( )

, , . (14.21)b
p

c
e

g a e e
2

0
3

2 2

0
2

0
0

For ν = 0b , we are reduced to our previous equation (14.15). This dispersion relation
is satisfied for complex values of the mode frequency ω ω γ= + ir p, with regions of
positive growth rate Γ > 0. Instability occurs over a range of wavenumbers, such
that ω⩽k u/p 0, where we approximately have ω ≃ kur 0, and

γ
ν

γ ω
≃ k u

3
. (14.22)p

b

p

2/3

0
2

2
0
2

The instability growth rate is therefore of order γ ν ω∼p n p
2/3 . This shows that the

axion field can extract energy from the relativistic electron beam through the beam-
plasma interaction mechanism (figure 14.3).

Figure 14.3. Modulation instability of an intense laser beam in a magnetised plasma: (a) real part of the
frequency ω ω/r p, and (b) instability growth rates ωΓ/ p, as a function of the normalised wavenumber ωck / p.
Positive and negative solutions are shown. (Courtesy J D Rodrigues.)
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Similarly, an intense laser beam propagating in a magnetised plasma, along the
magnetic field direction is also able to drive an instability. This is not surprising if we
realise that the laser beam can be described as a beam of charged particles,
physically analogous to an electron beam, because of the photons effective change
in the medium. We should notice that, if the laser beam propagates along the static
field B0, it cannot directly couple to the axions. Therefore, axion–photon coupling
only occurs due to possible electrostatic fields in the magnetic field direction, and not
due to the laser field itself. But this is not a problem, because we have experimental
evidence that these two electric fields, the transverse laser field and the longitudinal
field excited by laser instabilities, can be comparable.

In order to describe the laser beam instability, we use a modified version of the
electron density equation (14.18), where the density perturbation ñb by an equivalent
perturbation due to the laser ponderomotive force, as

∫γ ω
˜ → ℏ ∇ ˜n

m
N dkk

2
( ) , (14.23)b

e0
2

0

2

where ω0 is the laser frequency and γ ω= + eE m1 ( / )0 0 0
2 is the average relativistic

factor of the electrons on the laser field E0. Here, we have also used the spectral
photon number density N k( ). On the other hand, the electron beam equation has to
be replaced by a photon kinetic equation. where the ponderomotive coupling with
the electron density perturbations ñe is included [27]. Using a standard perturbative
approach, we can then derive a dispersion equation, formally identical to the above
equation (14.20), but where the beam frequency ωb takes the form

ω ν
γ

ω ν
ω

ν
ω
ω

=
−

=
k

k
m n

N
( )

, , (14.24)b
e

p2

0

2
ph
2

0
2 ph

2
2

0

2

0v

where 0v is the laser group velocity and N0 is mean photon number density. As in the
previous case of an electron beam, an instability of the coupled axion–plasmon
mode can occur, as determined by the complex solutions, ω ω= + Γir , of this
equation. This instability is usually called a modulational instability, because it
modulates the laser beam power, or equivalently, the laser photon number density.
In order to estimate the expected growth rates, we consider the triple resonance
condition, which maximises the growth rate, and is defined by

ω ω
ω
γ

= = =k . (14.25)r a 0
pl

0

v

In this case, equation (14.24) leads to the growth rate

ω
ω

Γ = keE
m

3
2 4

. (14.26)p
e

1/3 0

0

2/3⎛
⎝⎜

⎞
⎠⎟

The instability increases with the cubic root of the laser beam power, as Γ ∝ E0
2/3.

This shows the formal analogy between the electron beam and laser beam driven
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instability of the axion modes in a magnetised plasma. Both configurations can be
used for active experiments aiming to demonstrate the existence of axions.

As a final comment on these instability mechanisms, we should notice that in both
cases the beams interact resonantly with a narrow frequency range of possible axion
modes, which depends on the coupling constant γga , as well as on the axion bare
mass ma. Given the lack of knowledge on these constants, this property could
eventually be used to determine their value. For that purpose, we go back to the
axion wave equation and to the polariton dispersion relation, to establish a relation
between the axion field ã and the electron density perturbation ñe. We get

ω ω
ω ω

˜ = −
−

˜
γg a i

kc
n
n

( )
( )

, (14.27)a
c g

a

e
2

2 2
0

where, for dimensionality reasons, we have reintroduced the speed of light c. We can
see that, over the entire k range of unstable modes, only the axion modes satisfying
the condition ω ω∼ = ˜ +m k cp a a

2 2 2 will be resonantly excited.

14.4 Axion wakes
The above discussion on laser beam instabilities is only valid for very long pulses,
with durations much larger than the electron-plasma wave period, ωΔ ≫t 1/ p. For
shorter pulses, the modulation instability has no time to develop. Fortunately, other
unstable mechanisms exist for very short pulses, such that ωΔ ≪t 1/ p. In this case,
the laser pulses are able to produce electrostatic wakefields. Assuming the hypo-
thetical coupling between axions and photons, axion wakefields could eventually be
excited. We focus on the one-dimensional problem, which contains the main features
of wakefield formation, and assume propagation along the z-direction. Retaining
relativistic corrections, the electron density equation becomes

γ ω
γ

∂ + ˜ = − · ∂ + ∂ −γ( )n g
en
m

a
n

I z tB
2

( ), (14.28)t p e a
e

e
z z0

2 2 0
0

0

0

2
0 0v

where −I z t( )0 0v is the intensity of the driving laser pulse. Going into the pulse
frame, using the variable ξ = −z t( )0v , and noting that the axion field satisfies the
equation

∂ = − ˜γa eg
B
m

n2 , (14.29)z a
a

e
0
2

we obtain

ξ
γ ξ

ξ∂ + ˜ = ∂ξ ξk n
n

I( )
2 ( )

( ), (14.30)e
2 2 0

0

2
0

⎡⎣ ⎤⎦

where we have

ξ
ω

γ ξ
=k ( )

( )
. (14.31)p2

2

0 0
2v
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This shows that the wavenumber of the expected density wake varies inside the
pulse, due to relativistic corrections, but is equal to ω( / )p 0v in the wake region behind
the pulse.

For relevant initial conditions, the density perturbations ξñ ( )e describing the laser
wake are determined by an integral over the pulse shape, of the form

∫ξ
γ

ξ ξ ξ˜ = ∂ − ′ ′
ξ

ξ
∞

′n
n

I k d( )
2

1
( )cos[ ( )] . (14.32)e

0

0
2 0

On the other hand, equation (14.29) implies the co-existence of an axion wake,
determined by

∫φ ξ ξ= − ℏ ˜ ′ ′
φ

ξ

∞
e

g B
m

n dx( ) 2 ( ) . (14.33)
0

2

These double-wake solutions are illustrated in figure 14.4. From this analysis we
conclude that, if the axion field exists, and is part of our physical world, an axion
wake will be excited in intense laser-plasma interactions using very short pulses.
These experimental configurations are currently being used to explore electron
acceleration by laser wakefields [28]. It means that, in these experiments, a tiny axion
wakefield is always present. The problem is, how to detect it.

14.5 Shinning through wall
We have seen that the axion–photon interaction process, in vacuum or in plasmas,
could be used to detect or to excite this hypothetical particle. The same process has
been used in passive devices, which are detectors of axion-like particles coming from
the Sun or from other astronomical objects, as well as in active devices, which intend
to create axions in the laboratory. These various approaches have be shortly
mentioned above, but our main focus here is the concept of shinning-through wall
experiment, and its more recent version based on plasma instabilities. No sign of

Figure 14.4. Laser pulse wakes: electron-plasma density, ξñ n( )/ (0)e , in red; normalised axion field,
ξ ω ωγa g( ) ( / )a p g

2 2 , in blue, and laser pulse shape, ξI I( )/ (0)0 0 , in black. High laser intensities, such that γ = 10a
are assumed.
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axions has been reported yet, but an eventual detection would significantly change
our understanding of the physical world.

One of the main problems related with the axion detection strategy is our
ignorance of the axion mass ma, and of the coupling constant γga . First of all, the
value of the mass depends on some unknown symmetry scale, fa, and is currently
defined as

=m
f

6 eV 10 GeV
1

. (14.34)a
a

6
⎛
⎝⎜

⎞
⎠⎟

In the original Peccei–Quinn model [3–5], usually called the standard axion model,
the symmetry scale is of the order of electroweak scale, ∼ ≃f g 250 GeVa weak , which
would lead to very heavy axion particles, ∼m 100KeVa . Such high values of the
mass are now discarded by accelerator experiments. Information due to various
negative detection approaches, has been pushing the expected value of ma down to
the meV and μeV regions. On the other hand, the coupling constant γga is also
assumed to be inversely proportional to the symmetry scale fa. This can be stated as

αχ
π

=γ γg
f
1

, (14.35)a
a

where α is the fine-structure constant and χγ a dimensionless quantity of order one. If
we take the two most relevant theoretical models, the KSVZ model due to [29, 30],
gives χ =γ 0.96, while the DFSZ model [31, 32] points to a somewhat lower value,
χ ≃γ 0.36. But these are debatable predictions, and we need to rely on astrophysical
evidence and laboratory experiments [33].

The existing experiments aiming to detect axions are mainly based on the axion
decay into photons. This can occur in the presence of a static magnetic field, as
described in section 15.1. The reverse case of photons decaying into axions in a
similar magnetised vacuum have also been considered, using a laser beam. This led
to the interesting concept of light shinning-through wall experiment, where an active
section (the emitter) is separated by a thick wall from a passive section (the detector),
both based on the same photon–axion decay process. In this configuration, the
axions are created by an intense laser beam propagating in vacuum, perpendicularly
to a static magnetic field. The hypothetical axions are emitted along the laser beam
direction and enter the detection area after crossing a thick wall, and decay into
photons [16].

But, the interesting axion–plasma properties, described in the previous sections,
open the way to other experimental strategies. First, the axion-polariton state
described in section 15.2 shows that the dispersion curve of the plasmon mode is
modified by the axion field. Study of the dispersion properties of electron-plasma
waves in the polariton range of wavenumbers could eventually lead to axion field
detection. On the other hand, unstable oscillations of the axion-polariton field could
be actively excited by relativistic electron beams and by intense laser pulses, as
described in the previous two sections. These unstable configurations could be used
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as the active part of a new device, the plasma shinning through wall device. See
figure 14.5 for an illustration of the concept. The active section is based on axion–
plasma beam instabilities, while the passive section (or detector) is that of the axion–
photon vacuum decay process.

Although similar to the original light shinning through wall device, the magnetic
field in the active part of this new configuration is parallel and not perpendicular to
the beam direction of propagation. Most importantly, it has the advantage of using
a beam instability, which could eventually enhance the number of produced axions
by several orders of magnitude. But, when extrapolating from simple theoretical
models to actual experiments, we should take into account other important factors
that could limit the exponential growth of the axion instability. The first is the
conversion of axions into plasmons, as a result of the same polariton coupling. The
other is the saturation of the beam instability due to the nonlinear plasma response.
As a result, the probability for axion creation by an electron beam instability is
determined by an expression which deviates from a purely exponential law, and is
given by [23]

ω ω γ
=

− − −
γ

γ

P
g B

g B
F t

4 ( )
( ), (14.36)a

a

a r a p

2
0
2

2
0
2 2 2⎡⎣ ⎤⎦

where the temporal evolution is determined by

ω ω γ= − −γF t g B t t( ) sin ( ) /2 exp(2 ), (14.37)a r a p
2 2

0
2⎡⎣ ⎤⎦

where an oscillating factor is superposed to the exponential factor, and γp is the
growth rate determined by equation (14.22). If, instead of using an electron beam as
the instability driver, we used an intense laser beam, we would need to replace γp by
the growth rate Γ given by equation (14.26). In this expression, the exponential time

Figure 14.5. Plasma shinning through wall concept: (i) an intense beam driver (electron or laser beam)
propagates in a magnetised plasma, along the static magnetic field B0; (ii) plasmon oscillations are excited,
coupled with axions; (iii) the axions cross a thick wall and decay into photons in a vacuum magnetised
chamber. The magnetic field directions (red arrows) are different on the two sides of the wall.
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factor stays is valid as long as the length of the plasma column L stays smaller than
the saturation length =L t / asat sat v , where av is determined by the axion time of flight,
and the saturation time is determined by

ω
ν γ

≃t . (14.38)
p

b p
sat 1/3 2

For ⩾L Lsat, we have to replace t by tsat in the exponential. On the other hand, the
resonant condition for axion emission, stated in equation (14.27), seems to suggest
that a large range of possible axion massesma can be continuously explored with this
kind of device, just by tuning the plasma frequency ωp.

References
[1] Kim J E and Carosi G 2010 Axions and the strong CP problem Rev. Mod. Phys. 82 557–602
[2] Sanders R H 2010 The Dark Matter Problem (Cambridge: Cambridge University Press)
[3] Peccei R D and Quinn H R 1977 CP conservation in the presence of instantons Phys. Rev.

Lett. 38 1440–3
[4] Weinberg S 1978 A new light boson? Phys. Rev. Lett. 40 223–6
[5] Wilczek F 1978 Problem of strong P and T invariance in the presence of instantons Phys.

Rev. Lett. 40 279–82
[6] Raffelt G G 1996 Stars as Laboratories for Fundamental Physics (Chicago: University of

Chicago Press)
[7] Bertone G and Hooper D 2018 History of dark matter Rev. Mod. Phys. 90 045002
[8] Zwicky F 1933 Die Rotverschiebung von extragalaktischen Nebeln Helv. Phys. Acta 6

110–27
1937 On the Masses of Nebulae and of Clusters of Nebulae Astrophys. J. 86 217–46

[9] Smith S 1936 The mass of the virgo cluster Astrophys. J. 83 23–30
[10] Spergel D N et al 2007 The-year Wilkinson Microwave Anisotropy Probe (WMAP)

observations: implications for cosmology Astrophys. J. Suppl. 170 377–408
[11] Raffelt G and Stodolsky L 1988 Mixing of the photon with low-mass particles Phys. Rev. D

37 1237–49
[12] Sikivie P 1983 Experimental tests of the “Invisible” axion Phys. Rev. Lett. 51 1415–7
[13] Mendonça J T 2007 Axion excitation by intense laser fields Europhys. Lett. 79 21001
[14] Dödrich B and Gies H 2010 Axion-like-particle search with high-intensity lasers J. High

Energy Phys. 10 1–27
[15] Villalba-Chávez S, Podszus T and Müller C 2017 Polarization-operator approach to optical

signatures of axion-like particles in strong laser pulses Phys. Lett. B 769 233–41
[16] van Bibber K, Dagdeviren N R, Koonin S E, Kerman A K and Nelson H N 1987 Proposed

experiment to produce and detect light pseudoscalars Phys. Rev. Lett. 59 759–62
[17] CAST Collaboration 2017 New CAST limit on the axion-photon interaction Nat. Phys. 13

584–90
[18] ADMX Collaboration 2010 A SQUID-based microwave cavity search for Dark-Matte

axions Phys. Rev. Lett. 104 041301
[19] Isleif K-S, ALPS Collaboration 2022 The any light particle search experiment at DESY

(arXiv:2202.07306v1)

The Quantum Nature of Light

14-13

https://doi.org/10.1103/RevModPhys.82.557
https://doi.org/10.1103/PhysRevLett.38.1440
https://doi.org/10.1103/PhysRevLett.40.223
https://doi.org/10.1103/PhysRevLett.40.279
https://doi.org/10.1103/RevModPhys.90.045002
https://doi.org/10.1086/143864
https://doi.org/10.1086/143864
https://doi.org/10.1086/143864
https://doi.org/10.1086/143697
https://doi.org/10.1086/513700
https://doi.org/10.1103/PhysRevD.37.1237
https://doi.org/10.1103/PhysRevLett.51.1415
https://doi.org/10.1209/0295-5075/79/21001
https://doi.org/10.1007/JHEP10(2010)022
https://doi.org/10.1016/j.physletb.2017.03.043
https://doi.org/10.1103/PhysRevLett.59.759
https://doi.org/10.1038/nphys4109
https://doi.org/10.1038/nphys4109
https://doi.org/10.1103/PhysRevLett.104.041301
http://arxiv.org/abs/2202.07306v1


[20] Mikheev N V, Raffelt G and Vassilevskaya L A 1998 Axion emission by magnetic-field
induced conversion of longitudinal plasmons Phys. Rev. D 58 055008

[21] Terças H, Rodrigues J D and Mendonça J T 2018 Axion-plasmon polaritons in strongly
magnetized plasmas Phys. Rev. Lett. 120 181803

[22] Burton D A and Noble A 2018 Plasma-based wakefield accelerators as sources of axion-like
particles New J. Phys. 20 033022

[23] Mendonça J T, Rodrigues J D and Terças H 2020 Axion-plasmon polaritons in strongly
magnetized plasmas Phys. Rev. D 101 051701

[24] Huang F P, Kadota K, Sekiguchi T and Tashiro H 2018 Radio telescope search for the
resonant conversion of cold dark matter axions from the magnetized astrophysical sources
Phys. Rev. D 97 123001

[25] Hook A, Kahn Y, Safdi B R and Sun Z 2018 Radio signals from axion dark matter
conversion in neutron star magnetospheres Phys. Rev. Lett. 121 241102

[26] Lawson M, Millar A J, Pancaldi M, Vitagliano E and Wilczek F 2019 Tunable axion plasma
haloscopes Phys. Rev. Lett. 123 141802

[27] Mendonça J T, Terças H and Rodrigues J D 2020 Axion excitation by intense laser fields in a
plasma Phys. Scr. 95 045601

[28] Tajima T and Malka V 2020 Laser plasma accelerators Plasma Phys. Control. Fusion 62
034004

[29] Kim J E 1979 Weak-interaction singlet and strong CP invariance Phys. Rev. Lett. 43 103–7
[30] Shifman M A, Vainshtein A and Zakharov V I 1980 Instantons in non-perturbative QCD

vacuum Nucl. Phys. B 165 45–54
[31] Dine M, Fischler W and Srednicki M 1981 A simple solution to the strong CP problem with

a harmless axion Phys. Lett. B 104 199–202
[32] Zhitnitskii A P 1980 Possible suppression of axion-hadron interactions Sov. J. Nucl. Phys. 31

260
[33] Graham P W, Irastorza I G, Lamoreaux S K, Lindner A and van Bibber K A 2015

Experimental searches for the axion and axion-like particles Annu. Rev. Nucl. Part. Sci. 65
485–515

The Quantum Nature of Light

14-14

https://doi.org/10.1103/PhysRevD.58.055008
https://doi.org/10.1103/PhysRevLett.120.181803
https://doi.org/10.1088/1367-2630/aab475
https://doi.org/10.1103/PhysRevD.101.051701
https://doi.org/10.1103/PhysRevD.97.123001
https://doi.org/10.1103/PhysRevLett.121.241102
https://doi.org/10.1103/PhysRevLett.123.141802
https://doi.org/10.1088/1402-4896/ab5ab5
https://doi.org/10.1088/1361-6587/ab6da4
https://doi.org/10.1088/1361-6587/ab6da4
https://doi.org/10.1103/PhysRevLett.43.103
https://doi.org/10.1016/0550-3213(80)90304-1
https://doi.org/10.1016/0370-2693(81)90590-6
https://doi.org/10.1146/annurev-nucl-102014-022120
https://doi.org/10.1146/annurev-nucl-102014-022120


IOP Publishing

The Quantum Nature of Light
From photon states to quantum fluids of light

J T Mendonça

Appendix A

Elementary quantum

A.1 Schrödinger equation
An isolated quantum system, or a quantum particle, is described by a ket-vector ψ
in the space of states, the Hilbert space. And the evolution of its state in time is
determined by the wave equation

ψ ψℏ ∂
∂

=i
t

H , (A.1)

where ℏ is the Planck’s constant divided by π2 , and H is the Hamiltonian operator.
This operator is hermitian, = †H H , and its explicit form will be dictated by the
configuration of the system. For a non-relativistic particle with mass m, moving with
momentum p along the coordinate q it can be written as

= +H
p
m

V q t
2

( , ), (A.2)
2

where the first term represents the kinetic energy operator and V q t( , ) is the
potential. In this case, the wave equation is usually called the Schrödinger equation.

Given a function F q p( , ), the following commutation relations should be satisfied

= ℏ∂
∂

= − ℏ∂
∂

q F q p i
F
p

p F q p i
F
q

[ , ( , )] , [ , ( , )] . (A.3)

These relations generalise equations (2.3) of chapter 2. Other useful commutation
relation involving these quantities are

= ℏ = ℏ− −a q p i nq q p i np( ) [ , ] , [ , ] ; (A.4)n n n n1 1

= ℏ∂
∂

= ℏ∂
∂

b f q p p i
f
q

q f q p i
f
p

( ) [ ( , ), ] , [ , ( , )] ; (A.5)

= ℏ +c q qp i pq qp( ) [ , ] ( ). (A.6)
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The quantity ψ ψ is real and positive, and can be normalised, such that
ψ ψ = 1. Any observable A, such as the position, the momentum, or the energy is
represented by a hermitian operator, such that = †A A . For a given state of the
system, its expectation value is real, and defined by

ψ ψ=A A . (A.7)

Given two different state vectors ψ and ϕ , and a hermitian operator A, we can
write

ψ ϕ ϕ ψ=† *A A . (A.8)

It is also possible to show that, given two normalised state vector ψ1 and ψ2 , the
following inequality holds

ψ ψ ⩽ 1. (A.9)1 2
2

This is known as the Schwarz inequality.

A.2 Representations
In quantum mechanics we can use different representations. They correspond to
different choices of reference frames to represent the state vectors. These reference
frames should be made of an ensemble ui of state vectors satisfying the
orthonormality condition δ=u ui j ij. This allows us to write

∑ψ ψ= =c u c u, , (A.10)
i

i i i i

where the complex numbers ci are the coefficients defining the state vector on that
frame of reference. This representation should be complete, in the sense that the
operator identity I can be defined by

∑ =u u I. (A.11)
i

i i

This can be generalised to a continuous reference frame αu , where α is not a
discrete but a real variable, satisfying the new orthonormality condition

δ α α= − ′α α′u u ( ). In this case we have

∫ψ α α α ψ= =α αc u d c u( ) , ( ) , (A.12)

and the identity operator I is defined as

∫ α =α αu u d I. (A.13)
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The internal product between two state vectors ψ and ϕ can then be defined as

∑ ∑ψ ϕ ψ ϕ ψ ϕ= = = *I u u c b , (A.14)
i i

i i i i

where ci and bi are the coefficients of ψ and ϕ respectively. A particular example
of such a discrete representation is given in section 2.2, dealing with the simple
harmonic oscillator, where the vectors ui are energy state vectors. For a continuous
reference frame, we have

∫ ∫ψ ϕ ψ ϕ ψ ϕ α α= = =α α α α*I u u d c b d . (A.15)

Important examples of a continuous reference frame are the position and momen-
tum representations, where the real variable α is replaced by the real position q, or by
the momentum p. In this case, the basic vectors αu can be written as αu and αu ,
respectively, and the coefficients cα are nothing but the wavefunction ψ q t( , ) and its
Fourier transform ψ p t( , ). We get

ψ ψ=q q( ) , (A.16)

and

∫ψ ψ ψ
π

= =
ℏ

− ℏp p q e
dp

( ) ( )
2

. (A.17)iqp/

Generalisation to three dimensions is straightforward. In the position representa-
tion, the operator p is represented by − ℏ∂ ∂i q/ , and the Schrödinger equation (A.1)–
(A.2) takes its usual form

ψ ψℏ ∂
∂

= − ℏ ∂
∂

+i
t

q
m q

V q t q( )
2

( , ) ( ). (A.18)
2 2

2

⎡
⎣⎢

⎤
⎦⎥

The wavefunction ψ q( ) is particularly useful to describe the state of non-relativistic
massive particles, and its Fourier transform ψ p( ) is well adapted to describe the state
of massless particles such as the photon, as shown later. Due to their non-
commutativity, the position and momentum variables satisfy an uncertainty relation
such that

Δ Δ ⩾ ℏ
q p

2
, (A.19)

where the uncertainty of an operator A can be defined by the deviations with respect
to the expectation value A , as

Δ = −A A A[( ) ] . (A.20)2 1/2

It can indeed be shown, for two non-commuting operators A and B, such that
α=A B i[ , ] , where α is a constant, we have

αΔ Δ ⩾A B( ) ( )
1
4

. (A.21)2 2 2
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The position-momentum uncertainty (A.19) is a particular case of this inequality.
We can also derive it directly, using the properties of the Fourier transformation
(A.17). Another useful result concerning two different operators, A and B is the
Glauber formula. It states that, if = =A A B B A B[ , [ , ]] [ , [ , ]] 0, the following
equality is true

= +e e e e . (A.22)A B A B A B1
2

[ , ]

Furthermore, if A and B are two non-commuting operators, and α is a constant, it
can be shown that

α α= − +
!

+ ⋯α α−e Be B A B A A B[ , ]
2

[ , [ , ]] (A.23)A A
2

These identities are demonstrated at the end of the appendix.

A.3 Evolution operator
Let us now turn to the evolution of a quantum system, as described by the wave
equation (2.1). In order to solve this equation, we can introduce an evolution
operatorU t t( , )0 , such that

ψ ψ=t U t t t( ) ( , ) ( ) . (A.24)0 0

The initial condition is used to define an identity operator

=U t t I( , ) . (A.25)0 0

Applying twice the definition ofU t t( , )0 , we can derive the group property

=U t t U t t U t t( , ) ( , ) ( , ), (A.26)0 1 1 0

and the inverse operator =−U t t U t t( , ) ( , )1
0 0 . Using the conservation of probability

ψ ψ , we can write

ψ ψ ψ ψ ψ ψ= =†t t t U t t U t t t t t( ) ( ) ( ) ( , ) ( , ) ( ) ( ) ( ) . (A.27)0 0 0 0 0 0

From where we conclude that =†U t t U t t I( , ) ( , )0 0 . Similarly, we have
=†U t t U t t I( , ) ( , )0 0 . This shows that the evolution operator is unitary. Let us

now find an explicit expression for U t t( , )0 . Replacing the definition (A.24) in the
wave equation (A.1), we obtain an evolution equation of the form

ℏ∂
∂

=i
U
t

HU. (A.28)

This differential equation, complemented with the initial condition (A.25), can be
replaced by an integral equation

∫= −
ℏ

′ ′U t t I
i

HU t t dt( , ) ( , ) . (A.29)
t

t

0 0
0
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From here we get, for an infinitesimal time interval δt

δ δ+ = −
ℏ

U t t I
i

H t( , ) . (A.30)0 0

This is valid to the first order in δt, and shows that the Hamiltonian H is the
generator of an infinitesimal time translation. Of particular interest is the case of a
time-independent Hamiltonian. In this case, a solution of equation (A.28) satisfying
the initial condition (A.25) is

= −
ℏ

−U t t
i

H t t( , ) exp ( ) . (A.31)0 0
⎡
⎣⎢

⎤
⎦⎥

This is the case of a particle moving in a static potentialV q( ). When the state vector
ψ is an energy eigenvector satisfying the equation ψ ψ=H E , for a given
energy eigenstate ψ ψ=E H , we obtain the time-dependent solution

ψ ω ψ= − −t i t t t( ) exp[ ( )] ( ) , (A.32)0 0

where we have introduced the proper frequency ω = ℏE / .

A.4 Quantum pictures
Different pictures can be used to describe quantum mechanics. The most commonly
used are the Schrödinger and the Heisenberg pictures, but other useful pictures, such
as the interaction picture, will be introduced later. The picture we have been using so
far is the Schrödinger picture, where the operators position and momentum q and p
are time-independent, and the temporal evolution of the system is contained in the
state vector ψ t( ) . For convenience, we will call them here qS, pS and ψ t( )S . A
different approach is that of Heisenberg, where the operators become time-depend-
ent and the state vector becomes constant. Let us denote these new quantities as qH,
pH and ψH . A state vectors of the two pictures can be related by equation (A.24),
we can be rewritten here as

ψ ψ=t U t t t( ) ( , ) ( ) . (A.33)S H0 0

The Schrödinger state vector is evolving in time, while the Heisenberg state vector is
fixed. They only coincide at =t t0. Similarly, we can write

ψ ψ ψ= =†U t t t t( , ) ( ) ( ) . (A.34)H S S0 0

The expectation value of an operator AS, is determined by

ψ ψ ψ ψ= = †A t A t t U A U( ) ( ) ( ) . (A.35)S S S H S0

This shows that an operator AS, defined in the Schrödinger picture, we can obtain
the corresponding operator in the Heisenberg pictures, using the same unitary
transformation

= †A t U t t A U t t( ) ( , ) ( , ). (A.36)H S0 0
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This new operator will depend on time, even if AS is time-independent. This
definition of AH will guarantee that the expectation value A is the same in the
two pictures. Let us now take the time derivative of this equation, and using (A.28),
we get

=
ℏ

− + ∂
∂

† † †d
dt

A
i

U A HU U HA U U
A
t

U
1

( ) . (A.37)H S S
S

Defining the Heisenberg Hamiltonian operator = †H UH UH S and the unitary
operator = =† †I U U UU , we obtain

=
ℏ

+ ∂
∂

†d
dt

A
i

A H U
A
t

U
1

[ , ] . (A.38)H H H
S

This is the Heisenberg equation for the observable A. An important example is that
of the Hamiltonian, A = H. For a conservative system, the last term in this equation
is equal to zero, ∂ ∂ =H T/ 0S . We then have =H HH S and =H U[ , ] 0. In the general
case, if AS is not explicitly dependent on time, this equation reduces to

=
ℏ

d
dt

A
i

A H
1

[ , ], (A.39)H H H

which shows that AH is a constant of motion if it commutes with the Hamiltonian.
Important examples are those of q and p, the position and momentum operators.
Because they don’t depend explicitly on time, they satisfy the following Heisenberg
equation

=
ℏ

=
ℏ

d
dt

q
i

q H
d
dt

p
i

p H
1

, ,
1

, . (A.40)H H H H H H⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦
Furthermore, using equation (A.3), we can rewrite them as

= ∂
∂

= − ∂
∂

d
dt

q
H
p

d
dt

p
H
q

, . (A.41)H
H

H
H

H

H

The Heisenberg equations for the operators therefore show remarkable formal
similarities with the Hamiltonian equations of Classical Mechanics.

A.5 Density operator
For a quantum system in a state ψ , we can define the density operator ρ as

ρ ψ ψ= . (A.42)

This definition shows that the density operator is hermitian, ρ ρ=† . If the state
vector is represented in a discrete vector basis ui , the identity operator will be
represented on that basis by

∑ρ = *c c u u . (A.43)
ij

i j i j
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We can therefore say that ρ will be represented on that basis by a matrix, usually
called the density matrix, with elements

ρ ρ= = *u u c c . (A.44)ij i j i j

For a normalised state vector, ψ ψ = 1, we can see that the trace of the density
matrix (the sum of its diagonal elements) is equal to 1

∑ ∑ρ ρ= = =Tr c.( ) 1. (A.45)
i i

ii i
2

It is also useful to consider the trace of the operator ψ ϕ , as

∑ ∑ψ ϕ ψ ϕ ϕ ψ= =Tr u u u.( ) . (A.46)
i i

i i i

From the completeness condition (2.7), we can then conclude that

ψ ϕ ϕ ψ=Tr.( ) . (A.47)

This result allows us to consider the trace of the expectation value of a generic
observable A, as defined by (2.4). If we replace in this definition ψA with ϕ , we
can easily conclude that

ψ ψ ρ= =A Tr A Tr A.( ) .( ). (A.48)

Similarly, we could also find that ρ ρ=Tr A Tr A.( ) .( ). This is a very useful way to
calculate expectation values. Another property of the density operator is that

ρ ψ ψ ψ ψ ρ= = , (A.49)2

from where we get ρ =Tr.( ) 12 . Let us now consider the evolution equation for the ρ.
Taking the time derivative of its definition (A.42), and using the wave equation
(A.1), we can easily get

ρ ψ ψ ψ ψ ρ∂
∂

= ∂
∂

+ ∂
∂

= −
ℏt t t i

H
1

[ , ]. (A.50)
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

This is the von Neumann equation. Another important application of the concept of
density operator is for statistical problems, where the state of the system is not
completely known. In such cases, we cannot claim that the system is described by a
single state vector ψ , but instead that the system has a certain probability pk of
being described by a state vector ψk , such that

∑ = ⩽ = …p p k1, 1 ( 1, 2, 3, ). (A.51)
k

k k

In this case, we can reformulate the definition (A.42), and use

∑ρ ρ ρ ψ ψ= =p , . (A.52)
k

k k k k k
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Most of the above properties of the density operator remain valid, in what concerns
the trace

∑ ∑ρ ρ= = =Tr p Tr p.( ) .( ) 1, (A.53)
k k

k k k

and the expectation values ρ=A Tr A.( ). The von Neumann equation (2.25) stays
also valid. However, we now have, in general

ρ ρ ρ≠ ⩽Tr, .( ) 1. (A.54)2 2

We complete our short survey of some basic properties of quantum mechanics, with
the demonstration of the Glauber formula, equation (A.22).

A.6 Glauber formula
We consider the Glauber formula, which is a special case of the Baker–Hausdorff
theorem of group theory. It states that, if A and B are two non-commuting operators
satisfying the conditions

= =A A B B A B[ , [ , ]] [ , [ , ]] 0, (A.55)

then, the following equalities apply

= =+ − +e e e e e e e . (A.56)A B A B A B B A A B[ , ]/2 [ , ]/2

In order to demonstrate this important result, we introduce an auxiliary operator of
the form

ξ = ξ ξf e e( ) , (A.57)A B

where ξ is a c-number, not an operator. Taking the derivative with respect to ξ, we
get

ξ
ξ= + ξ ξdf

d
Af e Be( ) . (A.58)A B

Using the identity operator

= ξ ξ−I e e , (A.59)A A

we rewrite the last term of equation (A.58) as

ξ= =ξ ξ ξ ξ ξ ξ ξ ξ− −e Be e Be e e e Be f ( ). (A.60)A B A A A B A A

This allows us to write equation (A.58) as

ξ
ξ= + ξ ξ−df

d
A e Be f( ) ( ). (A.61)A A

In order to proceed further, we consider a new operator, defined by

ξ = ξ ξ−g e Be( ) . (A.62)A A
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We note that =g B(0) . Expanding ξg( ) as a power series in ξ, we get

ξ ξ
ξ

ξ
ξ

= + + + ⋯g g
dg
d

d g
d

( ) (0)
2

(A.63)
0

2 2

2
0

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

We then have

ξ
ξ= − =ξ ξ ξ ξ− −dg

d
Ae Be e Be A A g[ , ( )]. (A.64)A A A A

And, consequently

ξ
=dg

d
A B[ , ]. (A.65)

0

⎛
⎝⎜

⎞
⎠⎟

Similarly, we can obtain

ξ ξ
ξ= = =d g

d
A

dg
d

A A g A A B, [ , [ , ( )]] [ , [ , ]], (A.66)
2

2
0 0

0

⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

and so on. Replacing this in the expansion (A.63), we arrive at the following equality

ξ ξ= + + + ⋯ξ ξ−e Be B A B A A B[ , ]
2

[ , [ , ]] (A.67)A A
2

But, if we assume that the operators satisfy the conditions (A.55), this will reduce to

ξ= +ξ ξ−e Be B A B[ , ]. (A.68)A A

Replacing this in equation (A.61), we get

ξ
ξ ξ ξ= + +df

d
A B f A B f( ) ( ) [ , ] ( ). (A.69)

But, from the same conditions (A.55), we notice that +A B( ) commutes with the
commutator A B[ , ]. This means that the differential equation (A.69) can be treated
as a normal equation involving commuting variables. Integrating this equation, we
get the obvious solution

ξ ξ ξ= + +f f A B A B( ) (0)exp ( ) [ , ]
2

. (A.70)
2⎧⎨⎩
⎫⎬⎭

Noting that ≡f I(0) is the identity operator, this solution can also be written as

ξ ξ ξ= + +f A B A B( ) exp ( ) [ , ]
2

. (A.71)
2⎧⎨⎩
⎫⎬⎭

If we take ξ = 1, and multiply from the left both sides of this equation by
− A Bexp( [ , ]/2), we finally obtain
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=− +e e e e . (A.72)A B A B A B[ , ]/2

This demonstrates the first identity of the theorem (A.56). Obviously, because the
operators A and B commute with their commutator A B[ , ], this identity can also be
written as

=+ −e e e e . (A.73)A B A B A B[ , ]/2

The second identity in equation (A.56) could be demonstrated in the same way.
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Appendix B

Lagrangians

The Lagrange function, or simply Lagrangian, plays a central role in our theoretical
description of the physical world, because with the help of a variational principle, they
allowus todescribe the basic equations of particles andfields.Hereweassemble someof
the basic Lagrangians that are relevant to the physical processes described in this work.

B.1 Particle in a potential
The Lagrangian L x( , )v of a classical particle with velocity = ̇xv and mass m
moving in an external potential, is given by the difference between its kinetic and
potential energies, as

= ̇ − = +L x T x V x t m xF t( , ) ( ) ( , )
1
2

( ), (B.1)2v v

where F t( ) is the force.

B.2 Relativistic particle
The Lagrangian of a relativistic particle in the absence of a potential is

= − −L x mc
c

( , ) 1 . (B.2)2
2

2
v

v

In the weakly relativistic limit, for ≪ c2 2v , it reduces to

= − +L mc m
1
2

. (B.3)2 2v

B.3 Charged particle
Lagrangian of a particle with charge e, mass m, and in the presence of an
electromagnetic field,

= − − − + ·L x mc
c

eV
e
c

A( , ) 1 , (B.4)ch
2

2

2
v

v
v

where V and A are the scalar and vector potentials.
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B.4 System of charged particles
The Lagrangian of a system of particles with charges ei and masses mi, in the weakly
relativistic limit, ∣ ≪ ci

2 2v is

∑ ∑= + − + · + · ·
>

{ }L
c

m
e e

R c
e e

1
2

1
4

1
1

2
( )( ) , (B.5)

i j i

i
i i

i j

ij
i j i ij i ij

2

2
2

2

⎛
⎝⎜

⎞
⎠⎟

⎡⎣ ⎤⎦v
v v v v v

where = ∣ − ∣R r rij i j is the inter-particle distance, and = Re R /ij ij ij is the unit vector
pointing from particle i to particle j.

B.5 Scalar field
The Lagrangian of a massive scalar field φ x( ), where x is the 4-vector position, is

∫=L t d x x( ) ( ), (B.6)3 L

where the Lagrangian density is

φ φ φ= − ∂ ∂ −μ
μx x x m x( )

1
2

( ) ( )
1
2

( ). (B.7)2 2L

Using the action principle, for a variation δφ, as

∫δ δφ= =S d x x( ) 0, (B.8)4 L

we get

∫ φ φ δφ∂ ∂ − =μ
μd x x m x( ) ( ) 0. (B.9)4 2⎡⎣ ⎤⎦

This leads to the Klein–Gordon equation, as

φ∂ − =m x( ) ( ) 0. (B.10)2 2

Here, and in the following, we use units c = 1, and ℏ = 1.

B.6 Electromagnetic field
The Lagrangian density for the electromagnetic field is written in terms of the 4-
potential μA , and takes the form

= − −μν
μν

μ
μx F F J A( )

1
4

, (B.11)emL

where μνF is the electromagnetic tensor and μJ the 4-current, defined as

ρ= ∂ − ∂ =μν μ ν ν μ μF A A J J, ( , ). (B.12)
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Another useful form of the Lagrangian density is

= − − μ
μx J AE B( )

1
2

( ) , (B.13)em
2 2L

where E and B are the electric and the magnetic fields.

B.7 Dirac field
For the Dirac field ψ x( ) discussed in chapter 11, the Lagrangian density is

ψ γ ψ= ¯ ∂ −μ
μ( )x x i m( ) ( ) , (B.14)DL

where ψ ψ γ¯ = † 0, and γ μ are the 4-matrices defined in section 11.2.

B.8 Axion–photon field
The axion pseudo-scalar field a, coupled with the electromagnetic field μA , are
described by the total Lagrangian density

= + +L x x x x( ) ( ) ( ) ( ), (B.15)aem intL L L

where the first term represents the electromagnetic field, and is defined in vacuum by
equation (B.11) or (B.13) with =μJ 0, and the axion term is determined by

= ∂ ∂ − ∣ ∣μ
μ*a a m a

1
2

1
2

. (B.16)a a
2 2L

Finally, the interaction term is

= ˜ = − ·γ μν
μν

γx g aF F g a E B( )
1
4

( ), (B.17)a aintL

where γga is the coupling constant.
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Appendix C

Photon kinetic equation

We start from the wave equation in a generic optical medium.

μ∇ × ∇ × + ∂
∂

= − ∂
∂c t t

E
J

( )
1

, (C.1)
2

2

2 0

⎡
⎣⎢

⎤
⎦⎥

where E is the electric field. The conductive current J can be defined in a non-
homogeneous and non-stationary medium, by

∫ ∫∑ σ= ′ ′ ¯̄ ′ ′ · ′ ′
α

αt dt d t t tJ r r r r E r( , ) ( , , , ) ( , ), (C.2)

where α = i e, refers to the relevant particle species in the medium (e.g. atoms or
electrons), and σ̄̄α is the conductivity tensor of each species. For a given field mode

ω∝ · −i i tE k rexp( ), when the scales of inhomogeneity and non-stationarity are
much larger than k1/ and ω1/ , these equations lead to a dispersion relation of the
form

D Dω ω≡ · ¯̄ · =ω ωk e k e( , ) ( , ) 0, (C.3)

for a field eigenmode with unit polarisation vector ωe . Here,D ω¯̄ k( , ) is the dispersion
tensor defined by

D ∑ω κ κ
ωϵ

σ¯̄ = − ¯̄ + ¯̄ ¯̄ = ¯̄ + ¯̄
α

αN
i

k NN( , ) ( 1 ), 1 , (C.4)2

0

where we have used the normalised wave vector ω= cN k( / ) , and the linear
conductivity tensors σ̄̄α. This is only valid for a linear response of the medium,
and for local homogeneity. In order to generalise this result we can assume linear or
nonlinear deviations from such an ideal situation, due for instance to the existence of
space and time dependent density perturbations of the different species δ αn tr( , ),
which are added to the equilibrium particle density n0. Fluctuations in other external
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parameters δΛ could also be included. In this case, the unperturbed result (C.3) is
replaced by

D Dω δ+ ∂
∂

+ ∇ + =i
t

i t Ek r, ( , ) 0, (C.5)⎜ ⎟
⎡
⎣⎢

⎛
⎝

⎞
⎠

⎤
⎦⎥

where E is the field amplitude, and

D D D∑δ δ δ= ∂
∂

+ ∂
∂Λ

· Λ
α α

αt
n

n tr r( , ) ( , ) . (C.6)
⎛
⎝⎜

⎞
⎠⎟

Expanding around the local dispersion (C.3), we obtain an evolution equation for
the wave amplitude as

v
∂
∂

+ · ∇ =
t

E iV t Er( , ) , (C.7)k⎜ ⎟⎛
⎝

⎞
⎠

where the mode group velocity vk, and the perturbation potentialV tr( , ), are defined
by

D
D

D
D

v
ω

δ
ω

= − ∂ ∂
∂ ∂

=
∂ ∂

V t
tk

r
r( / )

( / )
, ( , )

( , )
( / )

. (C.8)k

This is valid for a local mode approach, where the wave mode is usually described by
plane waves, but an extension to global modes such as those of a cavity is also
possible. We now introduce the field auto-correlation function. Using to the Wigner
function ωW tr k( , , , ), as the double Fourier transform of this auto-correlation
function, we obtain

v ∫ ∫π π
∂
∂

+ · ∇ = Ω Ω − · − Ω− +
t

W
d d

V W W i i t
q

q q r
(2 ) 2

( , )[ ]exp( ), (C.9)k 3
⎜ ⎟⎛
⎝

⎞
⎠

where ω= ± Ω ±±W W k q( /2, /2), and ΩV q( , ) is the frequency and wave vector
spectrum of the perturbation potential associated with the deviations from the
equilibrium state of the medium. It is useful to consider the reduced Wigner function

ω δ ω ω= −W W k( , ) ( )k k , where ωk is a solution of the linear dispersion (C.3). The
evolution equation of this reduced function will be formally identical with the above
equation, but with W replaced by Wk.

As in our previous discussion of photon kinetics, It is now useful to take the limit
of geometric optics expansion, valid when the scale length of the background density
is much larger than the wavelength of the wave modes described by the quasi-
distribution function Wk, or ∣ ∣ ≫ ∣ ∣k q . We then have

≃ ± · ∂
∂

+ · ∂
∂

±
!

· ∂
∂

±W W
W

W W
q

k
q

k
q

k2
1
2 2

1
3 2

. (C.10)k k
k

k k

2 3
⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

Replacing this in the Wigner–Moyal equation for quasi-particles, we obtain an
approximate kinetic equation for rays with distribution function Wk, such that
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v
∂
∂

+ · ∇ − ∇ · ∂
∂

+
·

∇ · ∂
∂

=
t

V t V Wr
k k

( , )
1

3 2
0. (C.11)k k3

3
3

3

⎛
⎝⎜

⎞
⎠⎟

This is an improved form of the kinetic equation for ray trajectories, where the
diffraction effects associated with the wave character of these physical objects is
taken into account (last term, with a third order derivative). When diffraction effects
are neglected, this equation reduces to a Vlasov equation for quasi-particle, as given
by

=d
dt

W tr k( , , ) 0, (C.12)k

with the total time derivative defined as

≡ ∂
∂

+ · ∇ + · ∂
∂

d
dt t

d
dt

d
dt

r k
k

. (C.13)

Notice that the quasi-particle ray equations are now defined by

v= = −∇d
dt

d
dt

V t
r k

r, ( , ). (C.14)k

As noted before, an additional ray equation should be added, which is usually
ignored in ray tracing codes. It describes the frequency shift along the ray
trajectories, due to the temporal variation of the medium, and can be stated as

ω = ∂
∂

d
dt t

V tr( , ). (C.15)

This determines the frequency shift of an arbitrary quasi-particle described by the
dispersion relation (C.3). Such frequency shifts can be significant in optics, but are
usually very small and ignored in the description of Bose–Einstein condensation of
photons.
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Appendix D

Curved spacetime

We briefly discuss the electromagnetic wave equation in a curved spacetime. The
interval ds, defined as the infinitesimal displacement in spacetime, is defined by

= =μ μ νμ
ν

μds dx dx g dx dx , (D.1)2

where the 4-position μx , and μ = 0, 1, 2, 3. In Cartesian coordinates, we could write
=μx ct r( , ). We also have used the metric tensor νμg . In the flat spacetime of special

relativity, we are reduced to the Minkowski metric tensor

η= ≡ − − −νμ νμg diag. (1, 1, 1, 1). (D.2)

In the general case, we have ≡ <νμg det g.( ) 0. We can describe photons, and
electromagnetic fields in general, using Maxwell’s equations where conventional
derivatives ∂ = ∂ ∂α

αx/ are replaced by covariant derivatives, Dα. This allows us to
write

μ= −ν
μν μD F J , (D.3)0

where μ0 is the vacuum permeability, as before, and μJ is the 4-current

ρ ρ= =μ μ μJ
d
ds

x u , (D.4)

where τ =d ds c/ is the proper time element, ρ the charge density and μu the 4-
velocity. The electromagnetic field tensor μνF is defined in terms of the 4-vector
potential μA by the expression

= −μν μ ν ν μF D A D A . (D.5)

This is an anti-symmetric tensor, and for that reason, this expression can be reduced
to

= ∂ − ∂μν μ ν ν μF A A . (D.6)
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Replacing equation (D.5) in equation (D.3), we get

μ− + = −ν
ν μ

ν
μ ν μD D A D D A J , (D.7)0

Here, we can use the following identity

= +ν
μ ν μ

ν
ν

ν
μ νD D A D D A R A , (D.8)

where ν
μR is the second order curvature tensor. This allows us to interchange the

covariant derivatives in (D.7), leading to

μ− + + = −ν
ν μ μ

ν
ν

ν
μ ν μD D A D D A R A J . (D.9)0

Now, using the Lorentz condition

=ν
νD A 0, (D.10)

we can finally write the wave equation in the form

μ□ = +μ μ
ν
μ νA J R A , (D.11)0

where the covariant d’Alembert operator is determined by

□ = =
−

∂ − ∂ν
ν

ν
νD D

g
g

1
. (D.12)

Assuming that the current μJ is only determined by free electrons, we can use

=μ μu
e

m
A , (D.13)

e

which leads to

−
∂ − ∂ + =ν

ν μ μ
ν
μ ν( )

g
g A k A R A

1
, (D.14)p

2

where ω=k c/p p
2 2 is the effective photon mass associated with an eventually existing

background plasma. In order to illustrate this equation, we consider the simple case
of a flat spacetime. In this case, we have ∂ − =ν g 0, and =ν

μR 0. We are then
reduced to ∂ ∂ + =ν

ν μk A( ) 0p
2 . Let us now define =μ μA e A, and use a simpler

description of the photon behaviour in curved spacetime. The evolution of the wave
amplitude A is that of a scalar field, with an equation of motion

ξ□ + + =( )k R A 0, (D.15)p
2

where = ν
νR R is the Ricci scalar, and ξ is the minimal coupling constant. Such an

equation can be formally derived from the action

∫ ξ= − ∂ ∂ − +αβ
α β ( )S g d x g A A k R A( )( ) , (D.16)p

4 2 2⎡⎣ ⎤⎦
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following the usual procedure. For ξ = 0, we have the so-called minimal coupling.
Notice that retaining the plasma contribution k p

2, is equivalent to the assumption of
a finite photon mass. The value ξ = 1/6 corresponds to the case of conformal
coupling.
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